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Abstract

In this paper our aim is to deduce some Turdn type inequalities for ¢-hypergeometric and g-confluent
hypergeometric functions. In order to obtain the main results we apply the methods developed in the case
of classical Kummer and Gauss hypergeometric functions.
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1. Introduction

S. Karlin and G. Szeg6 [10] investigated a general theory dealing with inequalities of the type
P(x) = Pac1 (0) Py 1 () 2 0, (1.1)

where {P,} are the classical orthogonal polynomials. In particular, when P, (x) is the Legendre
polynomial and |x| < 1, (1.1) is the well-known Turdn inequality [17]. Extensive study of this
quadratic form and its analogues was carried out in various directions. For example, results
similar to (1.1) in the direction of general orthogonal polynomials were studied in [5-16]. For
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more literature on Turan inequality for various orthogonal polynomials and special functions, we
refer the reader to the details given in [1,2] and references therein. Since Turdn’s inequality was
investigated for the orthogonal polynomials having hypergeometric representation, it is worth
studying the validity of such inequality for various hypergeometric functions as well. In [4]
Turéan type inequalities for Kummer’s confluent hypergeometric function were discussed, which
complement the results from [3]. In this paper, we would like to present the g-version of some
results obtained in [1,2,4] for the classical Gauss and Kummer hypergeometric functions.
The g-hypergeometric series is given by Olver et al. [15, p. 423]

5 @n(b; @n
2¢1(a, b, c; g, x) =ZM n (1.2)

=0 (& Dn(q5 @n

where 0 < ¢ < 1, |x| < 1, a, b, ¢ € R such that ¢ does not take any of the values ¢ ", and
n—1
@@o=1  (@q.=[]1—ag™), neN;
m=0
(@ Qoo = lim (@3 q)p = [ [ (1 —ag™
n—0oo
m=>0

is the g-shifted factorial. Note that for ¢ 7 1 the expression (¢%; ¢), /(1 — ¢g)" tends to
(@), = a(@a+ 1)---(a +n — 1), and thus the basic hypergeometric series reduces to the
well-known Gaussian hypergeometric function. More precisely, we have

(@)n(D)n o

lim 2¢1(¢%, ¢”, ¢ ¢, x) = 2F1(a, b, c; x) =
q9/'1 Z (c)pn!

n>0
where » F| stands for the Gaussian hypergeometric function [15, p. 384]. For later use let us
consider also the g-gamma function, defined by Olver et al. [15, p. 145]
(@19
(@*; @)oo
It should be mentioned here that x — log I'; (x) is convex on (0, 00), which can be proved easily
by using the series representation of the g-digamma function, that is,

I, (x) (1—q)'.

e (x) qu
q — —
Vg (x) = T, log(1 —¢) + (10:‘:"1)”12Zl 1—qm

Indeed, we have

Iy (x) / mq™*
/ _ q _ 2
Vy(x) = (Fq(x)> = (logq)* T—gn

m>1

which shows that v, is increasing on (0, 00), or in other words I is log-convex on (0, 00).
For more details on the g-gamma and g-digamma functions we refer to [6,8,9,13,14] and to
references therein.

This paper is organized as follows: in Section 2 we present a Turdn type inequality for a
particular case of the g-hypergeometric function, while in Section 3 we investigate some Turdn
type inequalities for the g-Kummer confluent hypergeometric function.
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2. Turan type inequalities for the ¢-hypergeometric function

In this section, we consider the g-hypergeometric function

Ba(x) = 21 (g%, g, g1 g x) = 3 LD T Dn @1

=0 @S D@ n

and we extend the main results from [1,2] to this function. To this aim we need the following
preliminary result.

Lemma 2.1. Let n be a natural number, 0 < g < 1,0 < a < ¢ < 1, and consider the

sequences of functions { fu}n>1, {gn}n=1 and {hp}n>1, defined by fn(a) = (5 @)n (@™ @n,
gn(a) = fu(a)/(1 —q%) and h,(a) = f,(a)/a. The following statements are true:

(a) fy is increasing on [0, c/2] and decreasing on [c/2, c].
(b) g, and hy, are strictly decreasing on (0, c].

(c) gy is strictly concave on (0, ¢/2].

(d) fp is strictly concave on (0, c).

