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ABSTRACT
A compressive sensing (CS) approach is proposed for the complex wave retrieval algorithm from single
off-axis digital Fresnel holography to improve the accuracy of quantitative phase measurement. The linear
model of non-linear holographic process used in the complex wave retrieval algorithm is utilized to meet
the linearity requirement of the proposed CS implementation presented in this paper. The error in object
wave reconstruction due to the approximations used in complex wave retrieval algorithm is compensated by
combining it with CS approach. A Mach–Zehnder interferometric geometry in transmission and off-axis mode in
the Fresnel domain is used to record the digital hologram. The numerical simulations and experimental results
are presented to demonstrate and validate the proof of the concept and to compare CS frame work with
conventional complex wave retrieval algorithm. The proposed algorithm is tested for the microlens sample
characterization by considering the parameters such as height, diameter and radius of curvature. A Haar
wavelet based object wave sparsification is used in the experiment for the prudent phase reconstruction in
the CS approach. The proposed method enables an improved and accurate object phase reconstruction, with
minimal noise such as distortions or speckles with respect to the conventional complex wave retrieval method.

1. Introduction
Compressive sensing (CS) [1,2] is an innovative mathematical
framework and a paradigm shift in signal processing algorithm development. This method enables the accurate reconstruction of the
original signal from a fewer samples obtained by a linear observation
of the signal. The CS frame work suggests that the number of observed
samples required for the faithful reconstruction of the original signal is
lesser than the Nyquist rate. The framework also compensates for the
noise in the observation. This is achieved by exploiting the sparsity of
the original signal and by solving the undetermined linear equations
by considering the linearity of the measurement model of the samples.
The linearity of the measurement model is the key requirement for
the application of CS frame work. Any sensing process, based on the
linear observation, that involves noise and incompleteness shall be
compensated by CS to accurately reconstruct the sparse original signal.
If the original signal is not sparse in time or spatial domain, then
the suitable sparsifying operators like wavelets, Fourier transforms
and other frequency transforms are applied to represent the signal
sparsely. These features make CS a good choice for data compression
in many signal and image processing applications [3–6]. The capability
of CS to reconstruct the original signal from an incomplete noisy
measurement makes it a suitable choice for digital holography in

the mathematical models, which involve many approximations and
are thus incomplete in nature. Compressive digital holography has
attracted many researchers and several works have been reported in
this emerging topic [7–23]. The compressive digital holography is
applicable only if the object wave is either sparse in the spatial domain
or is compressible in some transform domains like FFT, DWT, etc. It also
helps in the estimation of the original object wave from an incomplete
and noisy linear measurement by an iterative procedure [2,3].
Digital holography is an imaging tool [24–32] for the quantitative
measurement of amplitude and phase of the object wave. The recorded
digital hologram is a two-dimensional real valued image that contains
the three-dimensional information of the object. The digital hologram
is numerically reconstructed to obtain the 2D complex image [33–
37] which contains the three-dimensional object information. The amplitude of the complex information gives the intensity information and
the phase part gives the depth or three-dimensional information of the
object. This information has significant implications in phase contrast
imaging and three-dimensional information processing. All holographic
model equations comprise of approximations and the object field determined from these holograms is considered as noisy measurement of the
original object wave. When CS is applied in the reconstruction process
with an appropriate sparsity criterion, an accurate complex object wave
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For simplicity, Eq. (1) can be written as in Eq. (2).
[ (
)]
𝑈 (𝑥, 𝑦) = F𝑑 𝑂𝑜 𝑥𝑜 , 𝑦𝑜
(2)
(
)
where 𝑥𝑜 , 𝑦𝑜 and (𝑥, 𝑦) are the co-ordinates of the object plane and
Fresnel plane respectively. The term, F𝑑 is a linear operator that
performs Fresnel transform of the object field for a propagation distance
(
)
𝑑. Here, both 𝑈 (𝑥, 𝑦) and 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 are the complex numbers.
A digital Fresnel hologram is formed by the superposition between
the Fresnel field 𝑈 (𝑥, 𝑦) and off-axis plane reference wave 𝑅 (𝑥, 𝑦).
⃗ 1 .⃗𝑟) and 𝑅 (𝑥, 𝑦) = 𝑒𝑥𝑝(𝑖𝑘
⃗ 2 .⃗𝑟). The single shot
Let 𝑈 (𝑥, 𝑦, 𝑑) = 𝑂𝑢 𝑒𝑥𝑝(𝑖𝑘
off-axis digital Fresnel hologram 𝐻(𝑥, 𝑦) is described by Eq. (3).

