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Abstract: Barbosu and Muraru (2015) introduced the bivariate generalization of the g-Bernstein—Schurer—Stancu
operators and constructed a GBS operator of g-Bernstein—Schurer—Stancu type. The concern of this paper is to obtain
the rate of convergence in terms of the partial and complete modulus of continuity and the degree of approximation by
means of Lipschitz-type class for the bivariate operators. In the last section we estimate the degree of approximation
by means of Lipschitz class function and the rate of convergence with the help of mixed modulus of smoothness for the
GBS operator of g-Bernstein—Schurer—Stancu type. Furthermore, we show comparisons by some illustrative graphics in

Maple for the convergence of the operators to some functions.

Key words: ¢-Bernstein—Schurer—Stancu operators, partial moduli of continuity, B-continuous, B-differentiable, GBS
operators, modulus of smoothness, degree of approximation

1. Introduction

In 1987, ¢-based Bernstein operators were defined and studied by Lupas [21]. In 1997, another g-based Bernstein
operator was proposed by Phillips [23]. Since then g-based operators have become an active research area.
Muraru [22] introduced and investigated the g-Bernstein—Schurer operators. She obtained the Korovkin-type
approximation theorem and the rate of convergence of the operators in terms of the first modulus of continuity.
The term B-continuous and B-differentiable function was first introduced by Bdégel in [12] and [13] wherein
he studied some important results using these concepts. Further, in 1966, Dobrescu and Matei [15] gave some
approximation properties for bivariate Bernstein polynomials using a generalized boolean sum. The Korovkin-
type theorem for approximation of B-continuous functions using GBS operators is due to Badea et al. [5].
A very well known Shisha—Mond theorem [27] for B-continuous functions is given by Badea et al. [6]. GBS
operators of Schurer-Stancu type were introduced by Barbosu [7]. Agrawal et al. [1] defined bivariate g-
Bernstein—Schurer-Kantorovich operators by using ¢-Riemann integral and studied the rate of convergence
of these operators. Sidharth et al.[28] introduced GBS operators of Bernstein—Schurer—Kantorovich type and
studied the degree of approximation by means of the mixed modulus of smoothness and the mixed Peetre’s

K -functional. For some important contributions in this direction we refer to [cf. [8, 10, 11, 17-19, 24-26] etc.].
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Dedicated to the memory of the great mathematician Prof Akif D Gadjiev
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Very recently Barbosu and Muraru [9] defined the g-Bernstein—Schurer-Stancu operators for the bivariate
case as follows:

Let p1,p2 be nonnegative integers, I =[0,1+ p1] x [0,1+ po] and J = [0, 1] x [0, 1].

Let {¢mn} and {¢,} be sequences in (0,1) such that ¢, = 1, ¢ — a(0 < a < 1), as m — oo and
gn — 1, ¢F =5 b(0<b< 1), as n — oco. Further, let 0 < a3 < 81,0 < ay < fs and

SlawBiasfa) . o1y — C(J)

m,n,p1,p2

then for any f € C(I) we have

m+p1 n+p2 m+p1—ki—1
SR (i dms ansyy) = Y Z{m;pl] ["sz] I a-ao
k1=0 ka=0 L lgm 2 g 5=0
n+ps—ka—1
< JI  a=aa™y* fi, .
r=0

where fo, i, = f (faftst, belutos ),
Let X and Y be compact subsets of R. A function f: X x Y — R is called a B-continuous (Bogel

continuous) function at (zg,y0) € X x Y if

Af[(.’ﬂ, y)v (x07y0)] = 07

im
(z,9)—(x0,y0)
where Af[(x,y); (zo,y0)] denotes the mixed difference defined by
Af[(‘r7y)7 (x()ayO)] - f(xay) - f(xayO) - f(a?an) + f(xoayO)'

For any (x,y) € J, the ¢-GBS operator of Bernstein—Schurer—Stancu type Ulerbiazba) c(I) — C(J),

m,n,p1,pP2

associated to Sﬁ,ﬁ ﬁf};,‘,ﬁg’ﬂ 2) is defined as:

