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In this paper, we prove coupled fixed-point theorems in complex partial b-metric space. The proved results generalize and extend
some of the well-known results in the literature. We also give some applications of our main results.

1. Introduction

The notion of b-metric space was introduced by Backhtin [1]
in 1989, and Czerwik [2] extended the results of metric
spaces. The notion of complex valued metric spaces was
introduced by Azam et al. [3] in 2011 who also proved some
common fixed-point theorems under the contraction con-
dition. In 2013, Rao et al. [4] introduced the concept of
complex valued b-metric space which is more general than
the well-known complex valued metric space and also
proved common fixed-point theorem under the contraction
condition. In 2017, Dhivya and Marudai [5] introduced the
notion of complex partial metric space and also proved
common fixed-point theorems under the contraction con-
dition of rational expression. In 2019, Gunaseelan [6] in-
troduced the notion of complex partial b-metric space and
also proved fixed-point theorem under the contractive
condition. Some interesting concepts and applications have

been studied by many authors, and important results have
been obtained in [7-12]. In this paper, we prove coupled
fixed-point theorems in complex partial b-metric space.

In the next section, we give basic definitions, examples,
and primary results for the better understanding of our
major results presented in this research paper.

2. Preliminaries

Let C be the set of complex numbers and #,,#,,%; € C.
Define a partial order < on C as follows: #, < #, if and only
if Re(#;) < Re(,), Im(n;) <Im(#,).

Consequently, one can infer that #, <7, if one of the
following conditions is satisfied:

(i) Re (1) = Re (1), Im (17y) <Im (17)
(ii) Re(n,) <Re(#,), Im(#;) = Im(7,)
(iii) Re(n7;) <Re(n,), Im(n,) <Im(#,)
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(iv) Re(n,) = Re(1,), Im(n;) = Im(#,)

In particular, we write 7, £ 1, if #, #1, and one of (i),
(ii), and (iii) is satisfied and we write #, < #, if only (iii) is
satisfied. Notice that

(a) If 0 < ny g 17,, then || <|n,|

(b) If n, < n, and n, <15, then 1, < #;

(o If A, eR, and A<f, then Aa, < fa, for all
0<a €C

Definition I (see [4]). LetY be a nonvoid set and let s> 1 be
a given real number. A function d: Y xY — C is called a
complex valued b-metric on Y if for all a,b,c € Y the
following conditions are satisfied:
(i) 0 < d(a,b) and d(a,b) =0 if and only ifa="b

(ii) d(a,b) = d(b,a)

(iil) d(a,b) < s[d(a,c) +d(c,b)]

The pair (Y, d) is called a complex valued b-metric space.

Here, C* (={(a,b)|a,b € R*}) and R*(={a € R|a>0})
denote the set of non-negative complex numbers and the set

of non-negative real numbers, respectively. We now give the
complex partial metric space.

Definition 2 (see [5]). A complex partial metric on a non-
void set A is a function {,: A x A —> C” such that for all

e, f,g e
(i) 0 < (. (e,e) < . (e, f) (small self — distances)
(ii) ¢, (e, f) = (. (f,e) (symmetry)
(i) . (ese) = (. (e, /) = L. (£, f) if and
e = f (equality)
(iv) ¢ (e, f) < (. (e,9)+( (g, f) - (g,g) (triangularity)

A complex partial metric space is a pair (A, ,) such that
A is a nonvoid set and (. is the complex partial metric on A.

only if

Definition 3 (see [6]). A complex partial b-metric on a
nonvoid set A is a function 6,,: A x A — C7 such that for
alle, f,g e A
(i) 0 < 04 (e,e) < 04 (e, f)(small self — distances)

(ii) 64 (e, f) = 0., (f,e) (symmetry)

(iii)

04 (e,e) =0y (e, f)=04(f, f) & e= f(equality)

(iv) 3 a real number s> 1 such that 6., (e, f) < s[6,, (e,

g) +04(g, )] - 0,4 (g, g)(triangularity)

A complex partial b-metric space is a pair (A, 0,) such

that A is a nonvoid set and 6, is the complex partial

b-metric on A. The number s is called the coeflicient of
(A, 0,).