reconstruction is possible from the noisy measurements. It is found in
the literature that the CS has been applied to the reconstruction of
object wave using single exposure in-line holography by modelling the
non-linear in-line holography formulation as a linear process and there
are several works reported in this direction [7–9]. In this approach,
the linearity is achieved by assuming the non-linear term as a model
error. This is a valid approximation to achieve the linearity requirement
for the CS implementation, which at the same time could affect the
accuracy of whole information reconstruction, especially the phase of
the object wave. Moreover, the aspect of phase reconstruction ability of
digital holography is not found discussed much in many of the CS based
approaches in digital holography. Hence an attempt has been made
in this paper to address the phase reconstruction through compressive digital holography. The classical phase-shifting digital holography
(PSDH) [38,39] is a linear process and suitable for the application of CS
algorithm. The CS application in PSDH is demonstrated to reconstruct
the good quality images from a lesser number of detection points in
the Fresnel field [14]. Though the reconstruction accuracy is better
in PSDH, it requires recording of multiple holograms using different
reference wave phase shifts, and therefore, it cannot be used for phase
imaging of the dynamic objects.
The complex wave retrieval algorithm from a single off-axis digital
Fresnel hologram proposed by Liebling et al. [40] is a non-linear approach and has been successfully used for object wave reconstruction
in various applications of digital holography [28,41–44]. By a practical assumption that the amplitude of the reference wave is greater
than that of the object wave and by adopting a non-linear change
of variables, the non-linear holography is approximated to a linear
process that can be solved by linear algorithm to determine the Fresnel
field. In the crux of this algorithm, the non-linearity boils down to the
linearity. The method is demonstrated to reconstruct both the intensity
and the phase of the object wave but it is shown that there is a
deviation in phase reconstruction accuracy due to the approximations.
Hence we explore the possibility of using this linear model as a sensing
matrix in the proposed compressive off-axis digital Fresnel holography
to improve the accuracy of whole information reconstruction. Thus
the linearity of the complex wave retrieval algorithm from a single
shot off-axis digital Fresnel hologram is very apt for CS framework.
The main idea of this paper is to develop a compressive single shot
off-axis digital holographic scheme for accurate complex object wave
reconstruction without discarding the non-linearity of the holographic
process with practical assumptions. Moreover, the use of single shot
scheme is important for observing the dynamic events using digital
holography.
The proposed CS approach is implemented in this paper using the
above mentioned complex wave retrieval as sensing matrix with Haar
wavelet sparsification. The numerical simulations have been carried
out to show its merits over the conventional complex wave retrieval
method in terms of reconstruction accuracy of both intensity and phase,
followed by the experimental validation of the results. The experimental validation of results was carried out on a microlens object using
the Mach–Zehnder interferometric recording geometry for single offaxis digital holography. The microlens characterizations like height
(ℎ), diameter (𝐷) and radius of curvature (𝑅𝑂𝐶) were performed
using conventional and CS based method and compared. The analysis of the results obtained has revealed that the characterization of
CS based method is far superior to that of conventional method. The
CS algorithm of the proposed method was implemented by using the
Gradient Projection for Sparse Reconstruction (GPSR) algorithm [3].

𝐻 (𝑥, 𝑦) = |𝑈 (𝑥, 𝑦) + 𝑅 (𝑥, 𝑦) |2
2

⃗ 1 .⃗𝑟) + 𝑒𝑥𝑝(𝑖𝑘
⃗ 2 .⃗𝑟)|
= |𝑂𝑢 𝑒𝑥𝑝(𝑖𝑘

(3)

