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Abstract The present note investigates the effects of chemical reaction and Soret effects on

hydromagnetic laminar viscous pulsating flow in a porous channel with slip and convective bound-

ary conditions. The governing equations are solved analytically and the expressions for velocity,

temperature, concentration, Nusselt number and Sherwood number distributions are obtained.

The effects of various pertinent parameters on flow variables have been discussed numerically

and explained graphically. Analysis indicates that the temperature distribution decreases for a given

increase in heat transfer Biot number and Prandtl number while it increases with an increase in

Hartmann number. Further, the concentration distribution increases with an increase in the mass

transfer Biot number, Soret number and the heat transfer Biot number, while it decreases for a

given increase in the chemical reaction parameter.
ª 2014 Production and hosting by Elsevier B.V. on behalf of King Saud University.
1. Introduction

Studies pertaining to fluid flow in a porous pipe or channel
have received much attention of several researchers in recent
years due to their applications in technological as well as

biological flows, with a view to understand some practical
phenomena such as transpiration cooling, gaseous diffusion,
circulatory system and respiratory system (Berman, 1953;

Terrill, 1964; Cox, 1991). Particularly, the pulsatile flow in a
porous channel is important to understand the process of dial-
ysis of blood in an artificial kidney Radhakrishnamacharya

and Maiti (1977). Radhakrishnamacharya and Maiti (1977)
have made an investigation of heat transfer to pulsatile flow
in a porous channel. In this investigation, the walls were main-
tained at uniform temperatures and fluid was injected through

one wall and removed at the opposite wall at the same rate.
Malathy and Srinivas (2008) studied the characteristics of
pulsatile hydromagnetic flow of an Oldroyd fluid with heat

transfer. It is well known that the slip effect at porous bound-
aries cannot be neglected, especially in the case of high perme-
able porous media (Beavers and Joseph, 1967; Chen and Zhu,

2008; Hayat et al., 2012; Akbar et al., 2012a). Chellam et al.
(1992) investigated the effect of fluid flow and mass transfer
porous
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on slip at uniformly porous boundary. Xinhui et al. (2012)
have studied the effects of slip velocity on a micropolar fluid
through a porous channel with expanding or contracting walls

by using the homotopy analysis method. Hayat et al. (2010)
analyzed the Simultaneous effects of slip and heat transfer
on the peristaltic flow. Akbar et al. (2012b) examined the

effects of thermal and velocity slip on the peristaltic flow of
a Johnson–Segalman fluid in an inclined asymmetric channel.

In many transport process in nature, flow is driven by den-

sity differences caused by temperature gradient, chemical com-
position (concentration) gradient and material composition.
The temperature gradients can cause the mass fluxes, it is
called the Soret effect (thermal-diffusion effect). The Soret

effect has been found to be of importance as it is utilized for
isotope separation and, in a mixture of gases of light molecular
(H2;He) and medium molecular weight (N2; air) (Narayana

et al., 2008; Hayat et al., 2011; Dursunkaya and Worek,
1992). Chamka and Nakhi (2008) have studied the convection
and radiation interaction along a permeable surface immersed

in a porous medium in the presence of Soret and Dufour’s
effects. Srinivas et al. (2012) and several references therein)
have analyzed the effects of thermal-diffusion and diffusion-

thermo effects on two-dimensional viscous flow in a porous
channel with slowly expanding or contracting walls with weak
permeability. Akbar and Nadeem (2012) studied the character-
istics of heating scheme and mass transfer on the peristaltic

flow for an Eyring-Powell fluid in an endoscope. Recently,
Mustafa et al. (2014) have made Numerical investigation on
mixed convective peristaltic flow of fourth grade fluid with

Dufour and Soret effects. The convective boundary condition
is more general and pragmatic, especially with respect to sev-
eral engineering and industrial processes like transpiration

cooling process and material drying (Yao et al., 2011;
Chinyoka and Makinde, 2011). Makinde (2009) and several
references therein) obtained numerical solutions for the

unsteady hydromagnetic generalized couette flow of a reactive
third-grade fluid with asymmetric convective cooling. Akbar
(2013) studied MHD Eyring Prandtl fluid with convective
boundary conditions in small intestines. Nadeem et al. (2014)

obtained optimized analytical solution for oblique flow of a
Casson-nanofluid with convective boundary conditions.

