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1. Introduction

During the last four decades several interesting and valuable results were studied extensively in the field of fixed point
theorems.
In 1990, Jungck [ 1] obtained the following theorem for compatible mapping:

Theorem 1.1 ([1]). Let 7 and 4 be compatible self-maps of a closed convex subset M of a Banach space X. Suppose J is linear,
continuous, and that 7 (M) C 4(M). If there exists a € (0, 1) such that x,y € M

17x — Tyl <allix — Iyl + (1 — a) max{[|7x — x|, [Ty — Iy}, (1.1)
then 7 and 4 have a unique common fixed point in M.
In this paper, we first derive a common fixed point result in locally convex space which generalizes the result of Jungck [1].

This new result is used to prove another fixed point result for best approximation. By doing so, we in fact, extend and improve
the result of Brosowski [2], Meinardus [3], Sahab et al. [4], Singh [5-7] and many others.

2. Preliminaries

In the material to be presented here, the following definitions have been used:

In what follows, (&, 7) will be a Hausdorff locally convex topological vector space. A family {p, : @ € A} of seminorms
defined on & is said to be an associated family of seminorms for 7 if the family {y U : y > 0}, where U = ﬂ};l Uy, n €N,
and Uy, = {x € & : py;(x) < 1}, forms a base of neighbourhoods of zero for 7. A family {p, : @ € A} of seminorms
defined on & is called an augmented associated family for 7 if {p, : ® € A} is an associated family with the property that
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the seminorm max{p,, pg} € {p« : @ € A} forany o, B € A. The associated and augmented families of seminorms will
be denoted by 4(7) and A*(t), respectively. It is well known that given a locally convex space (&, t), there always exists
a family {p, : @ € A} of seminorms defined of & such that {p, : « € A} = A*(7) (see [8, pp 203]). A subset M of & is
t-bounded if and only if each p,, is bounded on M.

Suppose that M is a T-bounded subset of &. For this set M, we can select a number A, > 0 for each @ € A such that
M C AeUq Where U, = {x € M : po(x) < 1}. Clearly, 8 = (), 2« Uq is T-bounded, T-closed, absolutely convex and
contains M. The linear span &z of B in € is U;’; n$B. The Minkowski functional of 8 isanorm || - || g on €. Thus, (&g, |- || 8)
is a normed space with 8 as its closed unit ball and sup,, p, (x/1y) = ||x|| 3 for each x € &g. (for details, see [9,8,10]).

Definition 2.1 (/9]). Let 4 and T be self-maps on M. The map 7T is called
(i) 4™ (r)-nonexpansive if for all x, y € M

Pa(TXx —TY) < pa(x —Y),

for each p, € A*(7).
(ii) A*(r)-4-nonexpansive if for allx, y € M

Pa(Tx = TY) < pa(Ux — L),
for each p, € A*(7).

For simplicity, we shall call A*(7)-nonexpansive (A*(t) — f-nonexpansive) maps to be nonexpansive ({-nonexpansive).

Definition 2.2 ([/11]). A pair of self-mappings (7, {) of a locally convex space (&€, t) is said to be compatible, if p, (7 4x, —
1T x,) — 0, whenever {x,} is a sequence in & such that 7x,, Ix, — t € §.

Every commuting pair of mappings is compatible but the converse is not true in general.

Definition 2.3. Suppose that M is g-starshaped with ¢ € #({) and is both 7 - and {-invariant. Then 7 and { are called
R-subcommuting [12-14] on M, if for all x € M and for all p, € A"(7), there exists a real number R > 0 such that
P (LTx— T IX) < (%)pa(((] —k)q+ kTx) — dx) foreach k € (0, 1). If R = 1, then the maps are called 1-subcommuting.
The £ and T are called R-subweakly commuting [15] on M, if for all x € M and for all p, € A*(7), there exists a real
number R > 0 such that p, (UTx — T Ix) < Rdp, (Ix, [q, Tx]), where [q,x] = (1 —k)q+kx:0<k <1

Remark 2.4. (1) It is obvious that commutativity implies R-subcommutativity, which in turn implies R-weakly
commutativity [13,14].