here 𝐻 (𝑥, 𝑦) is the measured intensity of the digital Fresnel hologram
⃗ is the propagation vector. Now the
with sampling period 𝛥𝑀, and 𝑘
resultant wave vector 𝐾⃗ of the fringe pattern is given by
( )
| ⃗ | |⃗
⃗ 2 || = 4𝜋 sin 𝜃
(4)
| 𝐾 | = |𝑘 1 − 𝑘
|
| | |
𝜆
2
where 𝜃 is the angle between the interfering beams.
Using computational techniques, U the Fresnel field 𝑈 (𝑥, 𝑦) at the
detection plane can be retrieved from the recorded single off-axis
digital hologram by a non-linear complex wave retrieval algorithm
proposed by Liebling et al. [40]. The non-linear change of variables
adopted in this method could transform the non-linear holography
problem that can be solved by a linear algorithm. This transformation is
achieved by a practical assumption that the amplitude of the reference
wave is greater than that of the object wave. Also the local least square
estimation of amplitude and phase of reference wave is carried out
by assuming an a priory model of the reference wave phase. In this
algorithm, the Fresnel field 𝑈 (𝑥, 𝑦) at the acquisition plane is obtained
by solving a non-linear set of equations in least square sense. The
assumptions and other lower order approximations used in this method
can lead to a deviation in the obtained phase with respect to the
original phase and may be termed as incomplete Fresnel field. The
use of this incomplete Fresnel field information will lead to noise in
the reconstructed complex object wave field. For quantitative phase
contrast imaging and object characterization, a good quality phase map
of the reconstructed object field is highly expected. To recover the
accurate complex object field from an originally retrieved incomplete
Fresnel field, CS is applied to the complex wave retrieval and object
wave reconstruction algorithms of off-axis single shot digital Fresnel
holography. For the implementation of CS algorithm, a new approximated Fresnel transform operator, F̃ 𝑑 and noisy Fresnel field, 𝑈̃ (𝑥, 𝑦)
are introduced so that an ill-conditioned version of 𝑈 (𝑥, 𝑦) denoted by
𝑈̃ (𝑥, 𝑦) is obtained.
(
)
𝑈̃ (𝑥, 𝑦) = F̃ 𝑑 𝑂𝑜 𝑥𝑜 , 𝑦𝑜
(5)
Thus, the entire process computing the Fresnel field from the single
off-axis digital Fresnel hologram is denoted as the operator F̃ 𝑑 . Now,
the reconstructed Fresnel field at the detector plane is inverse Fresnel
transformed to get the approximated complex object information at the
object plane as shown in Eq. (6).
(
]
)
[
𝑂𝑜 𝑥𝑜 , 𝑦𝑜 = F𝑑−1 𝑈̃ (𝑥, 𝑦)
(6)
Here, Eq. (2) and Eq. (6) are linear so that CS can be applied to
improve the reconstruction accuracy of the object field. The CS is a
novel mathematical framework and can be applied on noisy incomplete
measurements to reconstruct the sparse complex input object wave
(
)
𝑂𝑜 𝑥𝑜 , 𝑦𝑜 by solving the unconstrained optimization problem [3] as
shown in Eq. (7).

2. Proposed compressive sensing model for single off-axis digital
holography
(
)
Let 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 be the complex object wave and 𝑈 (𝑥, 𝑦) be its Fresnel
field (Fresnel plane) at a distance ‘𝑑’ from the object plane. They are
related by the following equation:
[
)2 (
)2 ]
(
)
𝑖𝜋 (
𝑒𝑖𝑘𝑑
𝑥 − 𝑥𝑜 + 𝑦 − 𝑦𝑜
𝑑𝑥 𝑑𝑦 (1)
𝑂𝑜 𝑥𝑜 , 𝑦𝑜 exp
𝑈 (𝑥, 𝑦, 𝑑) =
𝑖𝜆𝑑 ∬
𝜆𝑑

)‖
(
)‖2
1‖̃
‖ (
𝑚𝑖𝑛
‖𝑈 (𝑥, 𝑦) − F̃ 𝑑 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 ‖ + 𝜏 ‖𝑂𝑜 𝑥𝑜 , 𝑦𝑜 ‖
‖
‖1
‖2
⏟⏟⏟ 2 ‖
𝑂𝑜 (𝑥𝑜 ,𝑦𝑜 )
2

(7)
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Fig. 1. Proposed compressive complex wave retrieval method for single off-axis digital Fresnel hologram.

3. Implementation of sensing and sparsifying matrices for complex wave retrieval algorithm

where 𝜏 is a non-negative parameter. This equation is formulated
using the quadric programming and is minimized iteratively by using
Gradient projection sparse representation (GPSR) algorithm [3], which
uses the forward transform F̃ 𝑑 and its inverse F̃ 𝑑−1 as operators. In
each iteration, the search path is determined by projecting the negative
gradient in the feasible set. Here in Eq. (7), it is considered that
the complex object wave is sparse in the spatial domain. Assuming
(
)
that 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 is not sparse in the spatial domain but sparse in the
(
)
transform domain such that 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 = 𝜑𝑆, where 𝑆 is sparse in
nature and 𝜑 is a basis function of the transform. Now Eq. (7) can be
rewritten as
1‖̃
2
𝑚𝑖𝑛
(8)
𝑈 (𝑥, 𝑦) − F̃ 𝑑 𝜑𝑆 ‖
‖2 + 𝜏 ‖𝑆‖1
⏟⏟⏟ 2 ‖

