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ABSTRACT 

 A study has been carried out to analyse an unsteady free convective chemically reacting, MHD Visco-elastic fluid (Walter’s liquid-B model) flow past 

an infinite vertical plate in the presence of thermal radiation with uniform temperature and species diffusion. The dimensionless governing partial 

differential equations are solved by using Laplace transform technique. The effects of different physical parameters like visco-elastic parameter, 

chemical reaction parameter, Magnetic field parameter, thermal Grashof number, mass Grashof number and time are discussed by plotting the velocity 

profiles for both cooling  0, 0r mG G  and heating of the plate  0, 0r mG G  while the temperature, concentration, Sherwood number and 

Nusselt number also analysed through graphs. It is observed that increasing viscoelastic and chemical reaction parameter the velocity is increasing for 

cooling of the plate but the reverse effect to be found in heating of the plate. An increase in the Prandtl number and radiation parameter is found to 

decrease the velocity and temperature but increasing in Nusselt number.  
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1. INTRODUCTION 

Several industrial applications involve the flow of non-Newtonian fluids, 

and thus the flow behavior of such fluids finds a great relevance. Molten 

metal’s, plastic, pulps, emulsions, slurries and raw materials in fluid state 

are some examples to mention. Non-Newtonian flow also finds practical 

applications in bio-engineering, wherein blood circulation in 

human/animal artery is explained by an appropriate visco-elastic fluid 

model of small elasticity. The study of a visco-elastic pulsatile flow helps 

in understanding the mechanism of dialysis of blood through an artificial 

kidney. The constitutive equations of certain class of non-Newtonian 

fluids with short memories have been proposed by Walters (1964) and 

Beard and Walters (1964) for elastic-viscous fluid, referred to as Walters 

Liquid ‘B’. The flow of viscous incompressible fluid past an impulsively 

started infinite horizontal plate in its own plane was first studied by 

Stokes (1851). Using this equation several researchers studied the several 

problems related to the flow of Walter’s Liquid B. Bestman (1985) have 

studied free convection heat transfer to steady radiating Non-Newtonian 

MHD flow past a vertical porous plate. Jha (1991) has discussed 

MHD free-convection and mass transfer flow of an elasto-viscous fluid.  

Choubey and Yadav (1985) investigated Magneto hydrodynamic 

flow of a Non-Newtonian fluid past a porous plate. Das and  Panda ( 

2009) analyzed magneto hydrodynamic steady free convective flow and 

mass transfer in a rotating elastic-viscous fluid past an infinite vertical 

porous flat plate with constant suction. Damesh and Shannak (2010) 

studied visco-elastic fluid flow past an infinite vertical porous plate in 

the presence of first order chemical reaction. Hameed and Nadeem 

(2007) discussed Unsteady MHD flow of a Non-Newtonian fluid on a 

porous plate. Nayak et al. (2013) investigated MHD flow of a visco-

elastic fluid along vertical porous surface with chemical reaction. 

                                                 
* Corresponding Author. Email: vijayakumarag@vit.ac.in. 

Rajagopal and Gupta (1984) was investigated an exact solution for the 

flow of a non-Newtonian fluid past an infinite porous plate.  

Samria et al. (1991) studied MHD free convection flow of a visco-

elastic fluid past an infinite vertical plate. Rajesh (2011) studied heat 

source and mass transfer effects on MHD flow of an elasto-viscous fluid 

through a porous medium. Kumar and Varma (2011) investigated 

thermal diffusion and radiation effects on unsteady MHD flow past an 

impulsively started exponentially accelerated vertical plate with variable 

temperature and variable mass diffusion. Nabil et al. (2012) discussed 

numerical study of viscous dissipation effects on free convection heat 

and mass transfer of MHD non-Newtonian fluid flow through a porous 

medium. Umamaheswar et al. (2013) investigated unsteady MHD free 

convective visco-elastic fluid flow bounded by an infinite inclined 

porous plate in the presence of heat source, viscous dissipation and ohmic 

heat. Attia (2013) studied unsteady flow of a non-Newtonian fluid above 

a rotating disk with heat transfer. Ramesh et al. (2014) analyzed double 

diffusive convection in a layer of Maxwell viscoelastic fluid in porous 

medium in the presence of Soret and Dufour effects.  

Rashidi et al. (2014) investigated mixed convective heat transfer for 

MHD viscoelastic fluid flow over a porous wedge with thermal radiation. 

