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1. Introduction and preliminaries

The well-known Banach contraction theorem [1] plays a major role in solving problems in many branches of pure and
applied mathematics. A number of generalizations of the Banach contraction theorem were obtained in various directions.
Many authors generalized the Banach contraction theorem in ordered metric spaces. The first result in ordered metric spaces
was given by Ran and Reurings [2, Theorem 2.1] who presented its applications to the linear and nonlinear metric space.
Subsequently, Nieto and Rodfiguez-Lépez [3] extended the result of Ran and Reurings [2] for nondecreasing mappings
and applied to obtain a unique solution for a first order ordinary differential equation with periodic boundary conditions.
Agarwal et al. [4] studied generalized contractions in partially ordered metric spaces. Bhaskar and Lakshmikantham [5]
introduced the notion of a coupled fixed point and proved some interesting coupled fixed point theorems for mappings
satisfying a mixed monotone property. While Lakshmikantham and Ciri¢ [6] introduced the concept of a mixed g-monotone
mapping and proved coupled coincidence and coupled common fixed point theorems that extend theorems due to Bhaskar
and Lakshmikantham [5]. Then after, many authors obtained many coupled coincidence and coupled fixed point theorems
in ordered metric spaces (see [4,7-15,3,16-22] as examples).

In this paper we establish coupled coincidence points for a pair of commuting mappings in partially ordered complete
metric spaces. An example is given to support the useability of our results.

Before presenting the main results of the paper, we start by recalling some definitions introduced in [5].

Recall that if (X, <) is a partially ordered set and F : X — X is such that for x, y € X, x < y implies F(x) < F(y), thena
mapping F is said to be nondecreasing. Similarly, F is defined a nonincreasing mapping.
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Definition 1.1. Let (X, <) be a partially ordered setand F : X x X — X.The mapping F is said to have the mixed monotone
property if F(x, y) is monotone nondecreasing in x and is monotone nonincreasing in y, that is, for any

X, yeX, x;,X% €X, X1 XX =Fx,y) XF(x,y)
and
Yi,¥2 €X, y1 XY2 = F(x,y1) = F(x, y2).
This definition coincides with the notion of a mixed monotone function on R? and < represents the usual total order in R.

Definition 1.2. We call an element (x, y) € X x X a coupled fixed point of the mapping F : X x X — X if
F(x,y)=x and F(y,x) =y.

The concept of the mixed monotone property is generalized in [6].

Definition 1.3 (/6]). Let (X, <) be a partially ordered setand F : X x X — X and g : X — X.The mapping F is said to have
the mixed g-monotone property if F is monotone g-nondecreasing in its first argument and is monotone g-nonincreasing
in its second argument, that is, for any x, y € X

x1,% €X,8(x1) X g(X2) = F(x1,y) X Fx2,y) (n
and

Y1.¥2 € X,8(y1) 2 8(v2) = F(x,y1) = F(x,y2). (2)
Clearly, if g is the identity mapping, then Definition 1.3 reduces to Definition 1.1.

Definition 1.4. An element (x,y) € X x X is called a coupled coincidence point of the mappings F : X x X — X and
g: X —>Xif

F(x,y) =g(x), and F(y,x) =g().
The main theoretical results of Bhaskar and Lakshmikantham in [5] are the following coupled fixed point theorems.

Theorem 1.1 ([5]). Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space. Let
F : X x X — X be a continuous mapping having the mixed monotone property on X. Assume that there exists a k € [0, 1) with

d(F(x,y),F(u,v)) < sz[d(x, u)+dy,v)] Vx>u and y <.

If there exist two elements Xq, yo € X with
Xo = F(xo0,Y0) and yo > F(yo, Xo)

then there exist x, y € X such that
x=F(x,y) and y=F(y,x).

Theorem 1.2 ([5]). Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space.
Assume that X has the following property:

(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X converges toy € X, theny, > y for all n.

Let F : X x X — X be a mapping having the mixed monotone property on X. Assume that there exists a k € [0, 1) with

d(F(x,y),F(u,v)) < Izi[d(x, u)+dy,v)] ¥x>u and y <.

