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Abstract

By making use of the familiar concept of neighborhoods of analytic functions, the authors prove several inclusion relations
associated with the (n, §)-neighborhoods of certain subclasses of analytic functions of complex order, which are introduced here
by means of the Ruscheweyh derivatives.
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1. Introduction and definitions

Let A(n) denote the class of functions f of the form:

f@=z— Y & (axZ0:keN\{l,....nkneN:N:={1,2,3,..]}), (1.1)
k=n+1

which are analytic in the open unit disk
Ui={z:z€C and |z| < 1}.

Following the earlier investigations by Goodman [1] and Ruscheweyh [2], we define the (n, §)-neighborhood of a
function f € A(n) by (see also [3-5] and [6])

o0 o0
Nus(f)=1g:8 € Am), 8@ =z— Y bz and > klax—bel S5 (12)
k=n+1 k=n+1

In particular, for the identify function
e(z) =z, (1.3)
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we immediately have

o0 o0
Ny.s(e) == {g g€ An), g(z) =z — Z brzF and Z kibe| <8¢ . 1.4)
k=n+1 k=n+1

The above concept of (n, §)-neighborhoods was extended and applied recently to families of analytically
multivalent functions by Altintag et al. [7], and to families of meromorphically multivalent functions by Liu and
Srivastava ([8] and [9]) (see also the more recent works [10] and [11]). The main object of the present paper is to
investigate the (n, §)-neighborhoods of several subclasses of .A(n) of normalized analytic functions in U with negative
and missing coefficients, which are introduced here by making use of the Ruscheweyh derivative operator defined by
(1.11) or (1.12) below.

First of all, we say that a function f € A(n) is starlike of complex order y (y € C\ {0}); thatis, f € S;(y), if it
also satisfies the following inequality:

m<1 +1 [Zf/(Z) - 1D ~0 (zeUyeC\{o). (1.5)
vy L f@

Furthermore, a function f € A(n) is said to be convex of complex order y (y € C\ {0}); thatis, f € C,(y) if it also
satisfies the following inequality:

m<1+l[zf//(Z)D =0 (zeU:yeC\ {0}, (1.6)
v L f@

The classes S, (y) and C, (y) stem essentially from the classes of starlike and convex functions of complex order,
which were considered earlier by Nasr and Aouf [12] and Wiatrowski [13], respectively (see also [14—16] and [17]).
Let S, (y, o, i, B) denote the subclass of the function class A (n) consisting of functions f(z) which satisfy the
following inequality:
’l ( ap @) + Qap+a— WP '@ +af'@ >‘ <5
y \apz? f"(2) + (@ — wzf'@) + (1 —a + p) f(2)
(zeU;y eC\{0};0=pn=a;0<pB =1 (1.7

Suppose also that R, (y, «, i, B) denotes the subclass of the function class A(n) consisting of functions f(z) which
satisfy the following inequality:

1
’; (a,u,zzf’”(z) + Qap+o—wzf () + f'(z) — 1) <p

(zeU;yeC\{0};0=p=a;0<B=1. (1.8)

The classes S, (v, o, 1, B) and R, (y, o, u, B) were studied recently by Orhan and Kamali [17].
Next, for the functions f;(z) (j = 1, 2) given by

fi@=z+Y a;d (=12, (1.9)

k=2
we denote by (f1 * f2)(z) the Hadamard product (or convolution) of fi(z) and f>(z), defined by
o0
(fix @) =2+ a2z = (fax 1)) (1.10)
k=2
Thus the Ruscheweyh derivative operator
D*: A— A (A= A®)
is defined by

D" f(2) :=(1_Zw*f(z) h>-1LfeA (1.11)
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or, equivalently, by

DU&%zz—Z:c;fjl)@% > —1; f € A (1.12)
k=2

for a function f € A of the form (1.1). Here, and in what follows, we make use of the following standard notation for
a binomial coefficient:

(Kyzkw_ly”y_n+l)(KeQnerzNumD. (1.13)
n n!
In particular, we have
n—1 (n)
D"f(z) = M (n € Np). (1.14)

n!