Proof. (a) The function fj(a) = (1 — g“)(1 —¢g°~%) is increasing on [0, ¢/2] and is decreasing
on [c/2, c]. Now suppose that for some n > 2 the function f;, has the same property. Since
(o5 @Int1 = (o; @)n(1 — aq™) we can write

fur1(@) = fu(@ra(a), where ry(a) = (1 —g“™)(1 — g“~™). (22)

Observe that forn € {1, 2, ...} the function a — r,(a) is increasing on [0, ¢/2] and is decreasing
on [c¢/2,c]. Thus a +— f,+1(a) has the same property, and by mathematical induction the
required result follows.

(b) First suppose that a € (0, ¢/2]. Since

q%; @n
Lye+n) = ﬁfq(a),
we can rewrite g, (a) as g,(a) = u(a)v,(a), where
u(a) = ! and v,(a) = (1 —q)*" ' I,(a+n)Ty(c—a+n).

Iy(a+ DHIy(c—a)
Now, taking the logarithmic derivative of u(a) and v, (a), we obtain

(ogu(a)) = yg(c —a) —yya+1) <0, a>0=>(c—1)/2,
(log v, (a)) = Yg(a+n) — Yg(c —a+n) <0,

where we have used the fact that the g-digamma function x — ,(x) = Fé (x)/Iy(x) is
increasing on (0, oo). Thus, g, is strictly decreasing on (0, ¢/2] as a product of a decreasing
and a strictly decreasing function.

Now, if a € [c/2, c], from part (a) f, is decreasing and hence g, is strictly decreasing as a
product of a decreasing and a strictly decreasing function.

Finally, let us consider the functions w, s : (0, 1] — R, defined by w(a) = (1 — ¢%)/a and
s(a) = q¢* — aq®(logq) — 1. Since 5" (a) = —a(logq)*>q® < 0 for all a € (0, 1], the function s
is decreasing and hence s(a) < lim,_.¢s(a) = 0 forall a € (0, 1]. Thus w'(a) = s(a)/a2 <0
for all a € (0, 1], that is, the function w is strictly decreasing on (0, 1]. Clearly, w is also
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strictly decreasing on (0, c]. This in turn implies that the function a +— h,(a), expressed as
hy(a) = gn(a)w(a), is strictly decreasing on (0, c] as a product of two strictly decreasing and
positive functions.

() Since g1(a) = fi(a)/(1 —g*) = (1 — g“~*) satisfies g} (a) = —¢°~“(logq)* < 0, we
get that g is strictly concave on (0, c¢]. Now, suppose that g, is also strictly concave for some
n > 2. From (2.2) we have g,+1(a) = gn(a)r,(a), and consequently

8ni1(@) = g, (@ra(a) + 28, (@)r, (@) + gn(@)r,/ (@) < 0

because g, is strictly decreasing from part (b), and r, is increasing and strictly concave on
(0, ¢/2]. Hence the required result follows by using mathematical induction.

(d) Since f,(a) = fy(c — a), it is enough to prove the concavity of a — f,(a) on (0, c/2].
Observe that a — 1 —g“ is strictly increasing and strictly concave on (0, 1) and so is on (0, ¢/2].
Moreover, recall that in view of parts (b) and (c) g, is strictly decreasing and strictly concave on
(0, ¢/2]. Consequently, for alln € {1,2,...},q € (0, 1) and a € (0, ¢c/2] we have

@ = (1=498@)" = (1 = 4")"gn(a)
+2(1 — ¢ gp(a) + (1 — qg")g, (a) < 0.
With this the proof is complete.  [J

The first part of the next theorem is the g-version of [2, Theorem 2.3].

Theorem 2.1. Let 0 < g, x < 1 and 0 < a < ¢ < 1. The following assertions are valid:

(a) a — ¢4(x) is strictly concave and strictly sub-additive on (0, c].
(b) a — ¢y (x)/(1 — q%) is strictly concave on (0, c/2] and strictly sub-additive on (0, c].

In particular, for all a1, a; € (0, ¢) and q, x € (0, 1), we have

Vo 0900 = P10 () =y 0+ 9 0. @3

Similarly, for all a1, a; € (0,c/2) and q, x € (0, 1), we have

¢a; (x) Gay (x)
(pa] (X)¢a2(x) < 1*1(/11 + 1*211"2 < ¢w(X) < (p%()(:) + ¢a72 (X) (2 4)
(I =g —gq%) ~ 2 - l_q—“‘?z T1-g¢? 1-47

Moreover, the first and third inequalities in (2.4) are valid for all a1, ap € (0, ¢).