If there exist two elements xq, yo € X with
Xo < F(X0,¥0) and yo > F(yo, Xo)

then there exist x, y € X such that
x=F(,y) and y=F(y,X).

Definition 1.5. Let (X, d) be a metric spaceand F : X x X — X and g : X — X be mappings. We say F and g commute if

F(g(x),g0) = g(F(x,y))
forallx,y € X.
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2. Main theorems

Theorem 2.1. Let (X, d, <) be an ordered metric space. Let F : X x X — X and g : X — X be mappings such that F has the
mixed g-monotone property on X such that there exist two elements Xq, yo € X with g(xo) < F(Xo, Yo) and g(¥o) = F(yo, Xo).
Suppose there exist non-negative real numbers «, B, L with o 4+ B < 1 such that

d(F(x,y), F(u,v)) < amin{d(F(x,y),g(x)), d(F(u, v), g(x))} + B min{d(F(x, y), g(w)), d(F(u, v), g(w))}
+ Lmin{d(F(x,y), g(w)), d(F(u, v), g(x))} (3)

forall (x,y), (u,v) € X x X with g(x) < g(u) and g(y) > g(v). Further suppose F(X x X) C g(X) and g(X) is a complete
subspace of X. Also, suppose that X satisfies the following properties:

(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X converges toy € X, theny, >y for all n.

Then there exist x, y € X such that
F(x,y) =g(x) and F(y,x) =g(),
that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof. LetXxp,yo € X be such thatg(xy) < F(xo, yo) and g(yo) > F(¥o, Xo). Since F(X x X) C g(X), we can choose x1, y; € X

such that g(x;) = F(Xo, ¥o) and g(y1) = F(yo, Xo).
In the same way we construct, g(x,) = F(x1,y1) and g(y2) = F(y1, X1).
Continuing in this way we construct two sequences {x,} and {y,} in X such that,

gXny1) =F(Xn,yn) and g¥n41) =F(¥n,X,) Vn=0. (4)
Now we prove that for alln > 0,
g(Xn) < g(Xnt1) (3)
and
gWn) = 8Wn+1)- (6)

We shall use the mathematical induction. Let n = 0. Since g(xo) < F(xp, o) and g(¥o) > F(¥o, Xo), in view of g(x;) =
F(Xo, Yo) and g(y1) = F(yo, Xo), we have g(xy) < g(x1) and g(yo) > g(y1), that s, (5) and (6) hold for n = 0. We presume
that (5) and (6) hold for some n > 0. As F has the mixed g-monotone property and g(x,) < g(X+1),€¥n) = &(¥ns1), from
(4), we get

8(Xnt1) = F(xn, yn) = F(Xns+1,¥n) (7)
and

Fnt1, %) = F(n, Xn) = &Wns1)- (8)
Also for the same reason we have

g(*nt2) = F(Xn41, Yn+1) = F(Xnt1,¥n)  and  F(ni1, Xn) = F(Vnt1, Xng1) = §Wnt2)-
Then from (4) and (5), we obtain

gXny1) X &Xny2) and  g¥nt1) = EWn42)-

Thus by the mathematical induction, we conclude that (5) and (6) hold for all n > 0.
We check easily that

g(x0) 2gx1) 2gx) X -+ 2 gXpg1) X -+

and

g8Wo) =g01) =802 =+ = 8Wny1) = -+ -
Since g(x,) > g(x,—1) and g(y,) < g(n—1), from (3) and (4), we have
d(g(xn+1), 8(%n)) = d(F(xn, ¥n), F(Xn—1, Yn-1))
< oomin{d(F(xn, ¥n), &(xn)), d(F (Xn_1, Yn—1), &(Xn))}
+ B min{d(F (Xn, Yn), 8 (*Xn—1)), d(F (Xn—1, Yn-1), &(Xn—1))}
+ L min{d(F (Xn, ¥n), 8(Xn-1)), d(F (Xn—1, ¥n—1), £(xn))}