It is noted through the survey of literature that no attempt

has been made for studying the combined effects of Soret and
chemical reaction effects on pulsating MHD slip flow of vis-
cous fluid in a porous channel with convective boundary con-

ditions. Such consideration is of great value in engineering and
science research. The main motivation for this investigation
stems from the previous studies (Radhakrishnamacharya and
Maiti, 1977; Xinhui et al., 2012; Hayat et al., 2010; Chamka

and Nakhi, 2008; Mustafa et al., 2014; Makinde, 2009;
Nadeem et al., 2014). Keeping in view, the wide range of appli-
cations both in engineering and science, an attempt is made

here to study the effects of Soret and chemical reaction on pul-
sating MHD slip flow in a porous channel with convective
boundary.

2. Formulation of the problem

Consider the pulsatile flow of the electrically conducting fluid

in a porous channel, which is driven by the unsteady pressure
gradient
Please cite this article in press as: Srinivas, S. et al., A note on thermal-diffu
channel with slip and convective boundary conditions. Journal of King Sau
j.jksues.2014.03.011
� 1

q
@p

@x
¼ Að1þ e expðixtÞÞ ð1Þ

where A is a known constant, eð� 1Þ is a suitable chosen
positive quantity and x is the frequency and q is density. As

shown in Fig. 1 the x-axis is taken along one wall and the y-axis
is normal to it. The channel walls posses the characteristics of
convective type boundary condition. The lower wall y= 0
maintains a temperature T1 which represents the convective

boundary condition �j @T
@y
¼ hfðT� T1Þ and a concentration

C1 which represents the convective boundary �D @C
@y
¼

hmðC� C1Þ. The upper wall y= h maintains a temperature

T0 which represents the convective boundary condition
�j @T

@y
¼ hfðT� T0Þ and a concentration C0 which represents

the convective boundary�D @C
@y
¼ hmðC� C0Þ. A magnetic field

of uniform strength B0 is applied perpendicular to the walls. On
one plate some fluid is injected with a velocity v and sucked at
the opposite plate at the same rate. Under these assumptions,

the governing equations are Radhakrishnamacharya and
Maiti (1977),
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where u is the velocity, m is the kinematic viscosity, r is the

electrical conductivity, B0 is the strength of applied magnetic
field, l is the dynamic viscosity, cp is the specific heat at
constant pressure, j is the thermal conductivity, T, C are the

temperature and concentration of the fluid respectively, D is
the coefficient of mass diffusivity, k1 is the first order chemical
reaction rate, kT is the thermal diffusion ratio and Tm is the

mean temperature of the fluid. The appropriate boundary con-
ditions are (Chen and Zhu, 2008; Xinhui et al., 2012; Chinyoka
and Makinde, 2011; Makinde, 2009),

u ¼
ffiffiffi
k
p

a
@u

@y
; �j

@T

@y
¼ hfðT� T1Þ;

�D
@C

@y
¼ hmðC� C1Þ at y ¼ 0 ð6Þ
Figure 1 Schematic diagram of the model.
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u ¼ �
ffiffiffi
k
p

a
@u

@y
; �j

@T

@y
¼ hf ðT� T0Þ;

�D
@C

@y
¼ hmðC� C0Þ at y ¼ h ð7Þ
Figure 2 Velocity distribution for e = 0.01, xt = p/2, R= 1

Figure 3 Temperature distribution for M= 5, Ec = 5, L = 0.06, e =
(b) Effect of H when Bi = 1, Pr = 1.5, R = 2, (c) Effect of Pr when

Pr = 0.71.
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where k is the permeability of the porous walls, a is slip coeffi-

cient at the surface of the porous walls, hf and hm are heat and
mass transfer coefficients respectively.The solution of the
Eq. (2) is in the form Radhakrishnamacharya andMaiti (1977):
, M= 5. (a) Effect of H and (b) Effect of L when H= 2.