Urgﬁh’gi’,gﬁ’ﬂz)(ﬂt» S); qm;yQ4n, L, y) = Sr(r(i%l’glﬂ?)zﬁz)(f(tv y) + f(:,C, S) - f(t, S)? dm>Qdn, T, y)
B m-+pi1 n+p2 m+ n -+ po m+p1—k1—1 .
- Z Z k k H (1= gp)
k1=0 ko=0 1 qm 2 dn s=0
n+p27k271
< I QO =agua v  {fi, + frs = Frons)s
r=0

where

_ o Falg,, + ) _ ( [F2lq, +Oéz) _ ([kl]qm tar [kalg, +a2>
) =1 (o) o) = (G50 ) s = (o )

In what follows, let || - [|¢(;) denote the sup-norm on I.
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2. Preliminaries
Lemma 1 [9] Let e;; : I — I,e; j(z,y) = 'y (0 < i+ j < 2,i,j(integers)) be the test functions. Then the
following equalities hold for the operators given by (1.1):

(Z) 57(7?‘,%,/‘3711’23762) (6070; dm>qn, T, y) = e0,0(xa y),

. B0z, p1lgmat
(”) S?S?}L,ﬂpll,%g ﬂz)(el,O;QWHanxay) = %a

B2, +p2]gn y+
(i) Stasip 53 (€0,13 Gmy @, 3, y) = Plmibaz

(i) SSre ™ (€203 ams ans 2,9) = Gz (M +pil2, @ + [m+ pilg, 2(1 = ) + 201 [m + pilg, @+ a3) |

(v) Sﬁi‘,%ﬁ’,‘éi’ﬁ”(eo,z;qm, In, T,Y) = m (In+p2l2 ¥* + [n + p2lg, y(1 — y) + 202[n + palg,y + 03) .

Lemma 2 For (z,y) € J, we have

(i) SRS (t = 2% s G 7.) = rmppireye L@ 1), — B1)z + ) + [m + pily, 21— 2)},

(ii) SSenps™ (s = 1)% Gms Gns 2.9) = Gy L@ [p2la, — B2)y + @2)% + [0+ palg, y(1 = y)}.

Lemma 3 For (z,y) € J, we have
(i) Tim [mlg, SSEis2 P (¢ = 2);gm, gm0, y) = o1 = Bi,

(“) lim [n]Qnsf(??;{zll’ggﬁz)((s - y)v dm; qn, T, y) = Q2 — ﬁZyv

n— 00

(iii) lim [m],, SietBre2B82)((t — 2)2; g o, 2, y) = (1 — ),

m—300 m,n,p1,p2
(iv) lim [n]g, SE2B00282)((s — y)% g, g, @) = y(1 — ).

n—oo

Similarly, it can be shown that

1

Sﬁfﬁf}l’z;’&)((t — )Y g, G, x,y) = O(W)7 as m — oo uniformly in z € [0, 1], (2.1)
Um
and
1 . .
5’7(7?}1’5}1”‘;;’62)((3 — y)4; Qms qns T, y) = O( e ), as n — oo uniformly in y € [0, 1]. (2.2)
an
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3. Main results

For f € C(I), the complete modulus of continuity for the bivariate case is defined as follows:

(f561,52) sup{|f<t,s> f@y)|: (ts). (e.y) € Tand [t —a] < b1, |s— ] < 62},

where ©(f,d1,d2) satisfies the following properties:

(i) @(f,01,82) — 0, if §; — 0 and J5 — 0;

(i) 1£(t,s) — flwy)] < a(f, 51752>(1 ; 'ta‘f') (1 " 'S;f)

Details of the complete modulus of continuity for the bivariate case can be found in [2].

Further, the partial moduli of continuity with respect to x and y are given by

r(f0) =sup {17(21) = Flo2) v € 0.1+ ] and Jor - o] < 5,
and
wa(f30) = sup {If(%m) —f(@y2)l s 2 €[0,1+p1] and |y1 —ya| < 5}-
It is clear that they satisfy the properties of the usual modulus of continuity.
Lt C2(1) = {1 € CU): fon oy Fyrs i € CAD .