Jha et al. (2014) studied influence of Soret effect on MHD mixed 

convection flow of visco-elastic fluid past a vertical surface with Hall 

effect. Prakash et al. (2014) investigated the Effects of chemical reaction 

and radiation absorption on MHD flow of dusty viscoelastic fluid. 

Ravikumar et al. (2015) discussed theoretical investigation of an 

unsteady MHD free convection heat and mass transfer flow of a non-

Newtonian fluid flow past a permeable moving vertical plate in the 

presence of thermal diffusion and heat sink.  Rushi Kumar et al. (2015) 

studied thermal diffusion effects on MHD heat and mass transfer flow 

past a moving vertical plate when the magnetic field relative to the fluid 

or to the plate. Motivated by these investigations mentioned above, the 

purpose of the present work is to consider unsteady MHD free convective 
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chemically reacting viscoelastic fluid flow past an infinite vertical plate 

with uniform temperature and species concentration.  

The governing equations are solved by using Laplace transform 

technique and the solutions for velocity, temperature, concentration 

fields as well as for Sherwood number and Nusselt number are derived 

in terms of exponential and complementary error function analytically 

without any restriction. The method which we have imposed is very 

popular and elegant method (this technique used by Stokes in his 

problem, well knows as ‘Stokes first problem’ in the literature) to provide 

the solutions in closer form and on the other hand the exact solutions are 

needed not only for the technical relevance of the flows but are also 

significant for a variety of other reasons such as they can be used as a 

benchmark for numerical solvers and for checking the stability of their 

solutions. Consequently, the exact solution for the problem under 

consideration is desirable. However, the principal difficulty in using this 

method is finding their inverses. Unless the transform is known, an 

integration must be performed in the complex plane (Bromwich’s 

integral) to find the inverse. Despite the power of complex analysis, this 

analytical technique often fails and Bromwich’s integral must, finally, be 

integrated numerically. 

 

              2. MATHEMATICAL ANALYSIS 
 

The unsteady free convection and mass transfer flow of an electrically 

conducting visco-elastic fluid past an infinite vertical plate in the 

presence of heat source has been considered. A transverse magnetic field 

of uniform strength 
0

B is applied normal to the direction of the flow. The 

induced magnetic field is neglected in comparison to the applied 

magnetic field as the magnetic Reynolds number of the flow is taken to 

be very small. The flow is assumed to be in x - direction which is taken 

along the vertical plate in upward direction against to the gravitational 

field and the y -axis is taken to be normal to the plate. Initially the plate 

and the surrounding fluid are at the same temperature T
  with 

concentration level C
  at all points in stationary condition. At time 0t  , 

the plate is given an impulsive motion with a velocity 
0u u  in its own 

plane and all at once the plate temperature and spices concentration are 

upstretched to wT   and wC respectively. For free convection flow, it is 

also assumed that 

 The viscous dissipation is neglected in the energy equation. 

 The effects of variation in density (  ) with temperature and 

species concentration are considered only in the body force 

term, in accordance with usual Boussinesq’s approximation. 

 The fluid considered here is gray, absorbing / eliminating 

radiation but a non-scattering medium. 

 Since the flow of the fluid is assumed to be in the direction of  

x axis, so the physical quantities are functions of the co-

ordinates y   and t   only.  

Then by usual Boussinesq’s approximation, the unsteady visco-elastic 

fluid flow is governed by the following equations. 
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with the initial boundary conditions:                                    

0: 0, ,t u T T C C for all y 
        

00: , , 0w wt u u T T C C at y           

0, ,u T T C C as y 
        ,                                                  (4)

 

where

2

0u
A

v
 . The local radiant for the case of an optically thin gray 

gas is expressed by    44rq
a T T

y
 

    


                                        (5) 

It is assumed that the temperature differences within the flow are 

sufficiently small and that 4
T   may be expressed as a linear function of 

the temperature .This is obtained by expanding 4
T   in a Taylor series 

about T
 and neglecting the higher order terms, thus, we get  

4 3 44 3T T T T 
   

                                       
(6) 

From equations (5) and (6), equation (2) reduces to  
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                                             (7) 

On introducing the following non-dimensional quantities: 

0

,
u

u
u




2

0 ,
t u

t
v


 0 ,

yu
y

v


 ,

w

T T

T T
 






 

 
3

0

,
w

r

g v T T
G

u

 
 

 ,

w

C C
C

C C








 
 

2

0

rvK
k

u


 
3

0

,
w

m

g v C C
G

u

 
 

 Pr ,
pC


 ,

v
Sc

D


2

0

2

0

,
B v

M
u




  
2 3

2

0

16
,

a v T
R

u








  
2 2

0 0

2
,

K u
S

v


            

(8) 

                         3. METHOD OF SOLUTION 

 
In equations (1) to (4), leads to 
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with the initial and boundary conditions: 
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(12) 

All the physical parameters are defined in the nomenclature. 