(2) It is also well known that commuting maps are R-subweakly commuting maps and R-subweakly commuting maps
are R-weakly commuting but not conversely in general (see [15]).

To clear the above remarks, in the following, we have furnished some examples:
Example 2.5. Let XX = R with norm ||x|| = |x] and M = [1, o0).Let T, § : M — M be defined by
Tx=x> and $x=2x-—1

forall x € M. Then 7 and 4§ are R-weakly commuting with R = 2. However, they are not R-subcommuting because
R
|T 8x — 8T x| < <?) [(kTx + (1 — k)p) — 8|
does not hold forx =2 and k = % wherep =1 € F(4).

Example 2.6. Let XX = R with norm ||x|| = |x] and M = [1, 00).Let T, § : M — M be defined by

Tx=4x—3 and Sx=2x"—1
for all x € M. Then M is p-starshaped with p = 1 € #(4$) and is both 7 and $-invariant. Also, |7 8x — 87 x| = 24(x — 1)2.
Further,

R

|T 8x — 8T x| < i [(kTx + (1 — k)p) — 8x|
forallx € M, where R = 12andp = 1 € F(4). Thus, 7 and 4§ are R-subcommuting on .M but are not commuting
on M.
Example 2.7. Let X = R? with norm ||(x, y)|| = max{|x|, [y|}, and let 7 and 4§ be defined by

Ty =Qx—1,y) and 3(kxy) =,y

for all (x,y) € X.Then 7 and 4 are R-subweakly commuting on M = {(x,y) : x > 1,y > 1} but they are not commuting
on M.
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Definition 2.8. Suppose that M is g-starshaped with g € % ({). Define /\q(l, 7) = {AU,T) : 0 < k < 1} where
Tex = (1 —k)q+ k7xand AL, Ti) = {{xn} C M : limpdxy, = limpTiexn =t € M = limpp, (LT Xy — Tidxn) = 0}, for all
sequences {x,} € /\q(l, 7). Then 4 and 7 are called subcompatible [16,17] if

limp, (LT x, — T dx,) =0
n

for all sequences x;, € /\q(l, 7).

Obviously, subcompatible maps are compatible but the converse does not hold, in general, as the following example
shows.

Example 2.9. Let X = R with usual norm and M = [1, 00). Let 4(x) = 2x — 1and 7 (x) = x?,forallx € M.Letq = 1.
Then M is g-starshaped with £q = q. Note that 4 and 7 are compatible. For any sequence {x,} in M with lim,x, = 2, we
have, lim, dx, = limn?‘%xn =3eM=> limn||£’f%xn - ‘J‘% Ix,|| = 0. However, lim, || 4T x, — T dx,|| # 0.Thus { and T are

not subcompatible maps.

Note that R-subweakly commuting and R-subcommuting maps are subcompatible. The following simple example
reveals that the converse is not true, in general.

Example 2.10. Let X = R with usual norm and .M = [0, o0). Let L(x) = 5 if0 < x < Tand Jx = xifx > 1,and 7 (x) = %
if0 <x < 1and 7x = x? ifx > 1. Then M is 1-starshaped with £1 = 1 and /\q(l, 7)) = {{xn} : 1 < x, < oo}. Note that 4
and 7 are subcompatible but not R-weakly commuting for all R > 0. Thus 4 and 7 are neither R-subweakly commuting
nor K-subcommuting maps.

Definition 2.11 ([9]). Let xo € & and M C &.Then for 0 < a < 1, we define the set D, of best (.M, a)-approximant to xq as
follows:

Dy ={y € M :ap,(y — x0) = dp, (X0, M), forallp, € A*(1)},
where
dp, (X0, M) = inf{py (Xg — 2) : z € M}.

For a = 1, definition reduces to the set O of best M-approximant to xg.