A
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or
d(g(Xnt1), 8(Xn)) < Bd(g(Xn), &(Xn—1)). 9)
Similarly, since g(y,—1) > g(y,) and g(x,_1) < g(x,), from (3) and (4), we have
d(g¥n)s EWnt1)) < ad(@¥n), EWn-1))- (10)

From (9) and (10), we have

d(gXnt1), 8Xn)) + d(@Wn), gWns1)) < Bd(gxn), 8(Xn—1)) + ad(@¥n), gWa-1))
< (a+ B)d(g(xn), g(xn—1)) + (@ + B)A(EWn), EWn-1))
= (a + B)ld(g(xs), g(Xa—1)) + d(E¥n), E¥n-1))].

Set pp = d(g(Xnt1), £(Xn)) + d(€(Yn+1), 8(yn)) and § = o + B, then sequence {p,} is decreasing as

0 < pn<8pn1=<8pna<-=<80
which implies

lim oy = lim [d(g(Xn11), §(%n)) + d(€Yn41), ()] = 0. (11)
Thus,

lim d(g(xs+1),8(*:)) =0 and  lim d(g(yn+1),gWn)) = 0.

In what follows, we shall prove that {g(x,)} and {g(y,)} are Cauchy sequences.
For each m > n, we have

d(gXm), 8(xn)) < d(g(xm), EXm-1)) + d(€Xm—-1), EXm-2)) + - - + d(§(Xn11), E(Xn))

and

d(g(Wm),gWn)) < d€WYm), EWm-1)) +d(E€Wm,), EWYm-2)) + -+ + d(€Ynt1), EWn)).

Therefore

d(g(xXm), g(xy)) +d(€Ym), E€Wn)) < Pm—1+ Pm—2+ -+ pn
< @84+ 8" po
sn
< 12
= 1—8'00 (12)

which implies that
. ,lrjgloo[d(g(xm), g(xn)) + d(g(¥m), gWn))] = 0.

This imply that {g(x,)} and {g(y,)} are Cauchy sequences in g(X). Since g(X) is a complete subspace of X, there exists
(x,¥) € X x X such that g(x,) — g(x) and g(y,) — g(¥). Since {g(x,)} is a nondecreasing sequence and g(x,) — g(x) and
as {g(y,)} is a nonincreasing sequence and g(y,) — g(y), by assumption we have g(x,) < g(x) and g(y,) > g(y) for all n.
Since
d(g(Xnt1), F(x,¥)) = d(F(xn, yn), F(x,¥))
< amin{d(g(Xn+1), g(xn)), d(F(x,¥), g(xn))} + B min{d(g(xn+1), g(x)), d(F(x,y), g(x))}
+Lmin{d(g(xnt1), 8(%)), d(F(x, ), 8(xa))}

Taking the limit as n — oo in the above inequality, we get d(g(x), F(x, y)) = 0. Hence g(x) = F(x,y). Similarly, one can
show that g(y) = F(y, x). Thus we proved that F and g have a coupled coincidence point. This concludes the proof. O

Theorem 2.2. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. Let F : X x X — X and g : X — X be mappings such that F has the mixed g-monotone property on X such that there
exist two elements xq, Yo € X with g(xo) =< F(xo,yo) and g(yo) > F(¥o, Xo). Suppose there exist non-negative real numbers «,
B, Lwith @ + B < 1such that

d(F(x,y), F(u,v)) < amin{d(F(x,y), g(x)), d(F(u, v), g(x))} + B min{d(F(x, y), g(w)), d(F (u, v), g(u))}
+ Lmin{d(F(x, y), g(w)), d(F(u, v), g(x))} (13)

forall (x,y), (u,v) € XxXwithg(x) < g(u)andg(y) > g(v). Further suppose F(X xX) C g(X), g is continuous nondecreasing
and commutes with F, and also suppose either
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(a) F is continuous or

(b) X has the following property:
(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X converges toy € X, theny, > y for all n.