Proof. In view of part (d) of Lemma 2.1 the function a + f,(a) is strictly concave on (0, c¢).
Consequently, for all aj, ay € (0, ¢), a1 # az,q, x € (0, 1) and for A € (0, 1) we have

o Ga + (1 —Ma)
Prar+01-2a(¥) = ,g G% Dn(q: @n
- Z )‘fn(al)‘+ (1— k)fn(az)xn
=0 (G Dn(q: @n
= Apa, (X) + (1 = ) pg, (x)

i.e. the function a +— ¢,(x) is strictly concave on (0, ¢). Moreover, since from part (c) of
Lemma 2.1 the function a +— g,(a) is strictly concave, for all aj,ax € (0,c/2], a1 # az,
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q,x € (0,1) and for A € (0, 1) we have

Praj+(1-na (X) Z gn(hay + (1 — )»)az)x,,
1 —grat=haz L= (g% q)n(q; q)n

Agn(ar) + (1 —Mgn(a) ,
- ,;) @ DG Dn

¢a1 () ¢a2 (X)
M- qa

+d =17

i.e. the function @ — ¢,(x)/(1 — g?) is strictly concave on (0, c/2].

Now, from part (b) of Lemma 2.1 the function a +— h,(a) is strictly decreasing on (0, c],
which implies that a +— f;(a) is strictly sub-additive on (0, c]. From this, for ay, a; € (0, c],
ay #ayand g, x € (0, 1) we get

fular +a2) o fn(al)+fn(a2)
D o U B oo

¢a1+a2(X) n>0 @ Pnlq; q)n n>0 @ @nlg: Q)n

= ¢a, (X) + ¢q, (x)

i.e. the function a — ¢, (x) is strictly sub-additive. Similarly, from part (b) of Lemma 2.1 the
function a — g, (a) is strictly decreasing on (0, c] forn € {1,2,...}, and thus a — g,(a)/a
is strictly decreasing too on (0, c] as a product of two strictly decreasing functions. This implies
that a — g, (a) is strictly sub-additive on (0, c]. From this, for a;,a> € (0, c], a1 # a; and
q,x € (0, 1) we obtain

¢a1+a2 (x) _ gnlar + az) o< gnlay) + gn(ClZ)xn _ ¢a1 (x) ¢a2 (x)
L—gata (g% (g 4n =0 @ Dn(qs Pn I—gm  1—-g%

i.e. the function a — ¢, (x)/(1 — g?) is strictly sub-additive.

Finally, observe that the first inequalities in (2.3) and (2.4) follow directly from the arithmetic
mean—geometric mean inequality, or we can use the known fact that the concavity is stronger
than the log-concavity. [

Concluding remark. It is important to mention here that the condition ¢ < 1 in Lemma 2.1 and
Theorem 2.1 is not necessary. Following the proof of Lemma 2.1 it is clear that the function
u in the proof of part (b) is also strictly decreasing when ¢ > 1 and a > ¢g = (¢ — 1)/2.
Consequently, following the proof of Lemma 2.1 and Theorem 2.1 it can be shown that for all
n € {1,2,...} we have that g, and h,, are strictly decreasing on (co, c] C (0, c], g, is strictly
concave on (cop, ¢/2] C (0, c¢/2] and f, is strictly concave on (cp, co+1) C (0, ¢). Consequently,
the function a — ¢, (x) is strictly concave on (cp, co + 1) and strictly sub-additive on (cg, c],
while the function a — ¢,(x)/(1 — g?) is strictly concave on (cg, ¢/2] and strictly sub-additive
on (cg, c]. These in turn imply that (2.3) is also valid when ¢ > 1, aj, a2 € (cp,co + 1) and
q,x € (0, 1). Moreover, the first inequality in (2.3) is valid for all aj, a» € (0, ¢), and the third
inequality in (2.3) holds true for all a;, az € (co, c]. Similarly, the inequality (2.4) is valid for
c> 1l,a1,ax € (co,c/2] and g, x € (0, 1). Moreover, the first inequality in (2.4) is valid for all
ay, az € (0, ¢), and the third inequality in (2.4) holds true for all ay, a € (cp, c].
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3. Turan type inequalities for the g-Kummer hypergeometric function

Replacing x by (1 — g)x/(1 — b) and setting b = 0 in (1.2), we get the g-Kummer confluent
hypergeometric function defined as

(q“:q@)n(1—q)"
$(q°.q% 4. %) = 191(q% ¢ . (1 —@)x) = Y~ x"
=0 @S Dn(g; 9n
which for g 7 1 gives the confluent hypergeometric function

(@)n n

(¢)nn!