Remark 1 (see [6]). In a complex partial b-metric space
(A, 0,), ife, f €A and 04 (e, f) =0, then e = f, but the
converse may not be true.
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Remark 2 (see [6]). It is clear that every complex partial
metric space is a complex partial b-metric space with co-
efficient s =1 and every complex valued b-metric is a
complex partial b-metric space with the same coefficient and
zero self-distance. However, the converse of this fact need
not hold.

Example 1 (see [6]). Let A =R*and 6,: Ax A — C" be
defined by 6, (e, f) = [max{e, f}]> + le - fI’ + i{[max{e,
f}]3 + |e—f|3}, Ve, f € A. Then, (A,0,) is a complex
partial b-metric space with coefficient s = 2%, but it is neither
a complex valued b-metric nor a complex partial metric.

Proposition 1 (see [6]). Let A be a nonvoid set such that {_ is
a complex partial metric and d is a complex valued b-metric
with  coefficient s>1 on A. Then, the function
04 AX AN —> C* defined by 04(e f)=1{.(e f)+d(e
f), Ve, f €A isa complex partial b-metric on A, that is,
(A, 0y,) is a complex partial b-metric space.

Proposition 2 (see [6]). Let (A,(,.) be a complex partial
metric space, r>1; then, (A,04) is a complex partial
b-metric space with coefficient s = 2"~ 1, where 0, is defined

by ecb (6, f) = [(c (6, f)]r

Every complex partial b-metric 8, on a nonvoid set A
generates a topology 7, on A whose base is the family of
open 0, -balls By (e, €) where 7,4, = {Be (e,e):e €A, e>0
and By, (e,¢ «rf EA: Hb(e,f)<s+9h(ee)} Now, we
define Cauchy sequence and convergent sequence in com-
plex partial b-metric spaces.

Definition 4 (see [6]). Let (A,0,) be a complex partial
b-metric space with coefficient s. Let {e,,} be any sequence in
A and e € A. Then,

(i) The sequence {e,} is said to be convergent with
respect to 7, and converges to e, if
lim,_ .0, (e,e) =04 (e e).

(ii) The sequence {e,} is said to be Cauchy sequence in
(A, 04) if lim,,, .04 (e,,e,,) exists and is finite.

(iii) (A, 0,) is said to be a complete complex partial
b-metric space if for every Cauchy sequence {e,} in
A there exists e € A such that lim 04
(e,e,) =lim, 0, (e,e)=04ee).

(iv) A mapping T: A — A is said to be continuous at

e, € Aif for every e >0, there exists § > 0 such that
T (By, (e, 6)) € Bs, (T (e, €)).

n,m—-00

Let A be a complex partial b-metric space and BC A. A
point e € A is called an interior of set B, if there exists
0<r € C such that By (e,r) ={f €A:0,(e, f)<0ye
e) +r} CB. A subset Bis called open, if each point of B is an
interior point of B. A point e € A is said to be a limit point
of B, for every 0<r € C, By, (e,r)N (B —{e}) # . A subset
Cc A is called closed if B contains all its limit points.
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Example 2 (see [6]). Let A = R*, a>0 be any constant and
define 0,: AxA—C* by 04 (e, f) = (max{e, f} +a) (1+
i)Ve, f € A.

Then, (A, 0,) is a complex partial b-metric space with
arbitrary coefficient s > 1. Now, define a sequence {e,} in A
by e,=1 for all n € N. Note that, if f>1, we have
04 (e, )= (f +a)(1+i) =04 (f, f).Therefore,

lim, 0., f)=0,(f,f) for all f>1. Thus, the limit
of convergent sequence in complex partial b-metric space
need not be unique.

Example 3 (see [6]). Let A = [0,00) be endowed with
complex partial b-metric 6,: AXxA — C" with
0., = (maxle, f})* +i(maxfe, f})*Ve, f € A.