The norm on the space C?(I) is defined as

fllez = 1fllea +>_ <Hax
i=1

cu )) '
For f € C(I), let us consider the following K -functional:

Ks(f,8) = inf{[|f = gllew) +dllgllcza) = g € C*(I)}, (3.1)

|5
c(I) Iy’

where § > 0.
By [16], there exists an absolute constant C' > 0 such that

Ka(f,8) < Cwn(f, V), (3.2)

where Wy(f,/§) denotes the second order modulus of continuity for the bivariate case.
Let §,, and 6,, be defined as

Om = maxze[o,l]{sr(ﬁ{lﬂl)((t_95)2§Qm7$)}1/2
- ;\/éhnax 0.1] (g [p1]g,, — Bz + a1)? + [m + pilg,,)
[m}Qm, + B =E[0.1] " " "
and 6, = mazyep{SLL((s— )% qn, y}?

= Vs (@hlpala, — By + 02 + [+, ).
qn
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Theorem 1 Let f € C(I). Then we have the inequality

1S5t 5222 (£ s s ) = Flloer) < 2wi(f;0m) + w2 (f;60))- (3.3)
Proof By the definition of partial moduli of continuity, Lemma 1, and using the Cauchy—Schwarz inequality
we may write

Sl 0a B2 (£ o 1, y) — f(,y)]

< SSentiea B (| f(t,s) = f(,9)]; dmo Gns 2, Y)
< SEiee P (1 f(ts) = F(EY)]; Qs G 2, y) + SSREUS N f(ty) = f(2,9)]5 ms Gns 2, Y)
= m,n,p1,p2 ) ) ydmy Un ) m,n,pi,p2 ) b s dmy Un )
< SIS (W (3 |s = 1)i Gms s 2 Y) + Sk 022 (@i (f5 [E = 20); s gns @, 9)
1 1
< wa(f;0n) [1 + E&ﬁ?};ﬁf{,‘;i’ﬁz)ﬂs —yl; qm,qn,w,y)] + w1 (f;50m) [1 + a%‘ii{f}l’ii’ﬂ?)(ﬁ — &G, Gn> T, Y)
1 1/2
< wa(f0n) [1 +5 <57(rﬁ%’531’§§’ﬁ2)((5 = 9)% Gms G I,y)) ]
1 1/2
sanlfidn) |14 5 (S (€~ P amanan)) |
< w(fon) (14 1+ /4 (@3 [pela, — B2)y + a2 + [n + paly,)
i On — max —
S wal/f; 3 (Mg, + B aXyelo,1] \\\qn [P2]q, 2)Y T Q2 n T P2lg,
er(f10) (14 5 e fimaecpon (@ orla,, — B0z + 00)? + [m + pily,)
. PR m X _— .
Wil[J;0m 5, [m]qm T ﬁl 2€[0,1] qdm P1]q,, 1)r + aq m -+ Pilgm
Hence, we achieve the desired result. O

Theorem 2 Let f € C(I) and 0 < gm,qn < 1. Then for all (z,y) € J, we have

|SonBraeBo) (£ g, qu,.,.) = fllow < 4D(f, 0m, ).

Proof Using the linearity and positivity of the operator S,(,‘j‘,;ﬁllg‘;z’ﬁ?)(f; Gm, qn, T,Y), we have

Sl oo B2) (£ g o 1, y) — f(,y)]

ai,B1,a2,8 .
§ Sr(n,}l,pll,pi 2)(|f(t35) 7f(1'7y)‘,Qm,Qn7$7y)
1
< w(f? 6771’ 611) <S7(7?7;),1B1)(€0; QTIlmx) + 5751(7?,;’151)(“ - $|, qm7q"))
e 1 o
X (sz,ﬁf"‘)(eo; ansy) + 55057 (15 = yls dn y)>. (3.4)
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Applying the Cauchy—Schwarz inequality, we have

]' Q1,01
| S8 B0 B2) (f: Gy g 2, y) — f(2y)] < @(f56m, 6n){ (1 + 5—% R (R L :c))

]' Q2,P2
X (1 + 5*\/5514725 (s = )% qn,y)) }

45](.}(; 6m7 (Sn)

IN

This completes the proof. O

Example 1 For n,m = 10,p1,p2 = 2,1 = 3,061 = 4,0 = 5,82 = 7,q1,q2 = 0.5, q1,q2 = 0.7, and

q1,q2 = 0.9 the convergence of the operators Sggﬁgj’zg(f;.&b,x,y) (yellow), Sigﬁi;é(f;.?,.?,x,y) (pink),

Sigﬁb%’zg(f; 9,.9,z,y) (blue) to f(z,y) =z (x—1) (y—2) (red) is illustrated by Figure 1.