Definition 2.12. The map 7 : M — & is said to be demiclosed at O if for every net {x,} in M converging weakly to x and
{7 x,} converging strongly to 0, we have 7x = 0.

Throughout, this paper # (7°) (resp. # ({)) denotes the fixed point set of mapping 7 (resp. ({)).
3. Main result

To prove the main result, a lemma is presented below:

Lemma 3.1. Let 7 and { be compatible self-maps of a t-bounded subset M of a Hausdorff locally convex space (&, t). Then T
and J be compatible on M with respect to || - || s.

Proof. By hypothesis for each p, € A*(7),

P (T Ixy — 4T x,) — O, (3.1)
whenever {x,} is a sequence in M such that

P (Tx, —t) = 0, Po(Uxy, —t) = 0

for some t € M.
Taking supremum on both sides,

T Ixn — LT xy
Sup py — -0
o o

1T 4%, — 4T Xullg — O

whenever {x,} is a sequence in M such that

Txy —t Jx, —t
Sup py 5 — 0, Sup py . — 0,
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7%, —tlg >0,  [dxa —tl|lg — 0. O
A technique of Tarafdar [10] to obtain the following common fixed point theorem which generalizes Theorem 1.1.

Theorem 3.2. Let M be a nonempty t-bounded, t-sequentially complete and convex subset of a Hausdorff locally convex space
(&, 7). Let T and 4 be compatible self-maps of M such that T (X) < £(X), 4 is linear and nonexpansive, and satisfying

Do (Tx = TYy) < ape(Ix — 4y) + (1 — @) max{py (Tx — IX), po (Ty — 4y)} (32)
forallx,y € M and p, € A*(t), and for some a € (0, 1), then T and { have a unique common fixed point.

Proof. Since the norm topology on &g has a base of neighbourhoods of zero consisting of t-closed sets and M is 7-
sequentially complete, therefore, .M is a || - || p-sequentially complete subset of (€g, || - || g) (Theorem 1.2,[10]). By Lemma 3.1,
7 and { are || - || g-compatible maps of M. From (3.2), we obtain forx,y € M,

Tx—Ty Jx — Jy Tx—Jx Ty —Jdy
SUPPo | ———— < asuppy . + (1 — a) max | sup py ) suPhe |\ )
o o o o o o o o

Thus
17x—Tylls < alldx — Iylls + (1 — @) max{||Tx — Ix| s, [Ty — Iyl 8} (33)

Note that, if £ is nonexpansive on a t-bounded, t-sequentially complete subset M of &, then { is also nonexpansive
with respect to || - ||g and hence | - || g-continuous [8]. A comparison of our hypothesis with that of Theorem 1.1 tells
that we can apply Theorem 1.1 to M as a subset of (g, || - ||g) to conclude that there exists a unique w € M such that
w=5Tw=Jw. O

Example 3.3. Let X = R with usual norm and M = [0,1]. Let T(x) = 1for0 < x < % and 7(x) = O for

3 <x=<14kx =0for0 < x < J,and 4(x) = 1for3 < x < 1. Then all the assumptions of Theorem 3.2 are

satisfied, but 7 and 4 have no common fixed point.

Theorem 3.4. Let M be a nonempty t-bounded, T-sequentially complete and convex subset of a Hausdorff locally convex space
(€, 7). Let T and 4 be self-maps of M such that T and J{ are subcompatible. Suppose that T and 4 satisfy (3.2), d is linear and
nonexpansive, L(M) = M, q € F(4), then T and J have a common fixed point provided one of the following conditions holds:

(i) M is T-sequentially compact and T is continuous;
(ii) 7 is a compact map;
(iii) M is weakly compactin (&, t), 4 is weakly continuous and § — T is demiclosed at 0.