0.01, xt = p/2. (a) Effect of Bi when H= 2, Pr = 0.71, R= 2,

H= 2, Bi = 1, R= 2 and (d) Effect of R when H= 2, Bi = 1,

sion and chemical reaction effects on MHD pulsating flow in a porous
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u ¼ Ah2

m
ðu0 þ eu1 expðixtÞÞ ð8Þ

By introducing the non-dimensional temperature and
concentration

h ¼ T� T0

T1 � T0

; / ¼ C� C0

C1 � C0

; ð9Þ

the Eqs. (4) and (5) become

h2

m
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þ R
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¼ 1

Pr

@2h
@g2
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Sc

@2/
@g2
þ Sr

@2h
@g2
� c/� K1: ð11Þ

where g ¼ y
h, R ¼ mh

m is cross flow Reynolds number,

Pr ¼ lcp

j is the Prandtl number, Ec ¼ ðAh2=mÞ2

cpðT 1�T 0Þ is the Eckert

number, Sc ¼ m
D is the Schmidt number,

Sr ¼ DkT ðT 1�T 0Þ
T mmðC1�C0Þ is the Soret number, c ¼ k1h2

m is the chemical

reaction parameter and

K1 ¼ C0h2

mðC1�C0Þ. The corresponding boundary conditions are
Figure 4 Concentration distribution for L = 0.06, H= 2, Ec= 5, P

when Bi = 1, Sc = 0.62, c = 0.3, Sr = 2, (b) Effect of Sr when Bi = 1,

Sr= 2, N= 1 and (d) Effect of Bi when N = 1, Sc = 0.62, c = 0.3,
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u ¼ L
@u
;
@h ¼ �Biðh� 1Þ; @/ ¼ �Nð/� 1Þ at g ¼ 0
@g @g @g

ð12Þ

u ¼ �L @u
@g
;

@h
@g
¼ �Bi h;

@/
@g
¼ �N/ at g ¼ 1 ð13Þ

where L ¼
ffiffi
k
p

ah is the slip parameter, Bi ¼ hfh

j is the heat transfer
Biot number and N ¼ hmh

D
is the mass transfer Biot number.

3. Solution of the problem

In view of (8), the temperature h and concentration / can be
assumed to have the form

h ¼ h0ðgÞ þ eh1ðgÞ expðixtÞ þ e2h2ðgÞ expð2ixtÞ ð14Þ

/ ¼ /0ðgÞ þ e/1ðgÞ expðixtÞ þ e2/2ðgÞ expð2ixtÞ: ð15Þ

On substituting Eqs. (8), (14) and (15) into Eqs. (2), (10) and
(11), equating the coefficients of various powers of e, we obtain

u000 � Ru00 �H2u0 þ 1 ¼ 0 ð16Þ

u001 � Ru01 � ðiM2 þH2Þu1 þ 1 ¼ 0 ð17Þ
r = 0.71, R = 2, e = 0.01, K1 = 0.001, xt= p/2. (a) Effect of N
Sc = 0.62, c = 0.3, N= 1, (c) Effect of c when Bi = 1, Sc = 0.62,

Sr= 2.
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h000 � RPrh00 þ EcPru020 ¼ 0 ð18Þ

h001 � RPrh01 � iM2Prh1 þ 2EcPru00u
0
1 ¼ 0 ð19Þ

h002 � RPrh02 � 2iM2Prh2 þ EcPru021 ¼ 0 ð20Þ

/000 � RSc/00 � cSc/0 � K1 þ ScSrh000 ¼ 0 ð21Þ

/001 � RSc/01 � ðiM2Scþ cScÞ/1 þ ScSrh001 ¼ 0 ð22Þ

/002 � RSc/02 � ð2iM2Scþ cScÞ/2 þ ScSrh002 ¼ 0 ð23Þ

where H ¼ B0h
ffiffi
r
pffiffi
l
p is the Hartmann number, M ¼ h

ffiffiffi
x
pffiffi

m
p is fre-

quency parameter and l is dynamic viscosity.
The corresponding boundary conditions are:

u0ð0Þ ¼ Lu00ð0Þ; u0ð1Þ ¼ �Lu00ð1Þ; u1ð0Þ ¼ Lu01ð0Þ; u1ð1Þ
¼ �Lu01ð1Þ; h

0
0ð0Þ ¼ �Bi½h0ð0Þ � 1�;

h00ð1Þ ¼ �Bih0ð1Þ; h01ð0Þ ¼ �Bih1ð0Þ; h01ð1Þ ¼ �Bih1ð1Þ; h02ð0Þ
¼ �Bih2ð0Þ;

h02ð1Þ ¼ �Bih2ð1Þ;/00ð0Þ ¼ �N½/0ð0Þ � 1�;/00ð1Þ
¼ �N/0ð1Þ;/01ð0Þ ¼ �N/1ð0Þ;