The requirements of sensing operator in CS is given in Eq. (2)
and Eq. (6). The sensing operator in the proposed CS scheme is a
Fresnel transform and it is a linear operator. Thus, the method satisfies
the requirement of linearity in the implementation of CS in complex
wave retrieval from single off-axis digital Fresnel hologram. The Haar
wavelet is used as a sparsifying operator in the place of 𝜑 in Eq. (8).
In the complex wave retrieval method, the mathematical model for
calculating the Fresnel field [40] at the detector plane from a single
shot off-axis hologram is given in Eqs. (9)–(12).
∑
⎡ 1 𝑎 𝑎∗ ⎤ ⎛ 𝐾 ⎞ ⎛
𝑚 𝜔𝑚 𝐻𝑚 ⎞
⎢ 𝑎 𝑏 1 ⎥ ⎜ 𝑍 ⎟ = ⎜ ∑ 𝜔𝑚 𝑉𝑚 𝐻𝑚 ⎟
(9)
⎟
⎥ ⎜ ⎟ ⎜∑ 𝑚
⎢ ∗
1 𝑏∗ ⎥ ⎝𝑍 ∗ ⎠ ⎝ 𝑚 𝜔𝑚 𝑉𝑚∗ 𝐻𝑚 ⎠
⎢𝑎

𝑆

where F̃ 𝑑 and 𝜑 indicates the sensing and sparsifying matrices respectively. These matrices should be mutually non-coherent for the faithful
(
)
reconstruction of signal 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 . Now the operators for GPSR are F̃ 𝑑 𝜑
and F̃ 𝑑−1 𝜑−1 . An optimal solution for the object field which is in close
(
)
agreement with the original sparse object function 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 can be
searched by using an appropriate measurement model and by solving
the unconstraint optimization given by Eq. (8). The minimization of Eq.
(8) is achieved by performing following steps in the implementation.

𝑈=

𝑍
𝐴
(

𝐴± =

(10)

𝐾±

)1∕2
√
𝐾 2 − 4𝑍 2
2

(11)

The window function 𝜔𝑚 is given in Eq. (12)

(i) The noisy Fresnel field 𝑈̃ (𝑥, 𝑦) obtained by conventional complex wave retrieval method is used as the noisy measurements
in the GPSR implementation.
(ii) GPSR implementation [3] using MATLAB is executed by selecting arbitrary value of 𝜏 in Eq. (8).
(iii) The forward transform used in GPSR is set as F̃ 𝑑 𝜑, 𝜑 is the
Haar wavelet reconstruction and F̃ 𝑑 is mathematical process of
obtaining the noisy Fresnel field using off-axis digital Fresnel
holography and complex wave retrieval method.
(iv) The reverse transform used in GPSR is set as F̃ 𝑑−1 𝜑−1 in which
F̃ 𝑑−1 is the inverse Fresnel transform and 𝜑−1 is Haar wavelet
decomposition.
(v) The obtained result after convergence is verified and 𝜏 is varied
using trial and error method to get the best performance.

𝜔𝑚 (𝑘, 𝑙) = 𝛽 𝑛 (𝑘∕𝑠) 𝛽 𝑛 (𝑙∕𝑠) with 𝑠 = (𝐿 − 1) ∕ (𝑛 + 1)

(12)

The Eq. (9) yields three linear equations. By solving the non-linear
Eq. (3) in the least square estimation to change non-linear holography
equation into a linear variable with some new auxiliary variables 𝐾 and
𝑍. where 𝐻𝑚 (𝑚 = 1, 2, … , 𝑀) are the position of 𝑀 pixels within the
(
)
region of interest (𝑥, 𝑦), 𝑉𝑚 = 𝑅∗𝑚 ∕𝐴 = 𝑒𝑥𝑝 −𝑖𝜃𝑚 which is normalized
∑
reference wave, 𝐴 is the amplitude of reference wave, 𝑎 = 𝑚 𝜔𝑚 𝑉𝑚 and
∑
2
𝑛
𝑏 = 𝑚 𝜔𝑚 𝑉𝑚 , 𝜔𝑚 indicate the non-negative weight, 𝛽 denotes cubic
B-spline of degree 𝑛 and 𝐿 is the size of the window. The algorithm
uses a bell-shaped Gaussian like function which is finite and separable.
The non-negative weights are normalized for far away from the point
∑
of interest i.e. 𝑚 𝜔𝑚 = 1.
The Eq. (9) determines the unknown variables 𝐾, 𝑍 and 𝑍 ∗ . On
substitution of 𝐾 and 𝑍 in Eq. (11) to solve Eq. (10), would give the
complex object wave at the hologram detection plane i.e. the Fresnel
transform of the complex object wave field. Since this retrieved information at the recording plane is a Fresnel transform of the object field,
an inverse Fresnel transform results in the reconstruction of the original
complex object field. This is called back-propagation of the retrieved
Fresnel field to the object plane from the recording plane. Using Eq.