It is easy to verify that (A,0,) is a complex partial
b-metric space and note that self-distance need not be zero,
for example, 6., (1,1) =1 +i+0. Now, the complex valued
b-metric not induced by 6, is as follows:
dg, (e, f) =20, (e, f) — 04 (e;e) = 04 (f, f); without loss of
generality, ~suppose that e>f; then, dy (e f)
=2[(max{e, f})* +i(max{e, f})*] - (& +ie*) — (f2+if?).
Therefore, dg (e, f) = &* — f* +i(e’ - f?).

Thus, we have the following proposition.

Proposition 3 (see [6]). There exists a complex partial
b-metric O, which does not define a complex b-metric dg_,
where

dy, (e, ) = 20, (e, )~ O (e,0) = 0, (f, /) Ve f € A

Definition 5 (see [13]). Let (A, <) be a partially ordered set
and A: AxA — A. We say that A has the mixed
monotone property if A (7, j) is monotone nondecreasing in i
and is monotone nonincreasing in j, thatis, for any i, j € A,

i, € A, iy < iy = A(iy, j) < A(iy j),

L . . (1)
Ji < o= A 1) = A ).

A

Definition 6. Let (A,0,) be a complex partial b-metric
space. An element (i, j) € A x A, is called a coupled fixed
point of the mapping A: AxA — A if A(i,j) =i and
AGi) = j.

Example 4. Let A =[0,00) be endowed with complex
partial  b-metric  6,: AXxA — C*  defined by
0, (e, j) = (max{e, j})* +i(max{e, j})* Ve, j € A. Consider
the mapping A: Ax A — A with A(e, j) =i((e+ j)/4).
Here, (0,0) is the coupled fixed point of A.

In 2019, Gunaseelan and Mishra [14] proved the fol-
lowing theorem.

Theorem 1 (see [14]). Let (U,&,) be a complete complex
partial  metric  space. Suppose that the mapping
¢: U xU — U satisfies the following contractive condition
forall a, 3,7, € U:

S (@ (. B), ¢ (1, 9)) < k& (¢ (. B), @) + 1. (p(y, 0), ),
(2)

where k,l are nonnegative constants with k +1<1. Then, ¢
has a unique coupled fixed point.

Inspired by Theorem 1, we prove coupled fixed-point
theorem on partially ordered complex partial b-metric space
using mixed monotone property.

In the next section, we firstly prove that a continuous
mapping having the mixed monotone property on a partially
ordered complete complex partial b-metric space has a
coupled fixed point under certain conditions. Secondly, we
give result of a coupled fixed point for a mapping having the
mixed monotone property on a partially ordered complete
complex partial b-metric space by losing the property of
continuity. Then, we find the condition under which a
continuous mapping having the mixed monotone property
on a partially ordered complete complex partial b-metric
space has a unique coupled fixed point under certain con-
ditions. We also give an example of continuous mapping
having the mixed monotone property on a partially ordered
complete complex partial b-metric space and show that it
has unique coupled fixed point under said conditions.

3. Main Results

Let (A, <) be a partially ordered set and 6, be a complex
partial b-metric space on A. Further, we endow the product
space A x A with the following partial order:

for (i, j), (g, h) e A x A,

. o (3)
(g2, j)=ix=g jzh

We begin with the following theorem that establishes the
existence of a fixed-point theorem for a function A on the
product A x A.

Theorem 2. Let (A, 0, <) be a partially ordered complete
complex partial b-metric space with the coefficient s> 1. Let
A: A x A — A be a continuous mapping having the mixed
monotone property on A. Assume that there exists a
2sa € [0, 1) with

04, (AG, j),A(g,h) < a0y (G, g) + 04 ()], Vizg,j<h
(4)

If there exists iy, j, € A such that
io < A(ip» jo)» (5)

jo = Ao o)

then A has a coupled fixed point.