For solving the problem, we take Beard and Walters (1964) u in the 

form
0 1u u Su  . The solution of equations (9) to (11) under initial and 

boundary conditions (12) are obtained by usual Laplace transform 

technique and the solutions for velocity, temperature, concentration as 

well as the rate of heat transfer  and mass transfer are obtained in terms 

of exponential and complementary error functions as follows: 
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The Rate of Heat Transfer 

From temperature filed, now we study the rate of heat transfer in terms 

of Nusselt number which is given in non-dimensional form as: 
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From equations (13) and (16), we get Nusselt number as 

follows:

                                                                                                                      Pr
exp (17)

Pr Pr

Rt Rt
Nu R erf

t
            

The Rate of Mass Transfer 

From concentration filed, now we study the rate of mass transfer which 

is given in non-dimensional form as: 

  0

dC
Sh

dy
y

 
  

                                                                                   (18) 

 

From equations (14) and (18), we get Sherwood number as follows:

                         exp (19)
Sc

Sh kt kSc erf kt
t

  
                

                        4. RESULTS AND DISCUSSION 

 
An exact solution to the problem of unsteady MHD free convective 

chemically reacting visco-elastic fluid flow past a moving vertical plate 

in the presence of thermal radiation have been presented in the preceding 

section. In order to get the physical insight into the problem, the 

numerical values of the velocity field is computed for different values of 

the system parameters such as M (Magnetic parameter), S (Visco-

elastic parameter),
mG (mass Grashof  number),

rG (Thermal Grashof 

number), R (Radiation parameter), Pr (Prandtl number), k  (chemical 

Reaction parameter), t (time) respectively. Throughout the computations 

we employ 10rG  , 5mG  , 5k  , 7Pr , 0.78Sc , 4R , 3M  , 0.5S  0.4.t  Figure 

1 reveals that the velocity variations with viscoelastic parameter S in case 

of cooling and heating of the plate at time t=0.4. It is observed that the 

elasticity of the fluid increases and then decreases in case of cooling of 

the plate, whereas it decreases in the case of heating of the plate, finally 

takes asymptotic values 2.5 for both the cases. It may be concluded that 

the energy due elastic property of the fluid increases the velocity and then 

gets dissipated. 

 Figure 2 in case of cooling and heating of the plate. It is observed 

that the velocity of the fluid decreases with the increase of the magnetic 

parameter values for cooling of the plate at time 0.4. As expected, the 

velocity decreases with an increase in the magnetic parameter. It is 

because the application of the transverse magnetic field will result in a 

resistive type force (Lorentz force) similar to the drag force which tends 

to resist the fluid flow and thus reducing its velocity. Also, the boundary 

layer thickness decreases with an increase in the magnetic parameter. We 

also see that velocity profiles decrease with the increase of the magnetic 

effect indicating that the magnetic field tends to retard the motion of the 

fluid. The magnetic field may control the flow characteristics. The 

reverse phenomenon is found in the case of heating of the plate. The 

effect of the chemical reaction parameter (k) has shown Figure 3 in the 

case cooling and heating of the plate. As expected, the presence of the 
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chemical reaction significantly affects both profiles. It should be 

mentioned that the case studied relates to a destructive chemical reaction. 

In fact, as the chemical reaction parameter increases, a considerable 

reduction in the velocity occurs, and the presence of the peak indicates 

that the maximum velocity takes place in the fluid body close to the 

surface, but not at the surface itself. It is evident that an increase in this 

parameter significantly alters the concentration boundary-layer thickness 

but does not change the momentum one. 