$a,c;x) = 1¢1(a,¢;x) =)

n>0

The following theorem is the g-version of some of the results of [3, Theorem 2].

Theorem 3.1. Let g € (0, 1). If a > ¢ > 0 and x > 0, then the function w + ¢(q*T®, gcT¢;
g, x) is log-convex on [0, 00). Moreover, if a,c > 0 and x > 0, then o — ¢(q%, gT*;
q, x) is log-convex too on [0, 00). In particular, the following Turdn type inequality is valid
foralla>c>0,x >0andq € (0, 1)

- 2 -
<¢(61““,61°+];q,X)> <d(q*. 4% q. )@ T ¢ g, x).

Moreover, if a,c > 0, x > 0and q € (0, 1), then the next Turdn type inequality holds
2
(¢(q“,qc“;q,x)) <6, q% ¢, )G ¢ g, x).

Proof. For convenience let us write ¢ (g%, ¢¢; ¢, x) as

(b(é]a» qc;q1x) Z;rn(a,c)%xnv
where
rp(a,c) = (@ n _ Lyla+n)ly(c)

G Pn - Fq(a)pq(c + I’l)
Observe that 92 logr, (a+w, c4w)/dw?* = n(a)—n(c), where n(x) = W; (x+w+n)—1ﬁ‘; (x+w)
andn € {0, 1, ...}. On the other hand, since for g € (0, 1) and x > 0 we have

m3qu

vy () = (logg)* ) > 0,

m>1 - qm

it is clear that the function x + v/(x) is increasing on (0, 00). This in turn implies that for all
g€ 0,1),0>0ne{0,1,...}andx > 0O we have ' (x) = w(;/(x—l—w—i—n)—lpg(x—i—w) > 0, that
is, the function 7 is increasing on (0, o). Therefore, if a > ¢, then 92 logr,(a+w, c+w)/ dw? >
0. In other words, @ +> r,(a+w, ¢+ w) is log-convex on [0, co) foralln € {0, 1, ...} and hence
w > ¢(git?, gT?; g, x) is log-convex too, as the infinite sum of log-convex functions.

Similarly, observe that 8% log r, (a, c+w)/dw* = ¥ (c+w) =y (c+w+n) forn € {0, 1, .. }.
On the other hand, since for g € (0, 1) and x > 0 we have

2 mx

v = logg)® Y

m>1 1 _qm

<0,
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the function x +— w(; (x) is decreasing on (0, oo). This in turn implies that for all ¢ € (0, 1),
w>0,nef{0,1,...}anda, c,x > 0 we have 92 logry(a, c+a))/8a)2 > (. In other words, w —
ra(a, ¢ + w) is log-convex on [0, oo) for alln € {0, 1, ...} and hence  — ¢ (g%, g°T%; q, x) is
log-convex too, as the infinite sum of log-convex functions. [J

The next theorem is the second main result of this section. The idea of the proof of this
interesting result is taken from [4].

Theorem 3.2. If x > 0,c > 0, w € Nand a > w — 1, then the next Turdn inequality is valid
2 _
(#q. 4% 9. 0))" > ¢ ", q% 4, )", 4 g, x). 3.1)
Proof. Let us consider the function f,, : (0, o0) — R, defined by

fo@) = (6" 4% 4. 0)" = ¢G4 4, )G, 4% ¢, ).

In view of (¢**!; @)yt = (@715 @ (1 — g™y and (¢%; @ms1 = @5 @ (1 — g%) we
obtain the contiguous relation

q“(1 —gq)x

@t g% q.x) —d(g".q% q. %) = 1—qc 6@ q" g, 0.