Proof. Since iy < A(iy, j;) = i; (say) and j, = A(jy, i) = j;
(say), letting i, = A (i}, j;) and j, = A(j,,7,), we denote
A (i0> jo) = A(A(is jo)» A(forio)) = Alivs i) = i
A (o> i0) = A(A(jor o) A (o o)) = A(jis11) = Ja-

Due to the mixed monotone property of A,

(6)
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i, = A2 (ion jo) = A (s jy) = Aligs jo) = iy - Indeed, for p = 1, using i, >y, j, X j,» we get
Jo = N (o ig) = A(jisir) < A(jgodg) = ji- Ocy (120 11) = Oy (A (i1, 1), A oy Jo)) (13)
Further, for p=1,2,..., we let 26 (i) + 6 (712 )
ip1 = AP (i, jo) = A(AP (igs jo)s AP (Jio o) )» () which impli'es .that o o
e = 7% (o) = AN Ui, A (i o) 9 o 1| < e ] 10 G | 19
We can easily verify that Similarly,
io < A(ig, jo) = iy <A (igr jo) = ip < - < AP (igy jo) < -+ Oct (o> j1) = B (A (1> 11)> A (s f0)) (15)
) <6 (i Jo) + 0 (i)
o5 Aioia) = iy 82 Grie) = o> - 5 AP (joria) = - which implies that
(10) |6cb(j2’j1)lS"‘Hecb(jvjo)l+l6cb(i1’io)|]' (16)

Ifi,,, =i,and j,, = j, for some p, then A(i,, j,) =i, Adding (12) and (16), we have

and A(jp,i,) = j,» and hence (i, j,) is a coupled fixed 0. (i i +16. (i, il <2all60. G, i) +16., (o, i)
point of A. Suppose, further, that | cb( 2 1)| l cb(]Z J1)| “ Cb(() 1)| I ch(Jo J1)”

o (17)
pFipr o . . o
o (11) In a similar way, proceeding by induction, if we assume
or j, # Jpi1s foreachp € N,. that (12) holds, we get that
Now, we claim that, for p € N,

Gcb(ip+1’ip)| + ecb(jp+1’jp)' SZP(XPHGCb (il’i0)| +|6cb (Jl>]0)”
(12)

ecb(ip+2’ip+l)| + 6cb(jp+2’jp+1)' SZ(X[ 6cb(ip+1>ip)' + 6cb(jp+1’jp)|] (18)

< 2P+1(XP+1 [|95b (iO’ ll)l + Gcb (jO’ ]1)]
1,<2Pafl, (20)

Hence, by induction, (12) is proved. Set
.. .. By assumption (9), I,>0 for p € N,. Then, for each
lp = ecb(’p’lp+1)|+ ecb(fp’1p+1)" peN. (19) p =g, we have ’

p
Then, the sequence {lp} is decreasing and

O (igiy) <505 (igs i1 ) + 5 O (igersigea) + -+ + 5705 (15151
a gcb(iqﬂ’ iq+1) h Gcb(iqﬂ’ iq+2) h gcb(iq+3’ iq+3)
. ecb(ip—l’ip—l)
<500 (i igr) + 0 (igursigea) + -+ + 5704 (1,101 ),
ecb(jq’jp) 2 Secb(jq’jqﬂ) + Szecb(jqﬂ’jqﬂ) toeet Specb(jp—l’jp)
=0 (jge1r jgrr) = Octgrar jgra) = Ocb(genr jges)
. ech(jp—l’jp—l)
<500 (jgp gr1) + 50y (g1 dgra) + - + 5 0 (Gp10 Jip):
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which implies that

0 (i p) |

2
)|+

q+1

Jq’ ]q+1)| + 52

Therefore,

ly=

gcb(iq’ip)' +

Bui ) =(

+(
o+ sf

2
Sslg+sTlgy +-
§s2qocq(1 + 20+ -

q
< s(2a)
1-s2a°

Therefore, {ip} and { jp} are Cauchy sequences in A.
Since A is complete complex partial b-metric space, there
exists (t,r) € A x A such that

lim ip =t
p‘>00
i (24)
Pinoo ']P =
and 0, (1) = im0, (t,1,) = lim, .0, (£,,1,) = 0

and 0, (r,r) = limp_,ooﬁcb (r,r ) = lim ool (rp,rq)
= 0. Finally, we claim that (t,7) isa coupled gxed point of A.
Indeed, from i, = A(i, j,) and j,,, = A(j,i,), using
(24) and the continuity of A, it immediately follows that t =
A(t,r) and r = A(r,t).