Example 2 For m,n = 10, ay,as = 1, 51,82 = 2, p1,p2 = 1, the comparison of the convergence of q-

S(al ,B1,a2,82)

Bernstein—Schurer—Stancu (blue) given by Sw nipyps’ > (f; @ms an, ,y) and the operators bivariate q-Bernstein—

Schurer (green), q-Bernstein-Stancu (red), to f (x,y) = 2z cos (mz)y> (yellow) with ¢, = m/(m +1),q, =
1—1/v/n is illustrated in Figure 2.

-2

¥ 32

Figure 1 Figure 2

3.1. Degree of approximation

Now we estimate the degree of approximation for the bivariate operators (1.1) by means of the Lipschitz class.

For 0 <¢<1land 0<+vy <1, for f € C(I) we define the Lipschitz class Lipp;(&,7) for the bivariate
case as follows:

|f(t8) = fla,y)| < Mt = zf¥]s -y
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Theorem 3 Let f € Lipy(€,7y). Then we have

||S(a1’61’a2'ﬁ2)(f§ dmsQqn; -5 ) - fH < M(an(m

m,n,p1,P2

Proof By our hypothesis, we may write

S 2P (fs s answy) — e, y)l < SERIG2PN (1 f(ts) = F(@.9) | dms dns 2, y)
< MSERISE (|t —alls — yl7s s gns . y)
= MSEUE) ([t — 205 g, 2) S22 (I — Y73 ¢ns ).
. . . . . 2 2 2 2
Now, using Hélder’s inequality with u; = =, v; = and us = — and v9 = ——, we have
3 2-¢ Y 2—y

£ 2-¢
Sle B 2) (£ Gy g, ,y) — flzoy)] < MSELEI((t — 2)?; g, 2) 2 SEL) (€03 G, ) 2

2

XS(<¥2,52)((3 _ y)2’qn’ y)%S(%’Bz)(@o; qnay)?’Y

n,p2 n,p2
< M65,6).

Hence, the proof is completed.

Theorem 4 Let f € C(I) and (x,y) € J. Then we have

SleBren o) (£ g gn,2,y) — F(@9)| < | fellomdm + I fyllow)dn-

Proof Let (x,y) € J be a fixed point. Then we can write

F0:5) = £w) = [l s+ [ s

Now, applying Sfﬁ}{f,ll’,%i’ﬁz)(.; Gm, qn,T,y) on both sides, we have

t
St S22 (f Gy gy 2, y) — fl,y)] < Sﬁi%foll’,‘?)i’BZ)(/ fu(u,S)qu;qm,qn,x7y>
x

S
)

Since

‘/: fu(u, 8)dqu

< fallown |t = ol and | [ fulav)dpo
Y

< fylleyls —yl,
we have
S BL02B2) (£ g Gy, y) — Fl@,y)] < I fallon SELPO (1t = 2l @ms @) + [yl S22 (15 = yli an, ).
Now, applying the Cauchy—Schwarz inequality, we get
SlerBiooeBa) (g g g, y) — fl@y)] < I fallomSSyP) ((t = 2)%; gm, 2) /2S00 (e0; g, ) M2
H fyllem SE252 (s = 1)?; an, 1) /28252 (en; g, y) /2

< N felledm + 1fyller)on
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This completes the proof of the theorem. O

Theorem 5 For the function f € C(I), we have the following inequality:

S 8102 82) (£ Gy Gy ) — flz,y)] < M{w‘z(f; \/Cm,n)+mm{1,cm,n}|f||c<z)}+w<f;wm,n>,

where

B [m+pilg,, @ +o1 )2 ([n+pg]qny+ag_ )2}
wm,n = \/max(Z,y)EJ{( [m]qm + ﬁl X + [n]qn T 62 Yy 3

Cm,n = 521 + 52 + 1/}3@,71
and the constant M > 0 is independent of f and C,, .