The Eq. (8) aims to search for an accurate complex input object
wave and denoise the complex object wave in an efficient manner.
The schematic of the proposed compressive complex wave retrieval
method for single off-axis digital Fresnel hologram is shown in Fig. 1. In
Section 3, we present the mathematical model for the proposed compressive complex wave retrieval from a single off-axis digital Fresnel
hologram.
3
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Fig. 2. Simulated input complex grating object wave (a) intensity and (b) phase.

(6), we get the approximated input object wave field 𝑂̃ 𝑜 (𝑥𝑜 , 𝑦𝑜 ) from
𝑈̃ (𝑥, 𝑦). The proposed process of compressive complex wave retrieval
from single shot off-axis digital Fresnel hologram can be referred from
the schematic shown in Fig. 1. The entire process of applying complex
wave retrieval method from single off-axis hologram to obtain the noisy
approximated Fresnel field 𝑈̃ (𝑥, 𝑦) at the detector plane is denoted
by operator F̃ 𝑑 . The compressive complex wave retrieval method is
implemented by solving Eq. (8) with Haar wavelet sparsification.
4. Characterization of the microlens using compressive digital
holographic system
A microlens array is used as a specimen to test the proposed
compressive complex wave retrieval method. The reconstructed phase
of the sample is wrapped in the range of [−𝜋, 𝜋] due to the operation
mentioned in Eq. (13). This phase is to be unwrapped using a robust
2D phase unwrapping algorithm to obtain the continuous phase map of
the sample and thus to obtain the object profile. The wrapped phase,
𝑤 (𝑥, 𝑦) of the microlens is calculated from the retrieved complex object
field as:
(
)
𝐼𝑚[𝑂𝑜 (𝑥, 𝑦)]
𝑤 (𝑥, 𝑦) = 𝑡𝑎𝑛−1
(13)
𝑅𝑒[𝑂𝑜 (𝑥, 𝑦)]

Fig. 3. Simulated single off-axis digital Fresnel hologram.

In the present paper, we use a two-dimensional phase unwrapping
method that uses fast cosine transforms and iterative methods in least
square sense proposed by Ghiglia and Romero [45]. The surface profile
of the microlens is calculated from the unwrapped phase by using the
following equation [24,28].

5. Numerical simulation results and discussion
The numerical simulations have been carried out to show the performance of the proposed CS method. To simulate single shot off-axis
(
)
Fresnel hologram, a complex grating 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 = 0.5𝑒𝑗0.5 of size
512 × 512 pixels was considered as an input object wave. Each rectangular slit has a uniform size of 21 × 51 pixels that having a resolution
of 8 lines per mm. The intensity and phase of the simulated complex
grating are shown in Fig. 2(a) and 2(b) respectively.
This object field is sufficiently sparse and suitable for the CS
method. The parameters used for the numerical simulation were, 𝜆 =
632.8nm, the square pixel pitch format of the sensor 𝛥𝑀 = 6μm
and recording distance 𝑑 = 60mm. In order to meet the requirement
of complex wave retrieval method, the intensity of the object wave
was chosen as 0.5 and that of reference wave was 1.0. The complex
(
)
object wave 𝑂𝑜 𝑥𝑜 , 𝑦𝑜 was propagated by a distance 𝑑 = 60mm to the
recording plane using a Fresnel transform to get the propagation field
matrix 𝑈 (𝑥, 𝑦). The digital hologram was obtained by the interference

𝑢 (𝑥, 𝑦) 𝜆
⋅
(14)
2𝜋
𝛥𝑛
where 𝑝 is the distance travelled by the laser light of wavelength 𝜆
through the microlens, 𝑢 (𝑥, 𝑦) is the unwrapped phase and 𝛥𝑛 is the
refractive index change (𝑛 − 𝑛0 ), where 𝑛 is the refractive index of the
microlens material and 𝑛0 is the refractive index of the ambient air.
The refractive index of the material of the microlens, 𝑛 = 1.457 is used
in the computations. The parameters such as height (ℎ) and diameter
(𝐷) of the microlens are computed from the surface phase profile of the
microlens. Further, the radius of curvature (𝑅𝑂𝐶) of the microlens is
computed using Eq. (15).

𝑝 (𝑥, 𝑦) =

ℎ 𝐷2
+
(15)
2
8ℎ
The parameters ℎ, 𝐷 and 𝑅𝑂𝐶 can be calculated for both conventional complex wave retrieval and compressive complex wave retrieval
methods to compare the accuracy of the techniques.