In the next theorem, we will substitute the continuity
hypothesis on A by an additional property satisfied by the
space (A, 04, < ).

Theorem 3. Let (A, 0, <) be a partially ordered complete
complex partial b-metric space with the coefficient s> 1. Let
A A X AN — A be a mapping having the mixed monotone

property on A. Assume that there exists 2sa € [0,1) with
0., (A, ), A(g,h) < a[04 (i, g) + 04 (j,h)], Vixg,j<h.

(25)

Finally, assume that A has the following properties:

(i) If a nondecreasing sequence {i p} in A converges to
i €A, then ip < i for all p.

I, — 0,

5
cb(iq+1’iq+2)' +o 4P cb(ip—l’ ip)" (22)
9cb(jq+1’jq+2)' oot ecb(jp—lﬁjp)"
cb(iq’iq+1)| + 6cb(jq’jq+l)|)
ecb(iq+1’iq+2)' +9cb(jq+1’jq+2) | ) +ee
(ecb(’.pfl’ip) ' 0 (Jip-10Jp) | )
(23)

+s71,,

+sP7 ey,

asq — 00.

(ii) If a nonincreasing sequence { jp} in A converges to
j €A, then j, > j for all p.

Then, A has a coupled fixed point.

Proof. Following the proof of Theorem 2, we only have to
show (¢,7) is a coupled fixed point of A. We have

Oy (A (1), 1) < 5(0 (A (1)1 01 ) + 0y (i1 t))
- ecb(ip+l’ip+l>
< S(GCb(A(t> T"), ip+1) + ecb(lpﬂ’ ))

= S(GCb(A( p+1) + Gcb(lpﬂ’ ))

Since the nondecreasing sequence i } converges to t
and the nonincreasing sequence { ]p} converges to r, by
(i)—-(iii), we have

(26)

o
tflp,

r2j, Vp.

(27)

Now, from the contractive condition (25), we have
(A1), Aips j,)) < a(64(t0,) +04(r 7)) (28)

Then, from (26), we get

O (A (1), ) < s(a( 0 (£:,) + 0(7 7)) + O (i 115 1))
(29)

which implies that



|0 (A(t,7),1)| < s

0y (i po1» t)‘
(30)

Gch(t, ip)‘ + s ch(r, JP)| +s
Taking limit as p — o0, we have
|6, (A (t,7),1)| <0. (31)
Therefore, A(t,r) =t. Similarly, we can prove that
A(r,t) =r. Hence, (t,r) is a coupled fixed point of A.
Theorem 4. Assume that
Ve f), (% f7) eAx A,
A(xy,x,) €EAXA (32)
thatis comparable to (e, f)and (e*, f7).

Adding (32) to the hypotheses of Theorem 2, we obtain
the uniqueness of the coupled fixed point of A.

Proof. From Theorem 2, we know that there exists a coupled
fixed point (t,r) of A, which is obtained as
t =lim, AP (ip, jo) and r = lim, ., AP (jo, 1y). Suppose
that (e*, f*) is another coupled fixed point, i.e.,

A(e*,f*) — e*)
A(f*e")=f"
Let us claim that

Oy (1.€7) + 05 (r, f7) = 0. (34)

We discuss two cases.

(33)

Case 1: (t,r) is comparable with (e*, f*) with respect
to the ordering in A x A. Let, e.g., t >e* and r < f™.
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Then, we can apply the contractive condition (4) to
obtain

Oy (1,€7) = Oy (A(£:7), A (€7, f7))

. . (35)
&[0y (") + 0y, (s f7)];
which implies that
Iecb(t’e*)|ga[|6cb(t’e*) +|95b(r’f*) ] (36)
ulr f) = B (A OA(F )
<alby (r. f7) + 6 (t.€7)],
which implies that
160, (o f)| < t[[6s (s £7)] +[6 (1,€7)]]. - (38)

Adding (36) and (38), we get

Igcb (t>e*)| +|6cb(r’f*)| Sza[lecb(t’E*)l +|6cb(r’f*)”'
(39)

Since 2a € [0, (1/s)), (34) holds.