Then there exist x, y € X such that
F(x,y) =g(x) and F(y,x) =g(),

that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof. Following the proof of Theorem 2.1, we will get two Cauchy sequences (gx,) and (gy,) in X such that (gx,) is a
nondecreasing sequence in X and (gy,) is a nonincreasing sequence in X. Since X is a complete metric space, there is
(x,¥y) € X x X such that gx, — x and gy, — Y. Since g is continuous, we have g(gx,) — gx and g(gy,) — gv.
First, suppose that F is continuous. Then F(gx,, gy,) — F(x,y) and F(gy,, gx,) — F(y, x). On other hand, we have
F(gxn, gYn) = F (Xn, ¥n) = g(gXn+1) — gx and F(gyn, 8%n) = &F (Yn, Xn) = g(gYn+1) — &Y. By uniqueness of limit, we
getgx = F(x,y) and gy = F(y, X).

Second, suppose that (b) holds. Since g(x,) is a nondecreasing sequence such that g(x,) — X, g(y,) is a nonincreasing
sequence such that g(y,) — y, and g is a nondecreasing function, we get that g(gx,) < gx and g(gy,) > g(y) holds for all
n € N. By (13), we have

d(g(gxny1), F(x, ) = d(F(gxn, 8Yn), F(x,))
< o min{d(ggxn+1, 88Xn), d(F (x, ), ggx,)} + B min{d(ggxns1, gx), d(F(x,y), gx)}
+ L min{d(ggxn1, &%), d(F(x, y), 8gxx)}.

Letting n — 400, we get d(g(x), F(x,y)) = 0 and hence g(x) = F(x, y). Similarly, one can show that g(y) = F(y, x). Thus
we proved that F and g have a coupled coincidence point. O

Corollary 2.1. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. Let F : X x X — X be a mapping such that F has the mixed monotone property on X such that there exist two elements
X0, Yo € X withxg < F(xo,Y0) and yo > F(yo, Xo). Suppose there exist non-negative real numbers o, B and Lwitha + 8 < 1
such that

d(F(x,y), F(u,v)) < amin{d(F(x,y), x), d(F(u, v), x)} + B min{d(F (x, y), u), d(F(u, v), u)}
+ Lmin{d(F(x, y), u), d(F(u, v), x)} (14)
forall (x,y), (u,v) € X x X withx > uandy < v and also suppose either

(a) F is continuous or

(b) X has the following property:
(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X converges toy € X, theny, > y for all n,

then there exist x, y € X such that
F(x,y)=x and F(y,x) =y,
that is, F has a coupled fixed point (x,y) € X x X.

Proof. In Theorem 2.2, if g = I, the identity mapping, then we have the result. O

Corollary 2.2. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space.Let F : X x X — X and g : X — X be mappings such that F has the mixed g-monotone property on X such that there exist
two elements xq, Yo € X with g(xo) < F(Xg, yo) and g(yo) > F (Yo, Xo). Suppose that there exist a non-negative real number L
such that

d(F(x,y), F(u,v)) < Lmin{d(F(x,y),g(u)), d(F(u, v), g(x))} (15)

forall (x,y), (u, v) € XxXwithg(x) < g(u)andg(y) = g(v). Further suppose F(X xX) C g(X), g is continuous nondecreasing
and commutes with F, and also suppose either

(a) F is continuous or

(b) X has the following property:
(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X convergestoy € X, theny, > y foralln,
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then there exist x, y € X such that
F(x,y) =g(x) and F(y,x) =g,

that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof. In Theorem 2.2, if « = 0 = B, then we have the result. O

Corollary 2.3. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. Let F : X x X — X and g : X — X be mappings such that F has the mixed g-monotone property on X such that there
exist two elements xq, yo € X with g(xo) < F(xo,yo) and g(yo) > F(yo, Xo). Suppose there exist non-negative real numbers «,
B and Lwitha + B < 1such that