𝑅𝑂𝐶 =

4
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Fig. 4. Complex object wave reconstructed using the conventional complex wave retrieval method (a) intensity (b) phase.

Fig. 5. Complex object wave reconstructed using the proposed compressive complex wave retrieval method with Haar wavelet sparsification (a) intensity (b) phase.

and by solving the unconstraint optimization given by Eq. (8). Fig. 5(a)
and Fig. 5(b) show the reconstructed intensity and phase of the object
wave respectively using CS method. It can be inferred from Fig. 5(b)
that the quality of phase reconstruction is significantly improved by
compressive complex wave retrieval algorithm with Haar wavelet sparsification of the object function. A plot comparing the reconstructed
phase distribution using the above mentioned two cases with respect
to the original object phase is shown in Fig. 6. The deviation from the
original phase is found to be very minimal in the CS based method
when compared to that of the conventional method. Thus, the compressive complex wave retrieval gives a very close approximation of the
original object phase and therefore it is proven to be the best suitable
method for quantitative phase imaging and phase characterization.
The complex slit function (Fig. 2) used in the previous case has
uniform phase values in all the pixels in the grating region. To show
the capability of the proposed CS algorithm to reconstruct the varying phase distribution, another simulation is considered in which the
original input complex object wave is generated using the USAF chart
of dimension 512 × 512 as intensity and a matrix of same dimension

between the fields 𝑈 (𝑥, 𝑦) and 𝑅 (𝑥, 𝑦) with an angle 𝜃 = 1.22◦ which
is govern by Eq. (3). The simulated single off-axis digital Fresnel
hologram is shown in Fig. 3.
In order to reconstruct the complex grating object wave from the
simulated digital hologram, a window size of 13×13 pixels were used at
every point with a cubic B-spline given by Eq. (12). The reconstructed
intensity and phase using conventional complex wave retrieval method
are shown in Figs. 4(a) and 4(b) respectively. It can be observed that
the reconstructed phase of the object shown in Fig. 4(b) is degraded due
to the approximation used in the conventional complex wave retrieval
algorithm whereas the intensity reconstruction shown in
( Fig.) 4(a) is
not much affected. This implies that the object wave 𝑂̃ 𝑜 𝑥𝑜 , 𝑦𝑜 reconstructed from the Fresnel field 𝑈̃ (𝑥, 𝑦) using the conventional complex
wave retrieval method is an approximated version of the original object
wave. Therefore, the Fresnel filed 𝑈̃ (𝑥, 𝑦) is considered as noisy and
incomplete measurement of the original Fresnel field 𝑈 (𝑥, 𝑦) to implement the proposed CS method. An optimal solution for the object field
which
( is )in close agreement with the original sparse object function
𝑂𝑜 𝑥𝑜 , 𝑦𝑜 can be searched by using an appropriate measurement model
5
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Fig. 6. Comparison of original object phase with respect to the reconstructed phase of conventional complex wave retrieval method and the proposed compressive complex wave
retrieval method.

Fig. 7. Simulated input complex USAF chart as object wave (a) intensity and (b) phase.

with random values uniformly distributed in the range (0–1) as phase.
The intensity and phase of the USAF chart are shown in Fig. 7(a) and
Fig. 7(b) respectively. The intensity and the phase reconstructed using
the conventional complex wave retrieval method are shown in Fig. 8(a)
and Fig. 8(b) respectively. The intensity and phase of the complex
object wave retrieved using the proposed CS method with Haar wavelet
sparsification are shown in Fig. 9(a) and 9(b) respectively. To compare
the reconstruction accuracy of complex wave retrieval method and the
proposed CS method, the norm of the difference between the original
and the reconstructed complex images were computed in each case and
presented in Table 1. The results show that, norm error of the proposed
CS method is very less in all the cases studied.

and a plane reference wave were interfering in an off-axis mode. The
resulting digital hologram was detected using a CMOS sensor. A HeNe laser emitting light of wavelength 𝜆 = 632.8nm was used as a light
source. A half wave plate was used to control the intensity of the laser
beam and a spatial filter assembly (SF) was used to purify the laser
beam. The collimation lens (L) of focal length FL=100 mm was used
to collimate the outgoing light. The collimated beam was split into two
arms using polarizing beam-splitter (PBS) and was folded using mirrors
M1 and M2. The object was kept in the ARM1 in the transmission mode
and ARM2 formed the reference wave. Another half wave plate was
used to ensure that the object and the reference beams were in the
same polarization states. The beam-splitter (BS) combines the object
wave and reference wave to form the interference pattern. The angle
of interference was 𝜃 = 3.96◦ . An off-axis digital Fresnel hologram
was recorded using a CMOS sensor with 6μm × 6μm square pixel pitch
format. The microlens sample was placed at a distance of 𝑑 = 180mm
from the recording plane. A microlens array was used as a test object
that has to be characterized using the proposed compressive complex

6. Experiment
Fig. 10 shows the schematic representation of the experimental setup for recording an off-axis digital Fresnel hologram. It consisted of
a Mach–Zehnder interferometer geometry, in which an object wave
6
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Fig. 8. Complex USAF object wave reconstructed using conventional complex wave retrieval method (a) intensity and (b) phase.