Proof. Choose a monotonically nondecreasing sequence {k;,} of real numbers such that 0 < k, < 1and lim sup k, = 1. For
eachn € N, define 7, : M — M as follows:

TnX = knTx+ (1 —ky)q. (3.4)

Obviously, for each n, 7; maps M into itself, since M is convex.
As { is linear, we can have

Tmdxn = knT %, + (1 — ky)q
and
IT X = kpdT %, + (1 — ky)dq.
The subcompatibility of £ and 7 and q € # ({) implies that

0 < limpa(%lxm - lTnxm)
n

A

:O’

lim k,pgo (T dxm — 4T Xp) + lim(1 — ky)pe (@ — 4q)
m m

for any {x,,} C M with lim, Tpx,, = limy, dx, =t € M.
Hence {7;} and { are compatible for each n and x, € M and 7,,(M) C M = L(M), d is linear and g € F ({). Therefore
Ta(M) S L(M).
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Forallx,y € M,p, € A*(7) and for allj > n, (n fixed), we obtain from (3.2) and (3.4) that

Pa(TnX — T0y) = kDo (TX — TY) < kipo (TX — TY)

Pu(Tx—TY)

apy (Ix — 4y) + (1 — @) max{py (Tx — Ix), po, (Ty — 4y)}

apy (Ix — 4y) + (1 — @) max{py (Tx — Tpx) + Po (Tnx — IX), P (TY — Tny) + Pa(Tny — IY)}
apy (Ix — 4y) + (1 — @) max{(1 — ky)po (Tx — q)

+ Po (Tnx — %), (1 = kn)po (TY — q) + pa(Tny — I¥)}.

Hence for all j > n, we have

INIA TN IA

Pa(Tnx — Tny) < ape(dx — 4y) + (1 — a) max{(1 — k)pa(Tx — q)
+Po(Tnx — 3%), (1 = kppo (TY — @) + Po(Tny — IY)}. (3.5)
Aslimk; = 1, from (3.5), for every n € N, we have

Po(TnX — T0y) = lijmpa(’fnx — Ty

< lim{ap, (4x — Ly) + (1 — @) max{(1 — kj)ps (Tx — q)
j
+ Do (Tax — Ix), (1 = k)pa (Ty — @) + po(Tny — IV} (3.6)
This implies that for every n € N,
Pa(TnX — Tny) < ape(UX — 1y) + (1 — @) max{pe (Tnx — 4X), pa (Tny — 1Y)}, (3.7)
forallx,y € M and for all p, € A*(7).

Moreover, { being nonexpansive on .M, implies that { is || - || g-nonexpansive and, hence, | - || g-continuous. Since the
norm topology on &g has a base of neighbourhoods of zero consisting of t-closed sets and M is T-sequentially complete,
therefore, M is a || - || g-sequentially complete subset of (€g, || - || g) (see proofin [10, Theorem 1.2]). Thus from Theorem 3.2,
for every n € N, 7, and { have unique common fixed point x, in M, i.e.,

Xn = TnXn = IXn, (38)

for eachn € N.

(i) As M is T-sequentially compact and {x,} is a sequence in M, so {x,} has a convergent subsequence {x,,} such that
Xm — y € M.As J and T are continuous and
Xm = IXm = TmXm = kT xm + (1 — ki)q,
so it follows thaty = 7y = Jdy.
(ii) As 7 is compact and {x,} is bounded, so {7 x,} has a subsequence {7 x;,} such that {7Tx,,} — z € M. Now we have
Xm = TmXm = kmT xm + (1 — kin)q.

Proceeding to the limit as m — oo and using the continuity of £ and 7, we have iz =z = 7 z.
(iii) The sequence {x,} has a subsequence {x,} converges to u € M. Since J is weakly continuous and so as in (i), we have
Ju = u. Now,

Xm = IXm = TmXm = knTxm + (1 — kin)q
implies that
Ixm — Txm = (1 —kp)[q — Txn] — O

as m — oo. The demiclosedness of 4 — 7 at 0 implies that ({ — 7)u = 0. Hence {u = u = 7 u. This completes the
proof. O

Example 3.5. let X = R>and M = {0,1,1 — ﬁ : n € N} be endowed with usual metric. Define 71 = 0 and

70 =71 — %1) = 1foralln € N. Clearly, M is not convex. Let Jx = x for all x € M. Now 7 and J{ satisfy (3.2)

n
together with all other conditions of Theorem 3.4(i) except the condition that 7 is continuous. Note that £ (7) N F (L) = @.