. JdEXx,y), (X)), d(F(u, v), g(x)),
4EF@.y). F@,v)) < (e + F) min {d(F(x, V). gW). d(F (. v),g<u>)}

+Lmin{d(F(x,y), g(w)), d(F(u, v), g(x))}

forall(x,y), (u,v) € XxXwithg(x) < g(u)andg(y) > g(v). Further suppose F (X xX) C g(X), g is continuous nondecreasing
and commutes with F, and also suppose either

(a) F is continuous or

(b) X has the following property:
(i) if a nondecreasing sequence {x,} in X converges to x € X, then x, < x for all n,
(ii) if a nonincreasing sequence {y,} in X convergestoy € X, theny, > y for all n,

then there exist x, y € X such that
Fx,y)=g(® and F(y,x) =g,
that is, F and g have a coupled coincidence point (x,y) € X x X.

Proof. Follows from Theorem 2.2, by noting that if « and g are non-negative real numbers, we have

(G y), g(0), dF @, v), (0, .
(@ + ) min {d(F(X, ey, A @, 23 St} } < amin{d(F(x, y), £(0). d(F(u, v), g(x))}

+ B min{d(F(x,y), gw)), d(F(u, v),g(w))}. O

Now we shall prove the existence and uniqueness theorem of a coupled common fixed point. Note that, if (X, <) is a partially
ordered set, then we endow the product space X x X with the following partial order:

for x,y), W, v) eX xX, Wv) XXy Sx>u y=3v.

Theorem 2.3. In addition to the hypotheses of Theorem 2.1, suppose that L = 0 and for every (x,y), (¥*, x*) € X x X there
exists a (u, v) € X x X such that (F(u, v), F(v, u)) is comparable to (F(x,y), F(y, x)) and (F(x*, y*), F(y*, x*)). Then F and g
have a unique coupled common fixed point, that is, there exists a unique (x,y) € X x X such that

x=g(x) =F(xy) and y=g(y) =F@y,x).

Proof. From Theorem 2.1, the set of coupled coincidence points of F and g is non-empty. Suppose (x, y) and (x*, y*) are
coupled coincidence points of F, that is, g(x) = F(x,y¥), g(y) = F(y, x), g(x*) = F(x*,y*) and g(y*) = F(y*, x*), then

gx) =g and g(y) =gW"). (16)
By assumption, there exists (u,v) € X x X such that (F(u, v), F(v,u)) is comparable with (F(x, y), F(y, x)) and
(F(x*,y*), F(y*, x*)). Put uyp = u, vy = v, and choose u1, v; € X so that g(uy) = F(up, vo) and g(vy) = F(vg, Up). Then,
similarly as in the proof of Theorem 2.1, we can inductively define sequences {g(u,)}, {g(v,)}

g(Uupy1) = F(uy, vy) and g(vpyr) = F(up, uy) Vn.
Further, set xo = X,yo = ¥, x; = x*,y; = y* and, on the same way, define the sequences {g(x,)}, {g(V;)} and {g(x})},
{g(y})}. Then it is easy to show that

g(xn) — F(x,y)

g(n) = F(y, %)

g(xy) — F(x", y"),
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and
gy, — F*, x¥)
Vn > 1.Since

Fx, ), Fy,x%) = (gx1),g801)) = €X),g1)

and

(F(uv U), F(U, U)) = (g(U]), g(”]))

are comparable, then g(x) < g(u;) and g(y) > g(vq). It is easy to show that (g(x), g(y)) and (g(u,), g(v,)) are comparable,

thatis, g(x) < g(u,) and g(y) > g(v,) for alln > 1. Thus from (3), we have
d(g(x), g(un41)) = d(F(x,y), F(un, vn))

< amin{d(F(x,y), g(x)), d(F (us, vy), g(x))} + B min{d(F (x, y), g(uy)), d(F (uy, vy), g(un))}.

Since F(x, y) = g(x), we have

d(g(x), g(Unt1)) = B min{d(g(x), g(un)), d(F(un, vn), g(Un))}.
Hence

d(g(x), g(Uunt1)) < Bd(g(x), g(un)).