Fig. 9. Complex USAF object wave reconstructed using compressive complex wave retrieval method with Haar wavelet sparsification (a) intensity and (b) phase.

Fig. 10. Schematic of digital holographic interferometric system for the characterization of microlens. HWP-Half Wave Plate (𝜆/2), SF-Spatial filter module, MO-Microscope
Objective, PH-Pin Hole, L-Collimating Lens, BS-Beam Splitter, M-Mirror, ARM1-Object wave, ARM2-Reference wave.

wave retrieval technique. Since the diameter of the individual lens in
the array used in this experiment was comparatively large (∼2mm),
a microscope objective was not used for imaging the details of the
specimen. The experimental set-up can be modified for imaging in

the microscopic regime by choosing a suitable microscope objective
and can be accounted for the computational reconstruction algorithm.
The 2D CMOS sensor was interfaced with the computer for further
numerical computations of the detected digital hologram.
7
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Table 1
Deviation (norm) between original and reconstructed complex object waves.
Methods

Conventional complex wave retrieval algorithm
Compressive complex wave retrieval method with Haar wavelet sparsification

Input complex grating object wave

Input complex USAF object wave

Intensity deviation

Phase deviation

Intensity deviation

Phase deviation

11.7736
11.3065

56.9695
2.0081

57.21
55.62

578.64
59.82

information and presence of noise in both reconstructed intensity and
phase of the microlens sample and thus this information is incomplete
by nature. These effects will degrade the quality of characterization of
the microlens under study. Using the CS optimization given in Eq. (8),
an accurate complex object wave of the microlens sample was searched
from the incomplete measurement 𝑈̃ (𝑥, 𝑦) obtained by the conventional
method. The results obtained are shown in Fig. 13. Fig. 13(a) shows
the reconstructed intensity of the microlens and the noise present in
the proposed CS method was very minimal when compared to that
of conventional method. It can be inferred from Fig. 13(b) that the
reconstructed quality of the microlens phase has significantly improved
when compressive complex wave retrieval algorithm with Haar wavelet
sparsification of the object field was used. Therefore, the high-quality
image reconstruction in quantitative phase imaging is possible with
proposed CS method from a single off-axis digital Fresnel hologram.
Fig. 14 shows the comparison of plots of the wrapped phase profile of the microlens using both conventional complex wave retrieval
and compressive complex wave retrieval methods. The wrapped phase
profile was plotted along the centre of the microlens in both horizontal
and vertical directions as shown in Fig. 14(a) and 14(b) respectively.
The comparison of results presented in Fig. 14 have revealed that the
compressive complex wave retrieval method (CS method) with Haar
wavelet sparsification has minimized the noise present in the phase
distribution and hence improved the wrapped phase profile of the
microlens.

Fig. 11. Digitally recorded off-axis Fresnel hologram of a microlens.

6.1. Experimental results and discussion
A digital hologram of size 512 × 512 pixels from the detected
off-axis digital hologram has been considered for the experimental
demonstration of the proposed compressive complex object retrieval
algorithm and is shown in Fig. 11. The Haar wavelet sparsification
in the object field was done as specified by Eq. (8). The numerical
reconstruction was done using mathematical operations described in
Sections 2 and 3. Fig. 12(a) and 12(b) show the reconstructed intensity and phase respectively of the microlens using the conventional
method i.e. complex wave retrieval without using CS algorithm. It can
be observed from Fig. 12 that there is deformation due to loss of

6.2. Characterization of the microlens
The experimental characterization of the microlens was carried out
as explained in Section 4. Fig. 15(a) and 15(b) show the unwrapped
phase of the microlens obtained by conventional method and proposed
CS method respectively. By comparing the results shown in Fig. 15(a)
and 15(b), it can be observed that the phase map of the microlens
obtained using compressive complex wave retrieval method was better
than that of the conventional method.

Fig. 12. Reconstructed results using conventional complex wave retrieval method (without CS method) (a) intensity and (b) corresponding phase of the microlens.
8
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Fig. 13. Reconstructed results using compressive complex wave retrieval method with Haar wavelet sparsification (a) intensity and (b) corresponding phase of a microlens.