Proof We introduce the auxiliary operators as follows:

[m +pi]g, r+ a1 [n+palg,y+ s

) + ()

SplanBuazfo) (f: g qn,x,y) = SELOLO B2 (1 g g, 2, y) — f(

[mlg,, + 51 7 [n]g, + B2
then using Lemma 1, we have
Stz B ((t = 2); gy gns 7,y) = 0
and
Splonth02B2)((s = y); gy Gy 2, y) = 0.
Let g € C?(I) and t,s € I. Using Taylor’s theorem, we may write
g(t,s) —g(z,y) = g(t,y) —g(z,y) +g(t,s) —g(t,y)
dg(x,y) ' 9%9(u,y)
9g(z,y) y )+ / 962 ) 4
Oy Y v
Applying the operator Smoﬁf,pﬁlfp'zr" BQ)(., Gm» qn, T, y) on both sides, we get
*(a1,B1,02,82) *(a1,B1,02,82) ' aQQ(u’ y)
Sm,n,7pl,£)2 ’ (f;qm,qn7x,y) _f(l',y) = Sm,n,%)l,ﬁz ’ (t_u)Wdu7 dm; qn, T, Y
x

N s 0%g(x,v
y

t 2
97g(u,y
= Sﬁ:;‘,z,%;,?,z*f’?)(/ (t*U)ia(g’ ) ;G s 2,
T u
[m+p1lgy ztaq

T e ([m +pig. e+ )329(%3;)

[m]Qm + /81 auQ du
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o1 B o s 0%g(z,v
an zﬁi,pi’ﬁ” (/ (s— U)%dw Am>qn, T, Y
v v

[n+p2lgn y+az

R - ([n + palg, Yy + @2 ) 0?g(x,v)
_ —v dv.
T [n]Qn + 52 8U2

Hence

S 2P (f5 Qs ans @, y) — f(x,

9?g(u,
< SERoe (‘/ It - ’ o y)‘du my)
m+p1 [m+p1lgm s ol

‘/ am £ ‘[m+pﬂqmw+a1uHW‘du'

[m]qm + 5 ou?
171 2 2 8 g T U)
+S7(qf‘ng,l’fz2’ﬁ <’/ |s — dv ;x,y)
[n+p2lgy, y+o
I [S]an+52 : [n +p2]Qny + (6% _ 32g(x,v) do
x [”]qn, + 62 81}2
a1, o [m+p1} mSC+041 2
< {S'Emlnlg’ll’api’ﬁﬁ((t - 33)2§Qm711m$’y) + ( [m]q ‘1+ /61 -z ||g||02(1)
2
a1,B1,02,8 2, [n + palg,y + a2
+{S1(n 1D 2)(( —Y)% Gms Gns T, Y) + (W -y ||9HC2(I)
< 5462+ v Dlgllex

= Cm,anHC?(I)

(3.5)

Moreover, using Lemma 1

[m+p1]Q7nx+al [n+p2]q”y+02>’

*(a1,B1,002,B3 . ,B1,a2,8 .
| Sl taB2) (f: g gy, y)] <SSO 2)(fv‘1m’q"’x’y)|+’f< (Ml + 61 [0l + o

+f(z, y)l
3 fllen- (3.6)

Hence, in view of (3.5) and (3.6), we get

IA

St B 0282 (£ gy g, y) — f(2,y)]

= ‘Sfrf%ifﬁ;,?ﬁ”(f; Uy @n, T, y) — f(2,9)

[m + pilg,.® + o [n+p2]qny+a2> - ‘
+f< mlg,, +61 7~ [nlg, + B f(z,y)

|SplanBasBa)(f — g g qn, @, y)| + |SpauEL0202) (gog g, 2, y) — g(z,y)|

IN
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_ [m + pi]g,. @ + o [n+]92]qny+042> _ ’
+lg(z,y) f(w7y)+‘f( e B [l + B f(z,y)

IN

Al f = gllow) + 1SExB0020) (g: g g, 2, y) — g(@,y)]

[m+p1]qm$+a1 [n-i—pz]qny—i—az) B ’
+’f< [m]qm + b1 ’ [n]Qn + 5o f($7y)

IN

(4|f ~dllow + cm,n||g|czu>) T (s V)

IN

4K2(f7 Cm,n) + w(fa wm,n)