By using this relation, we obtain
for1() = fo(x) =@ ™. 4% q. 09 @" ", ¢ ¢, )
— @t 4% 4, 00 7 g% 4. %)

=¢q " q%q,x) (¢>(q“+”’, g% q,%) — (gt g% q, x))

+ (gt g% q, %) (¢(q“_“’, g q:x) — @ ¢ g, x))

_ i a+w(1 _ )x )
= ¢ ™" 4% q,%) (—%sﬂq”w“, 7 q, X))
¢ A —gx
+¢@ T ¢% g, x) (qu“ “.q" g0
(1 —q)x
= 1_—chw(x)

where

So(x) = ¢! <</>(q“+‘”“, 4% 9, 09q" ", ¢ q, x))

—q*t? (¢(q“_“’, ¢ g, 00 Tt ¢ g, x))

n atow+1.

_ Z Z (g s D@ On—k(1 —q)"

7120 k=0 (93 Dk(q: @In—k

a—w—1 a+w
8 < q 3 q )xn
@ D@ Onk (@S Pk (@ P
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vy @t k@ ™ Pk (1= )"
n>0 k=0 (q; Di(q; @n— k(C]C'H,q)n k(qc-i-l D

qa—w—l(l _ qc+k) _ qa-i-w(l _ qc+n—k)
n
1—¢°
In what follows we would like to show that under the hypotheses of the theorem the expression
fo+1(x) — fo(x) is positive. For this consider the notations

0, 1(q) = @ k@™ a1 = )"
" (@5 Dk(@; Dn—r (@Y Qi (@t @)k
and
Api(q) =g 71 — gF) — g9 (1 — gt H),

Observe that the last expression can be rewritten as

Ani(@) = q%(g~" " = g1 =g ) — g* e — "),

When 7 is even we obtain
11
Z Onk(@)Ani(q) = Z Quk(@) A i(g) + Z 0k (@) An k()
k=241

+0ny@a" @™ —a) (1-43).

Since g~®~! > ¢, the last term, that is, Q,,,rjz(q)q“(q_“’_1 —g?)(1 — qc+%), is positive, and
consequently to prove that

D 0uk(@)Duilg) >0, (32)

k=0
it is enough to obtain the positivity of the remaining term, given by
11
Rui(q) = Z Onk (@) Ani(q) + Z Qnk(@) An i (q)-
k=4+1

Note that, when n is odd, we arrive at the same situation, and in this case we need also to find the
positivity of the above expression. Indeed, if n = 2m + 1 and if we look at the (m + 1)th term in
the sum which appears in (3.2), then we get that Q2 +1.m+1(q) Aom+1.m+1(q) > 0 since

Lot mt1(q) = ¢(q707 = g2)(A — gt T — gotetmtlreq o715 0.

Now, changing the index of summation in the second sum of R, x(q), we arrive at

Rux(@) = Y (Quk(@ k(@) + Q@) Annt(0))

=

(0”@ =4 (1 = 4™ Qi@ + (1 = 4°" ™) Quni@))

+ qa+c+k+w(l _ qank) (Qn,n—k(q) - Qn,k(q))) »

=~
(=}
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where [-] denotes the greatest integer function. Moreover, if we look at the sum appearing in (3.2)
when n = 2m + 1 is odd, then we can see that the sum without the middle term becomes exactly
as above. Thus, the inequality (3.2) is valid if the above sum is positive for n» natural number. On
the other hand,

@ nk (@7 k(1 — g)"

(@5 Dn—k(@; Dr@ T (@ @nsk
@ @ Pai (1= @)
(@5 D5 Dn—k @5 Qn—r (@ t5 @i
@ i@ (1 — )"
(@ D@ De@F D@ D
% ((qa+w+l§Q)n—k _ @G @In— k)
(gt @) (@5 @k
_ @ k(@ 1 — )
(@ Dak(@ D@ D@ Dk
Ija+w+n—k+1) Ija—w+n—k)
( Ia+to+k+1l)  Ta—w+k) )

Now, consider the function W : (0, c0) — R, defined by W(a) == Iy (o +n — k)/ Iy (o + k).
We obtain that if n — k > k, thatis, k < [(n — 1)/2], then