 
Fig. 1 Velocity profiles for different values of S 

 

 
Fig. 2 Velocity profiles for different values of M 

 

 
Fig. 3 Velocity profiles for different values of  k 

Figure 4 represents the velocity profiles for different values of t 

(time) in cases of cooling and heating of the plate respectively. From 

these figures, in the case of cooling of the plate, the velocity is found to 

increase with an increase in time t. But the reverse effect is observed in 

the case of heating of the plate.  

 

 
Fig. 4 Velocity profiles for different values of t 

 

 
Fig. 5 Velocity profiles for different values of Gr and Gm 

 

Figure 5 shows the effects of thermal Grashof number Gr and mass 

Grashof number Gm on the velocity profiles. From this figure it is found 

that the velocity increases in case of cooling of the plate. It is because 

that increase in the values of thermal Grashof number and mass Grashof 

number has the tendency to increase the thermal and mass buoyancy 

effect. This gives rise to an increase in the induced flow transport and a 

reverse effect is identified in case of heating of the plate. Figure 5 show 

the effects of thermal Grashof number Gr and mass Grashof number Gm 

on the velocity profiles. From this figure it is found that the velocity 

increases in case of cooling of the plate. It is because that increase in the 

values of thermal Grashof number and mass Grashof number has the 

tendency to increase the thermal and mass buoyancy effect. This gives 

rise to an increase in the induced flow transport and a reverse effect is 

identified in case of heating of the plate. The temperature of the flow 

field is mainly affected by the flow parameters, namely, radiation 

parameter (R) and time (t).  From Figure 6 it is observed that as radiation 

parameter R increases, the temperature of the flow field decreases at all 

the points in flow region. Hence, it is observed that the temperature for 

conducting air (Pr = 0.71) is higher than that of water (Pr = 7.0) this is 

because of the  fact that thermal conductivity of the fluid decreases with 
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increasing values of Pr resulting decrease in thermal boundary layer 

thickness. Therefore, using radiation we can control temperature 

distribution and flow transport. It is also seen that temperature increases 

as time t increases, and it leads to zero as it moves away from the plate     

                 

 
Fig. 6 Temperature profiles for different values of R and Pr 

 

 
Fig. 7 Concentration profiles for different values of  k and Sc 

 

 
Fig. 8  Nusselt number variation of R for water and air 

 
Fig. 9 Sherwood number variation of k and Sc with time 

The effect of concentration profiles for different values of chemical 

reaction parameter, Schmidt number and time are illustrated in Figure 7 

it is found that the concentration decreases as chemical reaction 

parameter or Schmidt number increases while it increases with increasing 

values of time t.  It is obviously seen that from Figure (8) the rate of heat 

transfer is measured in terms of Nusselt number, is observed to increase 

with an increase in R for both water (Pr = 7.0) and conducting air (Pr = 

0.71). It is also observed that the rate of heat transfer in water is more 

than in air, it is due to the fact that the smaller values of Pr are equivalent 

to increasing the thermal conductivities and therefore heat is able to 

diffuse more away from surface more rapidly than greater values of Pr, 

hence there is a reduction in heat transfer coefficient.  Finally, from 

Figure (9) it is noticed that Sherwood number increases as Schmidt 

parameter or chemical reaction parameter increases.  

Table 1 -2 illustrate that the effects of radiation parameter on the 

velocity for both cooling and heating case. It can be seen that increasing 

radiation parameter the velocity is decelerated for cooling case whereas 

in heating case the reverse effect is identified. The effects of Prandtl 

number on the velocity field is demonstrated through Tables 3 and 4 for 

both cases of cooling and heating o of the surface. It can be seen that the 

velocity decelerates for increasing Prandtl number for cooling 

circumstances and in contrast the velocity accelerates for heating 

instance. 

Table: 1 Velocity for different R value for cooling case 
 

 

 

 

 

Cooling 

of the 

plate 

        y       R=4      R=6     R=8 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

1.0000 

11.2755 

12.8616 

11.1233 

8.5143 

6.0490 

4.0599 

2.5863 

1.5592 

0.8820 

0.4609 

1.0000 

11.2587 

12.8428 

11.1107 

8.5088 

6.0480 

4.0610 

2.5878 

1.5606 

0.8830 

0.4615 

1.0000 

11.2456 

12.8269 

11.0994 

8.5035 

6.0469 

4.0618 

2.5891 

1.5618 

0.8839 

0.4621 

 
Table: 2 Velocity for different R value in heating case 

 

 

 

 

 

Heating 

of the 

plate 

         y       R=4      R=6       R=8 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