/01ð1Þ ¼ �N/1ð1Þ;/02ð0Þ ¼ �N/2ð0Þ;/02ð1Þ ¼ �N/2ð1Þ:
ð24Þ
Figure 5 Nusselt number distribution for e = 0.01, xt= p/2, M=

Effect of H when Bi = 1, Ec = 5, L = 0.06, (c) Effect of Ec when H

H= 2.
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By solving Eqs. (16)–(23) with the corresponding boundary
conditions (24), one obtains

u0 ¼ A2e
m1g þ A1e

m2g þ 1

H2
ð25Þ

u1 ¼ A5e
m3g þ A4e

m4g þ A3 ð26Þ

h0 ¼ A6 þ A7e
RPrg þ A8e

2m1g þ A9e
ðm1þm2Þ g þ A10e

2m2g ð27Þ

h1 ¼ A11e
m5g þ A12e

m6g þ A13e
ðm1þm3Þg þ A14e

ðm1þm4Þg

þ A15e
ðm2þm3Þg þ A16e

ðm2þm4Þg ð28Þ

h2 ¼ A17e
m7g þ A18e

m8g þ A19e
2m3g þ A20e

ðm3þm4Þg

þ A21e
2m4g ð29Þ

/0 ¼ A22e
m9g þ A23e

m10g þ A24e
RPrg þ A25e

2m1g

þ A26e
ðm1þm2Þ g þ A27e

2m2g þ A28 ð30Þ

/1 ¼ A29e
m11g þ A30e

m12g þ A31e
m5g þ A32e

m6g

þ A33e
ðm1þm3Þg þ A34e

ðm1þm4Þg þ A35e
ðm2þm3Þg

þ A36e
ðm2þm4Þg ð31Þ
5, Pr = 0.71. (a) Effect of Bi when Ec = 5, L = 0.06, H = 2, (b)

= 2, L = 0.06, Bi = 1 and (d) Effect of L when Bi = 1, Ec= 5,
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Figure 6 Sherwood number distribution for Sr = 2, xt= p/2,M= 5, e = 0.01, K1 = 0.001,H= 2, Ec= 5, Pr = 0.71, R = 2, Bi = 1,

L = 0.06, Sc = 0.62. (a) Effect of N when, c = 0.3 and (b) Effect of c when N= 1, Sr= 2.
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/2 ¼ A37e
m13g þ A38e

m14g þ A39e
m7g þ A40e

m8g þ A41e
2m3g

þ A42e
ðm3þm4Þg þ A43e

2m4g ð32Þ

where m’s, A’s, B’s and D’s are constants given in Appendix A.
Further, the heat and mass transfer rates in terms of Nus-

selt number and Sherwood number at the walls respectively
are defined as

Nu ¼ �@h
@g

����
g¼0; 1

and Sh ¼ �@/
@g

����
g¼0; 1

ð33Þ
4. Results and discussion

In order to get the physical insight of the problem, velocity,
temperature, concentration, Nusselt number and Sherwood
number distributions have been discussed by assigning numer-

ical values to various parameters obtained in mathematical for-
mulation of the problem and the results are shown graphically.
Fig. 2a and b shows the influence of the Hartmann number H
and slip parameter L on the velocity distribution. Fig. 2a shows

that the velocity decreases with an increase of H. This is due to
the fact that an increase in H increases the resistive force called
Lorentz force which opposes the horizontal flow. Fig. 2b

depicts the velocity distribution for different values of the slip
parameter L. It can be observed that the velocity increases with
an increase of L and the maximum is at the center of the chan-

nel. Fig. 3a–d elucidates the influence of the heat transfer Biot
numberBi, the Hartmann number H, the Prandtl number Pr,
and the cross flow Reynolds number R on the temperature dis-

tribution h. Fig. 3a shows the effect of Bi on h. It is noticed that
h decreases with an increase of Bi. Higher values of Bi inculcate
higher degree of convective cooling at the channel walls thereby
causing lower temperature at the channel walls and also in the