Again from (3), we have

d(g(vnt1), () = d(F(vn, un), F(y, X))

< amin{d(F (vy, tn), g(vn)), d(F(y, X), g(vn))} + B min{d(F (vn, tn), g(¥)), d(F (¥, X), g¥))}.

Since F(y, x) = g(y), we have

d(g(vn+1), ) < amin{d(F(vn, Un), g(vn)), d(g¥). g(vn))}.
Hence

d(g(vnt1),8(¥)) < ad(g(vy),g()).
From (17) and (18), we have

d(g(), g(Unt1)) +d(EY), 8(n1)) < Bd(g(X), g(Un)) + ad(g(vn), 1))
< (@ + p)ld(g(x), g(un)) + d(g®), &(vn))]
< (@ + B’[d(Egx), gUn-1)) +d(EY), §(Wn-1))]

< (@+B)"™'d(g (), g(uo)) + d(g®), g(vo))]-

Taking the limit as n — oo, we get
lim [d(g(x). g(un)) + d(g (). g(va))] = 0.
It implies that
lim d(g(x), g(un)) = lim d(g(y), g(vy)) = 0.
n—o00 n—oo
Similarly, we show that
lim d(g(x"), g(uy)) = lim d(g(y*), g(va)) = 0.
n—o00 n—oo
By the triangle inequality, (19) and (20),

d(g(x), g(x")) < d(g(x), g(Unt1)) +d(g(x"), g(Upt1)) = 0 asn — oo,
dg®),g(y") <dEy), g(Wns1)) +dE€Y™), g(Vns1)) = 0 asn — oo,

we have g(x) = g(x*) and g(y) = g(y*). Thus we have (16). This implies that (g(x), g(y)) = (g(x*), g(y*)).

Since g(x) = F(x,y) and g(y) = F(y, x), by commutativity of F and g, we have
gEgx) =g(Fx,y) =Fgx),g¥) and gE®) =gFy.x) =FEy),gx).
Denote g(x) = z,g(y) = w. Then from (21),
g(z)=F(z,w) and g(w)=F(w,2z).

(17)

(18)

(19)

(20)

(21)

(22)
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Thus (z, w) is a coupled coincidence point. Then from (21) with x* = z and y* = w it follows g(z) = g(x) and g(w) = g(y),
that is,
g(z)=z and g(w) = w. (23)
From (22) and (23),
z=g(z)=F(z,w) and w =g(w) =F(w,2).

Therefore, (z, w) is a coupled common fixed point of F and g. To prove the uniqueness, assume that (p, q) is another coupled
common fixed point. Then by (21) we havep = g(p) = g(z) =zandg=g(q) =g(w) =w. O

Corollary 2.4. In addition to hypotheses of Corollary 2.1, suppose that L = 0 and for every (x,y), (y*, x*) € X x X there exists
a (u, v) € X x X such that (F(u, v), F(v, u)) is comparable to (F(x, y), F(y, x)) and (F(x*, y*), F(y*, x*)). Then F has a unique
coupled fixed point, that is, there exist a unique (x, y) € X x X such that

x=F(,y) and y=F(y,x).
Proof. In Theorem 2.3, if g = I, the identity mapping, then we have the result. O
Theorem 2.4. In addition to hypotheses of Theorem 2.1, if gxo and gyo are comparable and L = 0, then F and g have a coupled
coincidence point (x,y) such that gx = F(x,y) = F(y, x) = gJ.

Proof. By Theorem 2.1 we construct two sequences {x,} and {y,} in X such that gx, — gx and gy, — gy, where (x,y) is a
coincidence point of F and g. Suppose gx, < gyo, then it is an easy matter to show that

gx, < gy, andVn € NU {0}.
Thus, by (3) we have
d(gxn, 8yn) = d(F(Xn—1,Yn-1), F(n-1, Xn—1))
o min{d(F (Xn—1, Yn—1), &n—1), d(F Yn—1, Xn—1), Xn—1)}
+ B min{d(F (Xy—1, Yn-1), &n-1)> d(F ¥n—1, Xn—1), &¥n-1)}
o min{d(gxn, gxn—1), d(gYn, &¥n—1)} + B min{d(gxn, gYn—1), d(gYn, &¥n-1)}.
By taking the limit as n — +o00, we get d(gx, gy) = 0. Hence

IA

F(x,y) =gx =gy =F(y,%).