1.0000 

-9.8516 

-11.8489 

-10.4168 

-8.0517 

-5.7923 

-3.9786 

-2.6459 

-1.7185 

-1.0962 

-0.6887 

1.0000 

-9.8348 

-11.8301 

-10.4042 

-8.0461 

-5.7913 

-3.9796 

-2.6474 

-1.7199 

-1.0972 

-0.6893 

1.0000 

-9.8217 

-11.8142 

-10.3929 

-8.0409 

-5.7902 

-3.9804 

-2.6488 

-1.7211 

-1.0981 

-0.6899 
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          Table: 3 Velocity for different Pr value in cooling case 
 

 

 

 

 

Cooling of 

the plate 

      y     Pr =0.1      Pr =0.71 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

1.0000 

11.2184 

12.8812 

11.2640 

8.7486 

6.3190 

4.3142 

2.7943 

1.7106 

0.9800 

0.5158 

1.0000 

3.1840 

3.5555 

3.2660 

2.7662 

2.2208 

1.6936 

1.2183 

0.8179 

0.5051 

0.2808 

 

                Table: 4 Velocity for different Pr value in heating case 
 

 

 

 

 

Heating of 

the plate 

y     Pr =0.1      Pr =0.71 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

1.0000 

-9.7945 

-11.8685 

-10.5574 

-8.2859 

-6.0623 

-4.2328 

-2.8540 

-1.8699 

-1.1942 

-0.7436 

1.0000 

-1.7601 

-2.5428 

-2.5595 

-2.3036 

-1.9641 

-1.6122 

-1.2780 

-0.9772 

-0.7193 

-0.5086 

 
                             5. CONCLUSIONS 
 

We have examined the unsteady free convective chemically reacting, 

MHD visco-elastic fluid (Walter’s liquid-B model) flow past an infinite 

vertical plate with uniform temperature and also with uniform mass 

diffusion in the presence of thermal radiation. The dimensionless 

governing partial differential equations are solved by usual Laplace 

transform technique, we can conclude the following: 

1. The fluid velocity increases with increasing parameters S , k ,

t ,
rG  and 

mG  for cooling of the plate whereas the reverse effect 

is found in the case of heating of the plate. 

2. The fluid velocity decreases with increasing values of the 

parameters M , R and Pr for cooling of the plate, for heating of 

the plate the velocity increases. 

3. The fluid temperature decreases with increasing values of R 

(radiation parameter) or Pr (Prandtl number) while it increases 

with t (time). 

4. The fluid concentration decreases with increase in k  

(chemical reaction parameter) and Sc (Schmidt number) while 

it increases with t (time). 

5. The Nusselt number is observed to increase with an increment 

R (radiation parameter) or Pr (Prandtl number). 

6. The Sherwood number is found that increasing with the 

increase of Sc (Schmidt parameter) or k (chemical reaction 

parameter). 
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NOMENCLATURE 

C
   Concentration of the fluid far away from the plate 

wC    Concentration near to the plate 

A     Constant 

y     Coordinate axis normal to the plate  

C     Dimensionless concentration 

y     Dimensionless coordinate axis normal to the plate  

u      Dimensionless velocity 

0B    External magnetic field  

mG    Mass Grashof number 

rG    Thermal Grashof number  

Pr    Prandtl number 

Sc    Schmidt number 

C     Species concentration in the fluid 

pC    Specific heat at constant pressure 

sC    Concentration susceptibility 

T   Temperature of the fluid far away from the plate 

wT    Temperature of the plate 

T     Temperature of the fluid near the plate    

     Thermal conductivity of the fluid       

t     Time 

u    Velocity of the fluid in the x- direction 

0u     Velocity of the plate 

D     Chemical molecular diffusivity 

g      Acceleration due to gravity 

M    Magnetic field parameter  

R      Radiation parameter  

S      Visco-elastic parameter  

t       Dimensional time 

rK   Dimensional chemically reaction parameter 

k      Dimensionless chemically reaction parameter 

     Coefficient of viscosity 

erfc  Complementary error function  

erf   Error function  

      Density of the fluid  

      Dimensionless temperature 

     Electric conductivity 

v      Kinematic viscosity 

     Thermal diffusivity 

    Volumetric coefficient of expansion with concentration 

     Volumetric coefficient of thermal expansion 

W    Conditions on the wall 

     Free stream conditions 
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