bulk fluid. It is anticipated that as Bi fi1, the convective
boundary conditions will become the prescribed wall tempera-
ture case Yao et al. (2011). Fig. 3b demonstrates that h is an

increasing function of H due to the fact that, the increase of
H gives rise to the resistive force which has to increase the tem-
perature of the fluid. Fig. 3c depicts that h decreases for a given

increase in Pr, which means viscous boundary layer is thicker
than the thermal boundary layer. From Fig. 3d it is noticed
that h decreases with an increase of R.
Please cite this article in press as: Srinivas, S. et al., A note on thermal-diffu
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Fig. 4a–d presents the effects of the mass transfer Biot
number N, Soret number Sr, the chemical reaction parame-

ter c and the heat transfer Biot number Bi on the concentra-
tion distribution /. Fig. 4a elucidates that / increases with
an increase of the mass transfer Biot number N. The similar

behavior can be found when N is replaced by Bi (see
Fig. 4d). Fig. 4b illustrates that / is an increasing function
of Sr. The influence of chemical reaction parameter c on /
is shown in Fig. 4c. It is observed that / decreases with an
increase of c.

Fig. 5a–d depicts the effects of Bi, H, Ec and L on the
Nusselt number distribution Nu against R. Fig. 5a shows

that for a given increase in Bi, Nu increases at both the
walls. Similar conclusions can be drawn when Bi is replaced
by H and L (see Figs. 4b and c). From Fig. 5d, it is

observed that an increase of Ec decreases the heat transfer
rate at both the walls. Fig. 6a and b demonstrates the effect
of N and c on Sherwood number distribution Sh against R.

It is observed that Sh is a decreasing function of N and c at
both the walls.

5. Conclusions

This note deals with the analysis of the effects of Soret and
chemical reaction on pulsating MHD viscous flow in a porous

channel with convective boundary conditions. Analytical
expressions are constructed for the velocity, temperature and
concentration distributions. The main findings are summarized
as follows:

� The temperature distribution decreases for a given increase
in Bi, Pr and R, while it increases with an increase of H.

� The concentration distribution increases with an increase of
the mass transfer Biot number N, Soret number Sr and the
heat transfer Biot number Bi, while it decreases for a given

increase in the chemical reaction parameter c.
� The heat transfer rate increases with an increase of Bi and
H, while it decreases with Ec and L at both the walls. The
mass transfer rate decreases for a given increase in N and

c. It is expected that as Bi fi1 and N fi1, the convective
boundary conditions will become the prescribed wall
temperature and concentration case respectively.
sion and chemical reaction effects on MHD pulsating flow in a porous
d University – Engineering Sciences (2014), http://dx.doi.org/10.1016/
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� The results of hydrodynamic case can be recovered as a

limiting case of our analysis by taking H = 0. Further,
the results of Radhakrishnamacharya and Maiti (1977) in
the absence mass diffusion can be captured as a special case

of our analysis by taking Bi fi1, N fi1 and L = 0.
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Appendix A.

m1;2 ¼ ðR�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 4H2

p
Þ=2; m3;4

¼ ðR�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 4ðiM2 þH2Þ

q
Þ=2

m5;6 ¼
RPr�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2Pr2 þ 4iM2Pr

p
2

; m7;8

¼ RPr�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2Pr2 þ 8iM2Pr

p
2

;

m9;10 ¼
RSc�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2Sc2 þ 4cSc

p
2

; l1 ¼ iM2Scþ cSc;

m11;12 ¼
RSc�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2Sc2 þ 4l1

p
2

;

l2 ¼ 2iM2Scþ cSc; m13;14 ¼
RSc�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2Sc2 þ 4l2

p
2

;

A1 ¼
ðLm1þ1Þem1 þðLm1�1Þ

H2½ðL2m1m2þLm2�Lm1�1Þem1 �ðL2m1m2�Lm2þLm1�1Þem2 �
;

A2 ¼
�ðLm2 � 1ÞA1 þ ð1=H2Þ

ðLm1 � 1Þ ; A3 ¼
1

iM2 þH2
;

B3 ¼
�EcPrm2

2A
2
1

4m2
2 � 2RPrm2

;

A4 ¼
ðLm3 þ 1Þem3 þ ðLm3 � 1Þ

H2½ðL2m3m4 þ Lm4 � Lm3 � 1Þem3 � ðL2m3m4 � Lm4 þ Lm3 � 1Þem4 �
;