Case 2: (t,r) is not comparable with (e*, f*). In this
case, there exists (xy,x,) € A X A that is comparable
bothto (t,r)and (e*, f*). Then, forall p € N, (A? (x,,
x,), AP (x,,x,)) is comparable both to (AP (t,7), AP (r,
)= (t,r) and (AP (e", f*),AP(f*,e*)) = (e*, f7).
We have

O, (t e )+ 0., (r, f7) =04 (AP (£, 1), AP (e, 7)) + 0., (AP (r, 1), AP (f",€"))
20 (AP (,1), AP (1, 5,)) + Oy, (AP (31, 5,), AP (€7, f7))
+ 0, (AP (1, 1), AP (9, x,)) + O, (AP (0, x,), A7 (f7, 7))
<2PaP [0y (t, %) + 0 (1, X3) + 0, (€7, %) + 0, (f75 %2,

which implies that

0 (6,6 #1017 <27 [[0, (6 )] + [0 (r )]

+|6cb (e*’xl)l +|6cb (f*’xZ)”'
(41)

Since 2a € [0, (1/s)), (34) holds.

We deduce that in all cases, (34) holds. This implies that
(t,r) = (e*, f*) and the uniqueness of the coupled fixed
point of A is proved.

(40)

Theorem 5. In addition to the hypotheses of Theorem 2 (resp.
Theorem 3), suppose that iy, j, in A are comparable. Then,
t=r.

Proof. Suppose that i, < j,. We claim that

ip=jp VpeN (42)
From the mixed monotone property of A, we have
iy = A(igs jo) 2 A(jo» jo) <A (jor o) = jr- (43)

Assume that i, < j, for some p. Now,
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iper = AP (g, o) = A(AP (igs jo)s AT (josio))
- M) "
<A(jp Jp) = Aipoip)
= jp+1'

Hence, (42) holds.
Now, using (42) and the contractive condition, we get

9cb (t> 1’) = (Gcb t, lp+1) + Gcb( p+1,1’)) 6 b(ip+1’ip+1)

(
5(0as(
(

g ) + 0 (ipers7))
(ec t, lp+ )+ 5( cb( p+1>]p+1) + ecb(.]pﬂ’ ) 6cb(jp+l>jp+l)))

b 1
(45)
s cb( ’lp+1> +s 6cb( p+1’Jp+1) +s ecb(]pﬂ’ )
= 50ty ) ( cb( (p’Jp) (Jp”p)) ts ecb(jpﬂ”)
<0, (t’ ’p+1) ts “(Gcb( p> Jp) + ecb( Jp> ’p)) + Szecb(jpﬂ’r)’
which implies that
|9cb (t, 1’)| <s ecb(t’ ip+1)| + 52“( ecb(ip’ ]p)' + ecb(jp’ ip)') + 52 6cb(jp+l’ 1’)| (46)

Passing to the limit as p — oo, we get
0, (t,7) <25°af, (t,7). (47)

Since 2s’a < 1, this implies that 6, (t,7) = 0,i.e.,t = 7.

Example 5. Let A =
order < defined by

[1,00) be equipped with the partial

e< fee<f, (48)

and with the functional 6,: Ax A — C* defined by
Op(e, f)=le— fP+2+i(le— fI*+2) for all e f €A.
Clearly, (A,0,) is a partially ordered complete complex

ecb (

ecb (A(ea f),A(t, T')) P

e—ft-r
T2

r? [ le
+2+i

e—t
2

<2

(

2
r—
Jr=f

partial b-metric space with s=2. Define the mapping
A: AX AN — A by

0)

Ae f) = oo f

ife<f,
(49)
ife> f.

Obviously, the mapping A has the mixed monotone
property and is continuous. Let e, f,t,7 € A be such that
e<t and f >r. We have considered the following cases.