Qn,n—k(Q) - Qn,k(Q) =

W' ()
W@ =Yyla+n—k)—yy(a+k)
qm(a+nfk) _ qm(a+k)
= (logq) Z —gn > 0.
m>1

This in turn implies that the difference Q, ,—x(q) — Qn.k(g) is positive, as well as the sum
R,k (g), and hence the inequality (3.2) is valid for all » natural number. This yields

fort1(X) = foo(x) = C)z Z Z 0n k(@) Ani(q)x" > 0

( n>0 k=

foralla > w > 0, x > 0 and ¢ > 0. Consequently, we get

Jor1(X) = (for1(X) = fo(X) + (fo(*) = fo-1(x)) + - + (f1(x) — fo(x)) > 0

fora > w > 0,x > 0and ¢ > 0. Since fy(x) = 0, replacing w by w — 1, the required result
follows. [

Concluding remarks

1. First observe that similar results to those obtained in Theorem 3.1 can be deduced also
for the g-hypergeometric function 2¢(¢%, g%, ¢¢; ¢, -). More precisely, by using the
proof of Theorem 3.1 mutatis-mutandis we can prove the following results: if ¢ € (0, 1),
a>c>0b>0andx € (0,1), then the function w — 2¢1(¢g*T®, ¢°, ¢“t*: ¢, x)
is log-convex on [0, co). Moreover, if a,b,c > 0 and x,q € (0, 1), then w
201(g%, ", g°T°; q, x) is log-convex too on [0, o). In particular, the following Turén
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type inequality is valid foralla > ¢ > 0,b > 0 and x,q € (0, 1)

2
(2¢1 @, 4% ¢ q, x))

<201(¢°. 4", 4% q, x)2¢1 (¢ >

4" g g, x). (3.3)

Moreover, if a, b, ¢ > 0, and g, x € (0, 1), then the next Turan type inequality holds

2
(z¢1(q“,qb,q”+1;q,x)) <2014% 4%, 4% g, )201(¢°. ¢°, 4“2 ¢, x).

It is important to mention here that the inequality (3.3) is in fact the g-version of the first
inequality in [1, Theorem 2.17], obtained for the Gaussian hypergeometric function.
Moreover, we note that the Turdn type inequalities for the Gaussian hypergeometric
functions were investigated also in the papers [11,12] and it would be of interest
investigating g-versions of the results obtained therein.

We also note that if we take ¢ = a + b in Theorem 3.2, then we obtain the Turdn type
inequality

2
(¢(q“, q“*: q, X)) > (q"T, ¢ g, )P (g, q" TP g, x), (3.4)

where x > 0,b > 0, w € Nand a > o — 1. Observe that when g 1, the inequality
(3.4) reduces to [4, Theorem 1]

(P(a,a+b;x)* > ¢la—w,a+b;x)p(a+w,a+b;x),
where x > 0,b > 0, » € Nand a > o — 1. Note that the above inequality was proved

to be validin [4] foralla,b > w — 1,a,b > 0 and x # 0.

Observe also that if ¢ ' 1 in Theorem 3.2, then we get the following result: if ¢ > 0,
x > 0,w € Nand a > w — 1, then the Turdn type inequality

(@(a,c;x))? = dpla—w,c;x)pla+w,c; x)

is valid. We note that this inequality was proved by Barnard et al. [4, Corollary 2] for
c+1>0,c#0,x >0,w € Nanda > w — 1, and in the proof of Theorem 3.2 we
used a similar approach to that in [4, Theorem 1].

It is also important to mention the inequality [4, Corollary 3]
¢la+w,a+b;x)+¢(a—w,a+b;x)

2
> \/q)(a +w,a+b;x)p(a —w,a+b; x),

> ¢(a,a + b; x)

which is valid for all x # 0, w € N and a, b > w. Observe that the g-version of the
right-hand side of the above inequality is the following

¢, g5 q,0) > \/¢>(q“+‘”, q“t: q. ) (q* . q“ TP q. x),

which is valid forallx > 0,5 > 0, w € Nand a > w — 1, according to (3.4). Moreover,
it would be of interest to find the g-version of the left-hand side of the above mean
inequality, obtained in [4, Corollary 3]. Unfortunately, we were not able to determine
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the sign of the expression

(g, gt g, x) + d(q?, ¢t q, x)
2

The problem is that the coefficients of the above expression do not have constant sign.

— 0@ q" "5 q, ).
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