Example 3.6. Let X = R? be endowed with the norm defined by ||(a, b)|| = |a| + |b|, (a, b) € R
(M Let M = AU B,whereA ={(a,b) e X:0<a=<1,0<b=<4}andB ={(a,b) e X:2<a<3,0<b<4}.
Define 7 : M — M by

o [@b) if@b)eA
J(a’b)_{(],b) if(a.b) € B
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and £(x) = x for all x € M. All the conditions of Theorem 3.4(ii) are satisfied except that M is not convex. Note that
F@)NFW =0.
R)M={(@b)eX:2<a<o00,0<b=<1}and7 : M — M is defined by

J(a,b) ={(a+1,b) : (a,b) € M}.

Define {(x) = x for all x € M. All the conditions of Theorem 3.4(ii) are satisfied except that 7 (M) is compact. Note
F(T) N F (L) = ?. Notice that M, being convex and 7 -invariant.
B)IfM={(a,b) e X:0<a<1,0<b=<1}andT : M — M is defined by

b
T(a,b):(%,g) and Jl(x) =x forallx € M.

All of the conditions of Theorem 3.4(ii) are satisfied except the fact that .M is closed. However (7)) N £ ({) = @.

Example 3.7. Let M = R? be endowed with the norm defined by ||(a, b)|| = |a| + |b], (a, b) € R?. Define 7 and { on M as
follows:

1 1,
Txy = E(X_Z)’E(x +y—-4],

1
1(x,y) = (5(;(— ), (P +y— 4)) )

Obviously, 7 is -nonexpansive but { is not linear. Moreover, ¥ (7) = {—2,0}, (1) = {(—2,y) : y € R} and the set of
coincidence points of £ and 7, thatis €(4, 7) = {(x,y) : y = 4 — x>, x € R}. Thus (7, {) is a continuous, which is not
compatible pair, and (—2, 0) is a common fixed point of 4 and 7.

An application of Theorem 3.4, we prove the following more general result in best approximation theory.

Theorem 3.8. Let 7 and { be self-maps of a Hausdorff locally convex space (&, t) and M a subset of & such that 7(d.M) C M,
where 0 M stands for the boundary of M and xo € F(7) N F (4). Suppose that 4 is nonexpansive and linear on D,. Further,
suppose T and { satisfy (3.2) forallx,y € D, = Dq U {xo} and pair (7, 4) are subcompatible on Dy. If D, is nonempty convex
and 4.(D,) = D, then T and I have a common fixed point in D, provided one of the following conditions holds:

(i) Dq is T-sequentially compact;

(ii) 7 is a compact map;
(iii) D, is weakly compact in (&, t), 4 is weakly continuous and 4 — 7 is demiclosed at 0.

Proof. First, we show that 7 is self-maps on Dy, i.e., T : Dy — Dg. Lety € Dy, then Ly € Dy, since (D) = Dq. Also, if
y € OM, then Ty € M, since T (0 M) C M. Now since Txy = xo = IXo, so for each p, € A*(7), we have from (3.2)

Pa(Ty — Txo)

< apa(4y — Ixo) + (1 — @) max{py (Ty — 4y), pa (TXo — IX0)}
< apa(Ly — X0) + (1 — @) max{p,(Ty — Xo) + pa(Ly — Xo)}

= pa(Ly —X0) + (1 — A)pa (Ty — Xo).

Pa(TY — Xo)

So, we have

apy (7Y — Tx0) < pa(Ly — Xo).

Now, Ty € M and {y € Dy, this implies that Ty is also closest to xg, S0 Ty € D,. Consequently 7 and { are self-maps
on D,. The conditions of Theorem 3.4((i)-(iii)) are satisfied and, hence, there existsa v € D, such that 7v = v = fv. This
completes the proof. O
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