Fig. 14. Comparison of reconstructed phase profile using conventional complex wave retrieval method and proposed compressive complex wave retrieval method with Haar wavelet
sparsification (a) wrapped phase profile in horizontal direction (b) wrapped phase profile in vertical direction.
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Fig. 15. Unwrapped phase of the microlens (a) conventional complex wave retrieval (without CS method) and (b) Proposed compressive complex wave retrieval method with
Haar wavelet sparsification.

Fig. 16. Comparison of microlens surface profile using conventional complex wave retrieval and proposed CS model with Haar wavelet sparsification (a) horizontal direction (b)
vertical direction.

The height profile and diameter of the microlens were calculated
for both the methods using Eq. (14) and is shown in Fig. 16. It can be
seen from the plots that the results obtained by compressive complex
wave retrieval method stands superior to that of the conventional
complex wave retrieval method. The experimentally obtained values
of ℎ, 𝐷 and 𝑅𝑂𝐶 of the microlens are presented in the Table 2 for both
the reconstruction methods. Fig. 17(a) and 17(b) show the 3D height
map of the microlens obtained using conventional and compressive
complex wave retrieval methods respectively. The results show that
in compressive complex wave retrieval method with Haar wavelet
sparsification, the distortions were minimum and also it has improved
the diameter and height profile of the microlens in close agreement
with the specifications.
The reconstruction algorithm is executed using different types of
input complex object functions in the PC platform (64-bit Intel Core
i5-7200U, 2.71 GHz, 8 GB memory) and with MATLAB software (version R2014a). Table 3 shows that the reconstruction time for all the
computations using the GPSR algorithm.

7. Conclusions
The compressive digital holography performs well when the underlying holographic scheme is linear, as CS requires a linear sensing
process. The strength of digital holography lies in its ability to reconstruct an accurate and quantitative phase of the object along with
its intensity information. In order to adapt holography with CS frame
work, it has been a convention to discard the nonlinear terms in the
holographic equations as model error. This assumption will lead to
a deviation in the actual phase measurement, when experimentally
observed digital holograms are reconstructed using CS frame work. In
this paper, we have demonstrated a compressive sensing (CS) approach
for the complex wave retrieval algorithm from single off-axis digital
Fresnel holography to improve the accuracy of quantitative phase
measurement. The linear model of the non-linear holographic process
used in the complex wave retrieval algorithm [40] was utilized to meet
the linearity requirement of the proposed CS implementation discussed
in this paper. The linearity in the complex object wave retrieval process
10
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Table 2
Measurement of ℎ, 𝐷 and 𝑅𝑂𝐶 of the microlens using conventional complex wave retrieval method and the proposed
compressive complex wave retrieval method.
Microlens characterization

X-Position (horizontal direction)
Y-Position (vertical direction)

Conventional method

Proposed CS method

𝐷 (mm)

ℎ (μm)

𝑅𝑂𝐶 (mm)

𝐷 (mm)

ℎ (μm)

𝑅𝑂𝐶 (mm)

1.7580
1.8040

5.3
5.3

72.8933
76.7577

1.8600
1.9380

5.8
5.9

74.5632
79.5729

Table 3
CPU time for the complex object wave reconstruction using GPSR algorithm.
Type of input complex object wave of image size (512 × 512) pixels dimension

CPU time for 20 Iterations (s)

Complex grating image
Complex USAF chart image
Microlens array

629.4
791.8
695.3

of the object phase retrieved using the proposed method was found to
be superior than that of the conventional method. The results were
verified and compared using both computational and experimental
means. Thus, for actual object phase search using CS frame work, the
single shot off-axis digital Fresnel holography scheme with complex
wave retrieval method becomes a good choice to maintain the linearity
requirement. The phase shifting digital holographic scheme could have
been an exact alternative solution to implement CS algorithm, but,
the recording of multiple holograms with reference wave phase shifts
would limit the dynamic sensing of events and it also demands large
data handling.
The experimental demonstration of the compressive complex wave
retrieval from single off-axis digital hologram was used for the characterization of the microlens object sample by considering the parameters
such as height, diameter and radius of curvature. In order to meet the
sparsity criteria in the experiment, Haar wavelet was used as a sparsifier. On comparing the experimental results of compressive complex
wave retrieval method with conventional method, it was observed that
the compressive complex wave retrieval is superior in reconstruction
accuracy with respect to both intensity and quantitate phase information of the object field. The successful implementation of the proposed
CS adapted single shot complex wave retrieval method suggests that
it can be a good tool for quantitative phase contrast imaging and
observing the dynamic events of macroscopic or microscopic objects.
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