M{“"Z(f; V Om,n) + min{L Cm,n}|f||C(1)} + w(f; d}m,n)~

IA

Hence, we get the desired result. O

3.2. Voronovskaja-type theorem

In this section, we obtain a Voronovskaja-type asymptotic theorem for the bivariate operators S,(ﬁi z@ﬁigﬁ 2)

Theorem 6 Let f € C%(I). Then we have

lim [n]y,, (S0000202) (f; qn, 2, y) — f(2,9))

= (on— B aley) + (oo — By (o) + TEE W oy gy T8y
uniformly in (z,y) € J.
Proof Let (z,y) € J. By Taylor’s theorem, we have
F(ts) = F@a)+ @ n)(t - o)+ fe)(s - 9) + 2ot = ) + 2o (e.0)(E - )5~ 1)
+Fyy(2,9)(s — 9)?} + et 552, 9)V/ (E— 2) + (s — y)4, (3.7)

for t,s € I, where e(t,s;x,y) € C(I) and €(t,s;z,y) — 0 as (¢,s) — (z,y). Applying Sr(fﬁflljgf’ﬁz)(f;qn,x,y)

on both sides of (3.7), we get
Siondno2 B2 (f(t, ) qnyw,y) = f(@,y) + fol, ) S (6= 2); gy ) + fy(2,9) 5252 (s = 4)i g v)
1 (03
+§{frz(xv y)ST(L7p11B1)((t - z)Z; dn, JC)
+2 oy (2,9) S0 025 (8 = 2)(5 = Y): s 2, y)
+ (@, 9) S35 (5 = 9)% 40, 9)}

ai1,f1,a2,6 . .
JrSr(L,ﬁ,pll,pgz 2)(5(tv 57,Y) \/(t - $)4 + (s — y)4, In, T, Y)- (3.8)
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By using Lemma 3, we may write

lim [n]y, (SS%30002%) (f5 g, w,y) — f(2,y))

n—oo

1w 00y )

5 2

= (o1 = B1x) fa(2,y) + (2 — B2y) fy(z,y) +

+ lim [n]g, S ptne ™) (et 52, 9)V/(t = 2) T+ (5 = )L gn, 2, y).

n—oo

Now, applying the Holder inequality, we have

St P2 (2(1 52, y) /(T — 2)3 T (5 — )5 4o 2, )

< S (et i, y) an, 2, ) YRS P (8 = 2)t 4 (5 — ) gy 2, y) 12
a1,B1,a2, 2 . 1/2 a, 4, ag, 4. 1/2
< A{SSpipr P (E (W sy, y)gn, 2, y) PSP (= 0) Y gn, 2) + SR (s — 1) s 4, )} 2.
(3.9)
Since 2(t,s;x,y) — 0 as (t,8) — (x,9), applying Theorem 2, we get
: a,pr,a2,B 2 . _
nli)rrolc Sr(L,ﬁ,pll,p; 2) (8 (ta 5, y)a T, y) - 07
uniformly in (x,y) € J.
Further, in view of (2.1) and (2.2),
1/2
[n}qn{sﬁf‘ﬁfﬁl)((t — 2)*; g, @) + S0 (s — y)4;qn,y)} =0(1), as n — ocouniformly in (z,y) € J.
Hence
nli_)n;o[n]q" S,(,(iﬁ;gjl’;zﬂ”(s(t, 8, Y) \/(t —z)*+ (s — )% qn, x,y) = 0, uniformly in (x,y) € J.
This completes the proof. O

4. Some approximation properties on the ¢g-GBS—Bernstein—Schurer—Stancu operator

Let By (A) denote all B-bounded functions on A C X x Y — R, equipped with the norm

Ifllp= "~ sup [Af[(Es);(z,y)]l.
(z,y),(t,s)eA
We denote by Cj (A) the space of all B-continuous functions on A. B (A),C (A) denote the space of all
bounded functions and the space of all continuous (in the usual sense) functions on A endowed with the
sup-norm ||| . It is known that C (A) C Cy (A) ([13], page 52).
A function f: A — R is called a B-differentiable (Bogel differentiable) function at (zg,yo) € A if the
limit
Afl(@,y); (zo, yo)]
(@.9) = (wow0) (= T0)(y — Yo)
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exists and is finite.
The limit is said to be the B-differential of f at the point (z¢,yo) and is denoted by Dp(f;xo,y0) and

the space of all B-differentiable functions is denoted by Dy (A).
The mixed modulus of smoothness of f € Cy (A) is defined as