Case 1: e> f. Since e<t, we have t >e> f >1:

)

2

+2>
2

+2>

r—f

r
2

2+2+i<
el

(50)

e —t|?

)2)

2

=%(|e—t|2+|r—f|2+4+i(|e—t|2+|r—f|2+4))

=a(0y(et) +

ch (r, t))



Case 2:e< f,t>r,and e>r:
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t— 2 t— 2
GCb(A(e’f)’A(t’r))z‘O_Tr +2+i<0—Tr +2>
It - r|? (lt-r*
= +2+i +2
4
’ : (51)

t—r+ — t—r+ _
5#+2+i<#+2>

<5 (et +1f =+ ) wi(5 (le = 1P +17 - +4))

=a(04(et) + 0, (r,1)).

Case 3:e< f,t>r,and e<r:

ecb(A(e>f))A(t,1’) 2‘0—%

r[? . t—rf?
+24+i( |0——— +2
2
‘t‘—r2 _(t—r2 )
=l +2+i| || +2
2 2
t—r+f-e t—-r+f-e (52)
ﬁl 4f | +2+i<I 4f | +2>

<3 (le =t +1f =+ 4) wi(5 (le ~ P +1f - P +.4))

=a(04(et) + 04 (,1)).

Case 4:e< f and t<r:
0., (Ale, ), A(t, 7)) =04(0,0) =2(1 +i) < a(b,, (e )
+ 04 (r,1)).
(53)

Thus, A satisfies all assumptions of Theorem 4 and it has
a unique coupled fixed point (which is (0,0)).

Next, we present a result for the existence of a unique
solution for a particular system of integral equations.

3.1. Applications to Integral Equations. We study the exis-
tence of solutions for the following system of integral
equations:

b
e(u) = J‘ (Ty (u,8) + Ty (u,8)) (H (s,e(s)) + K(s, f(s)))ds + (), (54)

b
a

fu) = J (Ty (u,8) + T, (u,8)) (H (s, £ (5)) + K(s,e(s)))ds + I (u), (55)

where u € I = [a,b].
We assume that T, T,, H,K satisfy the following
conditions:

(1) Ty (u,s) =0 and T, (u,s) < 0 for all u,s € [a,b].

(ii) There exist e, f € R, e < f such that
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0<H(ue)—H(u, f)< (e~ f)

(56)
and — (e — f)<K(u,e) - K(u, f)<0.

(iii) Iz [T (u,s) - T, (u, $)|?ds < a/4.

Theorem 6. Consider integral equations (54) and (55) with
T,,T, € C(ILR),H,K € C(IxR,R), and 1 € C(I,R).
Under assumptions (i)-(iii), equations (54) and (55) have a
unique solution.

Proof. Consider the natural order relation on A = C(I, R);
that is, for e, f € C(I,R),

e< fe=ew)<f(u), Vuel (57)

It is well known that A is a complete complex partial
b-metric space with respect to

Op(e f)=le—fP+2+i(le- f’+2), e f € CULR).
(58)

Suppose that {tp} is a monotone nondecreasing se-
quence in A that converges to a pointt € A. Then, for every
u € I, the sequence of real numbers

tws<st,(w)s - <t, (W< - (59)

converges to t (u). Therefore, forallu € I, p € N, t,< t(u).
Hence, t, <t, for all p. Similarly, it can be verified that, if for
all u € I, r(u) is a limit of a monotone nondecreasing
sequence {rp} in A, then r(u) < Ty (u) for all p, and hence
r<r, for all p.

Also, Ax A =C(I,R)x C(I,R) is a partially ordered
set under the following order relation in A x A:

(e f), (t,1) € AXA,
(e, i< (t,r) =e(u) < t(u), (60)
f)=r(u), Yu el
Foranye, f €A, max{e(u), f (u)} and min{e (), f (u)},
foreachu € I,arein A and are the upper and lower bounds
of e, f, respectively. Therefore, for every (e, f), (t,r) € A

x A, there exists (max{e,t}, min{f,r}) € AxA that is
comparable to (e, f) and (t,r). Define A: A x A — A by

b b
Ae, f)(u) = J T, (u,s)(H(s,e(s)) + K(s, f(s))ds + J T, (u,s)(H(s, f(s)) + K(s,e(s))ds +1(u), forallu € [a,b].