A5 ¼
A3 � ðLm4 � 1ÞA4

Lm3 � 1
; B1 ¼

�EcPrm2
1A

2
2

4m2
1 � 2RPrm1

;

B2 ¼
�2EcPrm1m2A1A2

ðm1 þm2Þ2 � RPrðm1 þm2Þ
;

B4 ¼
BiðB1ðe2m1 � 1Þ þ B2ðem1þm2 � 1Þ þ B3ðe2m2 � 1ÞÞþ
2m1B1ðe2m1 � 1Þ þ ðm1 þm2ÞB2ðem1þm2�1Þ þ 2m2B3ðe2m2 � 1

�
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B5 ¼ ½�BiðB1 þ B2 þ B3 � 1Þ � 2m1B1 � ðm1 þm2ÞB2

� 2m2B3 � ðBi þ RPrÞB4�=Bi;

B6 ¼
�2EcPrm1m3A2A5

ðm1 þm3Þ2 � RPrðm1 þm3Þ � iM2Pr
;

B7 ¼
�2EcPrm1m4A2A4

ðm1 þm4Þ2 � RPrðm1 þm4Þ � iM2Pr
;

B8 ¼
�2EcPrm2m3A1A5

ðm2 þm3Þ2 � RPrðm2 þm3Þ � iM2Pr
;

B9 ¼
�2EcPrm2m4A1A4

ðm2 þm4Þ2 � RPrðm2 þm4Þ � iM2Pr
;

n1 ¼ BifB6ðem1þm3 � em5Þ þ B7ðem1þm4 � em5Þ þ B8ðem2þm3

� em5Þ þ B9ðem2þm4 � em5Þg;

n2 ¼ ðm1 þm3ÞB6ðem1þm3 � em5 Þ þ ðm1 þm4ÞB7ðem1þm4 � em5Þ
þ ðm2 þm3ÞB8ðem2þm3 � em5Þ
þ ðm2 þm4ÞB9ðem2þm4 � em5Þ; n3 ¼ ðB6 þ BiÞðem5 � em6Þ;

B10 ¼
n1 þ n2

3
;

B11 ¼
�BiðB6 þ B7 þ B8 þ B9Þ � ðm1 þm3ÞB6 � ðm1 þm4Þ
B7 � ðm2 þm3ÞB8 � ðm2 þm4ÞB9 � ðm6 þ BiÞB10

� �� ��
ðm6 þ BiÞ;

B12 ¼
�EcPrm2

3A
2
5

4m2
3 � 2RPrm3 � 2iM2Pr

;

B13 ¼
�2EcPrm3m4A4A5

ðm3 þm4Þ2 � RPrðm3 þm4Þ � 2iM2Pr
;

B14 ¼
�EcPrm2

4A
2
4

4m2
4 � 2RPrm4 � 2iM2Pr

;

n4 ¼ BifB12ðe2m3 � em7Þ þ B13ðem3þm4 � em7Þ þ B14ðe2m4 � em7Þg;

n5 ¼ 2m3B12ðe2m3 � em7Þ þ ðm3 þm4ÞB13ðem3þm4 � em7Þ
þ 2m4B14ðe2m4 � em7Þ;

n6 ¼ ðm8 þ BiÞðem7 � em8Þ; B15 ¼
n4 þ n5

6
;

B16 ¼
�BiðB12 þ B13 þ B14Þ � 2m3B12 � ðm3 þm4ÞB13

�2m4B14

�ðm8 þ BiÞB15

0
B@

1
CA

2
64

3
75
,
ðm5 þ BiÞ;

D1 ¼
�ScSrR2Pr2B4

R2Pr2 � R2ScPr� cSc
; D2 ¼

�ScSrm2
1B1

4m2
1 � 2RScm1 � cSc

;

Þ

��
ððBi þ RPrÞð1� eRPrÞÞ;
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D3 ¼
�ScSrðm1 þm2ÞB2

ðm1 þm2Þ2 � RScðm1 þm2Þ � cSc
;