Wmized (f;§1>62) = SUP{|Af [(Ls),(m,y)]\ : |Qj _tl < 617 |y_8‘ < 52}7

for all (z,y),(t,s) € A and for any (d1,62) € (0,00) x (0,00) With wpigeq : [0,00) x [0,00) — R. The basic
properties of winizeq Were obtained by Badea et al. in [6] and [4], which are similar to the properties of the
usual modulus of continuity.

The mixed K -functional is introduced in [3, 14] for improving the measure of smoothness.

Now, for f € C,(I), we define the mixed K -functional by

Koized (fit1,t2) = qigfh {||f —g1— g2 —hll+t HDQB’Ong + o HD%ngH +tita HD%QhH }, (4.1)
91,92, oo o0 o0

where ¢, € CIQB’O,gg € C]OB’z, h € CJZB’2 and, for 0 <i,5 < 2,ng denotes the space of the functions f € C (1)
with continuous mixed partial derivatives D;7f, 0 < p <i,0 < ¢ < j. The partial derivatives are defined as
follows:

Ay f{[zo, 7] 590}

Dz 9 = _DLO ) ) = 1. ’
f(xo y(]) B (f Zo yO) :pi)r},vlo T — X9

and

Ay f{zo; [yo, yl}

D = D% (- — lim 2/ 1405190, J15

yf (x()yyo) B (f’$07y0) yLHylo Y — 0 B
where A f {[zo, z];50} = f(z,50) — f (z0,50) and Ay f {zo;[y0,yl} = f(x0.y) — f (z0,90) - The second order
partial derivatives are analogous to the ordinary derivatives. For example, the derivative of D, f (xo,yo) with

respect to the variable y at the point (zg,yo) is defined by

D Dm — DO,IDLO . =
Yy f(anyO) B B (f,1'07y0) Y—Yo Y—"%

Now let us define the Lipschitz class for B-continuous functions. For f € C} (I), the Lipschitz class
Lipps (€,7y) with &,y € (0,1] is defined by

Lipar (67) = { € Co (1) 5 IASI(ts): (eu)l| < M|t = s = g7 for (8.5) , (wy) € T }.

The next theorem gives the degree of approximation for the operators U,(,ff h’fﬁ’f;z -P2) by means of the

Lipschitz class of Bogel continuous functions.

Theorem 7 Let f € Lipy (€,7); then we have
1,P1,02,02 . 2 2
UlesBeaBe) (£ g, qn,2,y) — f (2,y)] < M&/25)/2,
for M >0, &~ €(0,1],
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Proof By the definition of the operator Uﬁi’j;’,ﬁll’,‘;j’ﬁ?) (f;9m,qn,2,y) and by linearity of the operator

Sﬁi‘,z@ﬁﬁ,‘;‘ﬁ?) given by (1.1), we can write
UStioos ™ (fitmo s wy) = ST (f (@,8) + [ (69) = £ (:9) 5 4ms Gns 3, 9)

= Sentieala) (f (. y) — Af[(t,8); (2, 9)]; Gms dns 2. Y)
= f ('1:7 y) Sﬁﬁ%ﬁ;;;z,ﬁz) (800; qm; Gn, T, y)

—Slentenb) (AF((t, 5); (2, 9)]; dms dn, 2, ) -

By the hypothesis, we get

Ueinoabo) (£ qu, qn,2,y) — f ()] < Slenmvezb2) (|AF((t,8); (2,9)]] 5 Gms @n, T, Y)
< MSELG ) (1t =l |s =yl s ams g2 y)

=  MSe1,P,a2,62) <|t _ x|§ Qo x) Se1,P1,a2,02) (s — y|“/ Sy Y) -

m,n,p1,P2 m,n,p1,p2
Now, using Hoélder’s inequality with u; =2/&,v1 =2/(2—-¢), and uy = 2/v,v2 =2/ (2 —7), we have