We now claim that A has the mixed monotone property.
If (¢t,,7) < (t,,1), then

= A(ty,r) ().

Similarly, if (t,r,) < (¢,1,), then

(61)
b b

Aty r) () = J T, () (H (5., () + K (5,7 (5)))ds + J T, (uy ) (H (5,7(5)) + K (5. £, (5)))ds + 1 (1)
b b (62)

< J T, (u,s) (H (s, t,(s)) + K(s,r(s)))ds + J T, (u,s) (H(s,7(s)) + K(s,t,(s)))ds + I (u)

b
Altr,) () = J T, (uy ) (H (5,£(5)) + K (5,7, (5)))ds
b
" J T, (uy ) (H (5,7, (5)) + K (5, £()))ds + 1 (1)

(63)

< Jb T, (u,s) (H (s, t(s)) + K(s,1,(s)))ds

b
" J T, () (H (5,7 (5)) + K (5, £(s)))ds + 1 (1)

= A(t,ry) ().
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Thus, A (t, r) is monotone nondecreasing in ¢t and A (¢, 1)
is monotone nonincreasing in r. Also, for (e, f) < (t,r), that
is, t =e, r < f, it follows that

0 (A(t,1), Ale, 1)) =IA (1) = Ale, I +2+i(IA(t 1) = Ale, I +2)

b b
J T, (u,s)(H(s,t(s)) + K(s,r(s)))ds + J T, (u,s)(H(s,7(s)) + K(s,t(s)))ds + I (u)

2

b b
- J T, (u,s)(H(s,e(s)) + K(s, f(s)))ds — J T, (u,s)(H(s, f(s)) + K(s,e(s)))ds = I(u)| +2

{

b b
- J T, (u,s)(H(s,e(s)) + K(s, f(s)))ds — J T, (u,s) (H(s, f(s)) + K(s,e(s)))ds —I(u)

b
J T, (u,s) (H(s,t(s)) + K(s,7(s))ds + T, (u,s) (H (s, 7 (s)) + K(s,t(s)))ds + I (u)

2
+2)

b
04 (A(t,1),Ale, f)) = J T, (u,s) (H (s, t(s)) — H(s,e(s)) + K(s,r(s)) — K (s, f (s)))ds

2

b
- J T, (u,s)(H(s, f(s))—H(s,r(s)) + K(s,e(s)) - K(s, t(s))) +2

{

b
- J T, (u,s) (H (s, f(s)) = H(s,7(s)) + K(s,e(s)) - K(s,£(s)))

b
J T, (u,s)(H(s,t(s)) —H(s,e(s)) + K(s,7(s)) = K(s, f(5)))ds

2
+2)
b

b
J Tl(u,s)(t(s)—e(s)+f(s)—r(s))ds—J T, (u,s)(f(s)—r(s)+1t(s) —e(s))ds

{

b
54j IT, (1t,5) = T, (0, )| (If (5) = r ()P +1£ () — e (s)[*)ds + 4

2
<

+2

b

b
J T, (u,s)(t(s)—e(s)+f(s)—r(s))ds—j T, (u,s)(f(s)—r(s)+t(s)—e(s))ds

2
+2)

b
+ i<4j T, (11,5) = T, (u, )| (1 (5) = r () +[t () — e () )ds + 4)

5‘%"‘ (6 (fo1) + 64 (,€))

=a(04(f,r)+04(te).
(64)
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Now, all the hypotheses of Theorem 4 are satisfied.
Therefore, A has a unique coupled fixed point.

4. Conclusion

In 2019, Gunaseelan and Mishra [14] proved coupled fixed-
point theorem on complex partial metric space. In this
paper, we proved coupled fixed-point theorems on complex
partial b-metric space using partially ordered set and mixed
monotone property. An illustrative application in partially
ordered complex partial b-metric space is given.
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