Finally, in terms of the Ruscheweyh derivative operator D* (A > —1) defined by (1.11) or (1.12) above, let
Su(y, A, a, i, B) denote the subclass of the function class A(n) consisting of functions f(z) which satisfy the
following inequality:

1 [apz’ (Dxf(z))w + Qap+a — )z’ (D)‘f(z))” +z (Dkf(z))/ )| <5
auz? (D*f ()" + (@ = Wz (D* f () + (1 —a + 1) D* f (2)

%
(zeU;y eC\{0};2>—-10<B=1,0S = a). (1.15)

Also, let R, (y, A, «, i, B) denote the subclass of the function class .A(n) consisting of functions f(z) which satisfy
the following inequality:

1 " " /
‘; (anz® (D*£@)" + Qo+ o = w2 (D*£@)" + (D* £ () 1)

<p
(zeUiy eC\{0};4>-10<B= L0 u<a). (1.16)
Various further subclasses of the function class S, (y, A, «, i, B) with
y=1 and a=pu=0

were studied in many earlier works (cf., e.g., [18] and [19]; see also the references cited in each of these earlier works).
Clearly, in these cases of (for example) the class S, (y, A, «, i, ), we have the following relationships:

Si(¥,0,0,0,1) C S;(y) and Su(y,0,1,0,1) CCu(y) (meN;yeC\{0}). (L.17)
2. Inclusion relations involving the (n, §)-neighborhood N, ;(e)

In our investigation of the inclusion relations involving the (n, §)-neighborhood N, s(e), we shall require the
following lemmas.

Lemma 1. Let f € A(n) be defined by (1.1). Then f is in the class S, (y, A, o, u, B) if and only if

S (A+k—1
2:( kl’)MHW<5WL @.1)
k=n+1 -

where

=00 = (0’ + (@ = p = 2ap + auply DK

+ (@ =20 =2+ 1+ (@ — p =Bl Dk + (1 —a+ WBly| = ).
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Proof. We first suppose that f € S, (y, A, o, i, B). Then, by appealing to the condition (1.15), we readily obtain

(auz3 (D f )" + Cap+a — w2 (D f(2)" +2(D*f@)
apz? (D @) + (@ — Wz (D f() + (1 —a + w)D* £ (2)

or, equivalently,

1) > =Blyl (zel) (2.2)

o0
-y (A}:ﬁl) [apk® + (o — o — 200)k> + (p — 200 + 2 + Dk — (1 — o + )] ax 2
k=n+1
R

0
- Z+l <kﬁ?1) [h® + (o — o — )k + (1 — @ + )] a2k
=n

> —plyl (zel), 2.3)

where we have made use of (1.12) and the definition (1.1). We now choose values of z on the real axis and let z — 1—
through real values. Then the inequality (2.3) immediately yields the desired condition (2.1).
Conversely, by applying the hypothesis (2.1) and letting |z| = 1, we find that

aps’ (D[ @) + Qapt o — 2 (D' @) " +2 (D f@)
apnz? (D* ()" + (@ — Wz (D*f(2) + (1 —a + ) D* f(2)

o0
> (M) fortk® 4+ (@ — = 20 + (et = 20+ 20 + Dk = (1 — e+ )] a2t
k=n+1

"

o0
- (Aﬁ?l) [enk? + (@ — o — ek + (1 — o + ) a2k
k=n+1

Blr| [1 - X () [k + (@ — = g+ (1 — e+ m]ak}
=n+

A

o0
11— k:§:+1 (x',:fIl) [ot,uk2 +a—p—aowk+(1—a+ M)] ay

< Blyl. 24
Hence, by the maximum modulus principle, we have
feSu(y, ha, i, B),
which evidently completes the proof of Lemma 1. [

Similarly, we can prove the following result.
Lemma 2. Let the function f € A(n) be defined by (1.1). Then f is in the class R,(y, A, &, i, B) if only if

> <x+k—1

o ) ok’ + (@ = 1 = @k + (1 = @ + k] ai < Blyl. 25)

k=n+1

Remark 1. A special case of Lemma 1 when

n=1, u=a=0, y=1 and B=1—-c (0Zc<1)
was given by Ahuja [20]. Furthermore, in Lemma 1 with

n=1, uw=a=0, y=1 and B=1—-c¢ (O0=Zc<]),
if we set

A=0 and A=1,

we obtain the relatively more familiar results of Silverman [21].
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Our first main result is given by Theorem 1 below.