A similar argument can be used if gyg < gxg. O

Corollary 2.5. In addition to hypotheses of Theorem 2.1, if xq and y, are comparable and L = 0, then F has a coupled fixed point
of the form (x, x).

Proof. In Theorem 2.4, if g = I, the identity mapping, then we have the result. O

We demonstrate Theorem 2.1 with the help of the following example.

Example 2.1. Let X = [0, 1]. Then (X, <) is a partially ordered set with the natural ordering of real numbers. Let

d(x,y) = |x —yl
forx,y € X.Defineg : X — X by
gx) =x
andF : X x X — X by
X2 — 2 .
Fey)=1 g = *=¥
0, X <y.

Then

1) (X, d) is a complete metric space.

2) g(X) is complete.

3) FIX x X) C g(X) =X.

4) X satisfies (i) and (ii) of Theorem 2.1.
5) F has the mixed g-monotone property.

(
(
(
(
(
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(6) Forany L € [0, +00), F and g satisfy

1 1
d(F(x,y), F(u,v)) < 2 min{d(F(x, y), g(x)), d(F(u, v), g(x))} + i min{d(F(x, y), g(w)), d(F(u, v), g(u))}

+Lmin{d(F(x,y), g(w)), d(F(u, v), g(x))}
forall gx < guand gy > gv.

Thus by Theorem 2.1, F and g have a coupled coincidence point. Moreover (0, 0) is a coupled fixed point of F.

Proof. The proofs of (1)-(5) are clear. The proof of (6) is divided into the following cases:

Case 1.Ifx <yandu < v, then

d(F(x,y), F(u,v)) =d(0,0) =0 < %d(o, ) + %d(o, u?) 4+ Lmin{d(0, u?), d(0, x*)}.

Case 2.1fx < yand u > v, then

dFx.y). Fu,v) = d (0 u? —? u? —? - u? - 7u?
’ ’ ,U = ’ = = Lo = S5
y 8 8 8 2
1 72 2 1 2 _ .2
S (T 1 (e,
4 8 4 8
1 u? —?
_ min{d(o, uz),d< v ,u2>}
4 8
1 2 _ .2
< Zmin{d(o,xz),d<u Sv ,x2>}+
2,2
+ L min {d(O, uz),d<u s v ,x2>}.
Case 3.1fx > yand u < v, then we have
2 _ 42 2.2 2 72
d(F(x,w,F(u,v)):d(" = ,o>=" o=
1 72 2 1 2 42
<= X4y _ 1 X =y R
4 8 4 8
1 XZ_ 2
<me{d< Sy ,x2>,d(o,x2)}
1 2 2
§4m1n{d(x Sy ,x2>,d(0,x2)}+m1n{d<

Case4.1fx > yandu > v,thenv <y < x < u. Hence

2y 22
d y,u v
8 8

d(F(x,y), F(u, v))

1
:§|u2_v2_xz+y2|
1 5 2 2 2
:g(u — X +y_v)
<1u2
- 8
1 2 _ .2 2,2
< —min{d X y,u2 d ! v,u2
4 8 8
1
— 4 8 8
2 2 2 2
. -y, ut—vt
+ L min s , , X
o (557 ) o (50)
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In all the above cases, inequality (3) of Theorem 2.1 is satisfied foro = 8 = % and any L > 0. Hence by Theorem 2.1, (0, 0)
is a unique coupled coincidence point. Indeed for x > y we have F(y, x) = 0 and since F(y, x) = g(y) we have y = 0. Then
F(x,0) = g(x) implies x = 0. The cases x = y or x < y are similar. O
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