D4 ¼
�4ScSrm2

2B3

4m2
2 � 2RScm2 � cSc

; D5 ¼
�K1

cSc
;

n7 ¼ N½D1ðeRPr � em9Þ þD2ðe2m1 � em9Þ
þD3ðem1þm2 � em9Þ þD4ðe2m2 � em9Þ þD5ð1� em9Þ � em9 �;

n8 ¼ RPrD1ðeRPr � em9Þ þ 2m1D2ðe2m1 � em9Þ
þ ðm1 þm2ÞD3ðem1þm2 � em9Þ þ 2m2D4ðe2m2 � em9Þ;

n9 ¼ ðm10 þNÞðem9 � em10Þ; D6 ¼
n7 þ n8

n9
;

n10 ¼ �NðD1 þD2 þD3 þD4 þD5 � 1Þ;

n11 ¼ �RPr� 2m1D2 � ðm1 þm2ÞD3 � 2m2D4 � ðm10 þNÞD6;

n12 ¼ ðm9 þNÞ;

D7 ¼
n10 þ n11

n12
; D8 ¼

�ScSrm2
5B11

m2
5 � RScm5 � l1

;

D9 ¼
�ScSrm2

6B10

m2
6 � RScm6 � l1

;

D10 ¼
�ScSrðm1 þm3Þ2B6

ðm1 þm3Þ2 � RScðm1 þm3Þ � l1
;

D11 ¼
�ScSrðm1 þm4Þ2B7

ðm1 þm4Þ2 � RScðm1 þm4Þ � l1
;

D12 ¼
�ScSrðm2 þm3Þ2B8

ðm2 þm3Þ2 � RScðm2 þm3Þ � l1
;

D13 ¼
�ScSrðm2 þm4Þ2B9

ðm2 þm4Þ2 � RScðm2 þm4Þ � l1
;

n13 ¼ N D8ðem5 � em11Þ þD9ðem6 � em11Þ þD10ðem1þm3 � em11Þ½
þD11ðem1þm4 � em11Þ þD12ðem2þm3 � em11Þ
þD13ðem2þm4 � em11Þ�;

n14 ¼ m5D8ðem5 � em11Þ þm6D9ðem6 � em11Þ
þ ðm1 þm3ÞD10ðem1þm3 � em11Þ
þ ðm1 þm4ÞD11ðem1þm4 � em11Þ
þ ðm2 þm3ÞD12ðem2þm3 � em11Þ
þ ðm2 þm4ÞD13ðem2þm4 � em11Þ;

n15 ¼ ðm12 þNÞðem11 � em12Þ; D14 ¼
n13 þ n14

n15
;

n16 ¼ �NðD8 þD9 þD10 þD11 þD12 þD13Þ;

n17 ¼ �m5D8 �m6D9 � ðm1 þm3ÞD10 � ðm1 þm4ÞD11

� ðm2 þm3ÞD12 � ðm2 þm4ÞD13 � ðm12 þNÞD14;

n18 ¼ m11 þN;

D15 ¼
n16 þ n17

n18
; D16 ¼

�ScSrm2
7B16

m2
7 � RScm7 � l2

;

D17 ¼
�ScSrm2

8B15

m2
8 � RScm8 � l2

;
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D18 ¼
�4ScSrm2

3B12

4m2
3 � 2RScm3 � l2

; D19 ¼
�4ScSrm2

3B12

4m2
3 � 2RScm3 � l2

;

D20 ¼
�4ScSrm2

4B12

4m2
4 � 2RScm4 � l2

;

n19 ¼ N½D16ðem7 � em13Þ þD17ðem8 � em13Þ þD18ðe2m3 � em13Þ
þD19ðem3þm4 � em13Þ þD20ðe2m4 � em13Þ�;

n20 ¼ m7D16ðem7 � em13Þ þm8D17ðem8 � em13Þ
þ 2m3D18ðe2m3 � em13Þ þ ðm3 þm4ÞD19ðem3þm4 � em13Þ

þ 2m4D20ðe2m4 � em13Þ; D22 ¼
n22 þ n23

n14

n21 ¼ ðm14 þNÞðem13 � em14Þ; D21 ¼
n19 þ n20

n21
;

n22 ¼ �NðD16 þD17 þD18 þD19 þD20Þ;

n23 ¼ �m7D16 �m8D17 � 2m3D18 � ðm3 þm4ÞD19

� 2m4D20 � ðm14 þNÞD21; n24 ¼ m13 þN;
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