Theorem 1. If
5= (n+ DBy

An
(")

SI‘L(Y? )\7&’ M? /3) C Nn,5(6)9

where

then

pi= [anln+ 1P + @uBlyl +o — p = 20w + 1)
+ (@ —p—awBlyl+1 =20 +2u +apn) (n+ 1)

+ (I—a+w@lyI - D).

275

2.6)

2.7

2.8)

Proof. For a function f € S,(y, A, «, u, B) of the form (1.1) and for p defined already by (2.8), Lemma 1

immediately yields

(ﬁ”)p S a < By,

k=n+1
so that
o0
Z a < f|3/| )
k=n+1 ( :"),0

On the other hand, we also find from (2.1) that

A+n >0
kay < ,
( . )r > kar < Bly|

k=n+1

where

T = [au(n + D? + (@uBlyl + o —p —2am)(n+ 1) + (@ — p — ) Bly| + 1 — 20 + 2 + arp1)

n ((1 —a+wBlyl — 1))]’
n—+1

that is, that

o0
1

$ fup < B0 2D

k=n+1 (A:n) 14

which, in view of the definition (1.4), proves Theorem 1.

Similarly, by applying Lemma 2 instead of Lemma 1, we can prove Theorem 2 below.

Theorem 2. If
Blyl

O

(A:n> [apn+ D2+ (@ —p—op)n+1)+(1—«a -HL)]’

then

Ran(y, ks o, b, B) C Ny s(e).

(2.9)

(2.10)

@2.11)

(2.12)
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3. Neighborhood properties for the function classes 8,(,1’) (ys A, 0, i, B) and ’Rf,b) s A,o, iy B)
In this section, we determine the neighborhood for each of the function classes
SV koo, B) and R (y,h o, B),
which we define here as follows.

Definition 1. A function f € .A(n) is said to be in the class S,(,b)(y,k,a, Wu, B) if there exists a function
g € S,(y, X, a, u, B) such that the following inequality holds true:

&—1‘<l—b (zeU;05b < 1). 3.1

g(2)

Definition 2. A function f € A(n) is said to be in the class Rflb)(y, A, o, i, B) if there exists a function
g € R,(y, A, a, i, B) such that the inequality (3.1) holds true.

Theorem 3. If g € S, (y, A, o, u, B) and

o (k:n)ap

, 3.2)
a0 (M) - Biyl]
then
Nas (@) €SP (v, ko, i, B, (3.3)
where p is given already by (2.8).
Proof. Assuming that f € N, s(g), we find from the definition (1.2) that
0
> klag —bi| 6, (34)
k=n+1
which readily implies the following coefficient inequality:
ad 8
D la—bls—— (meN. (3.5)
k=n+1 n+
Since g € S, (y, A, a, i, B), we have [cf. Eq. (2.9)].
x
> b= ﬂ—” (3.6)
k=n+1 ( n ) 1%
so that
>
lax — bil
f@) ‘ k=n+1
8() -3 i
k=n+1
A+
5 (*3m) e
< 1 T/ =1-b, (3.7)
nE (M) e - vl

provided that b is given precisely by (3.2). Thus, by Definition 1, we conclude that

feSP o)
for b given by (3.2). This evidently completes the proof of Theorem 3. [
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The proof of Theorem 4 below is much akin to that of Theorem 3, and so the details involved are being omitted
here.

Theorem 4. If g € R, (v, A, a, i, B) and

(P37 ol + 1P + @ = = a)n + 12 + (1 =+ )1 + )]
b=1-

, (3.8)
(n+1) [(A;") [epnn+ 13+ (@ — p—aw)(n + D2+ (1 —a + @ + ] - ,3|y|]

then

Nus(@) C ROy, a1, B). 3.9)

Remark 2. A special case of Theorem 3 when « = p = 0 was proven recently by Murugusundaramoorthy and
Srivastava [16, p. 6, Theorem 3].
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