£/2
U(oc17,3170¢2,ﬂ2) (f’ Qm7 CZml”,y) _ f ($7y)‘ S M (S(Oél7ﬁ1702,62)(t _ SU)2, qm7m) S(Oﬂ,ﬂl,@mﬁz) (60; Qm7x)(2_€)/2

m,n,p1,P2 m,n,p1,pP2 m,n,p1,P2

XS(Oélﬁl»OCQ,Bz) ((S _ y)Q’ y)7/2 S(Oqﬁhag,ﬁz) (eO; Gn, y)(2_7)/2 .

m,n,p1,p2 m,n,p1,p2

Considering Lemma 1, we obtain the degree of local approximation for B-continuous functions belonging
to Lipas (€,7) - O

Theorem 8 Let the function f € Dy(I) with Dgf € B(I). Then, for each (z,y) € J, we have

a « C _ _
|U,S%}{5,11’,p§’ﬁ2)(f§Qm,(meay) _f(xay” < [ ]1/2[ ]1/2{||DBf||oo +wmixed(DBf; [m]q,,];/z[n]qnl/z)}'
m dm n dn

Proof Since f € Dy(I), we have the identity

Af[(t,s); (@ y)] =t —2)(s —y)Dpf(&,n), witha <{<t; y<n<s.
It is clear that
DBf(fan) = ADBf(fﬂ?) + DBf(fay) + DBf(fUﬂ?) - DBf(l.ay)

1310



SIDHARTH et al./Turk J Math

Since Dgf € B(I), by the above relations, we can write

S5z (t = 2) (s — y) D f (€,1); dms G 2. Y))|
< Sf(riln’gall’zzﬁﬁ(“*x”’s7yHADBf(€777)|;qm7qnaxay)

SISz (|t — zl|s = yl(1Dp f (& y)]

m,n,p1,P2

|Sr(r?%l,€)1l,%2”32)(Af[(t, 8); (2, 9)]s Gm Gny 2, Y)|

+|Dpf(x,n)| + D f(x,y)]); dm: @n, 2, y)

< Sl BiesB) (1t — g)|s — ylwmizea(DBf3 € — 2], 11 = Y1) m» s 2,

+3 ||Dp flloo SSL50S2 P ([t = 25 = Y5 G G 2, y).-
Since the mixed modulus of smoothness wy,;zeq is nondecreasing, we have

wmixed(DBf; |£7I|a|n7y|) S Wmi:ved(DBf; ‘t*’l,‘|,|5*y|)
(146, [t = 2[)(1+ 0, s = yl) wmized(DB f; 0ms 6n)-

N

Substituting in the above inequality, using the linearity of S,(,f‘ ngﬂgg’&) and applying the Cauchy—Schwarz

inequality we obtain

|U(a175711’;§7ﬂ2)(f§ s Gn> 2,y) = f(2,y)]

= |S{enBrea B Af((t, 5); (2, )] ms Gn, T, Y]

< 3D flloo VS (1 — 2)2(5 — )2 Qs G2, 9)
+<S§3z2r,%;"’2><|tx|sy|;qm,qn,z,y>
+0,, 1575?%’%1’“3’52)(@—90) |$ = Y15 Gms @n, T, Y)
o, L8022 (1 — ] (5 — )2 gon, s 2 Y)
O, 0 Sl en B2 (¢ — )2 (s — ) wed(DB f;0m, 6
m,n,p1,p2 l‘) (S y) anaQH7x7y) meced( Bf:0m, n)
< 3D fllao\/SERI D (t — 2)2(5 — 1) Gons G, 2. )

Wsmiafzz B)((t = 2)2(5 — 9)% G s 1Y)

oS (1~ )A(s — )2 g s 2 )

oS (1~ 2)2(s — )% g s 1)

+0,,18, LS Ban B (8 — 1) (5 = ¥)%; s s @, y))wmmed(DBf; S On).-

Y)
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It is observed that for (z,y),(t,s) € J and ,5 € {1,2}

SlenBoaB2) ((t — 2)% (s — ) o, Gn, ,y) = SCEPI((t = )% @y 2, 9) S22 (5 — )™ 5 4, 7, y).

(4.3)

Hence choosing 4, = H%/z, Op = [ ]11 7. and using Lemma 3, we get the required result. O
Mlgm Mlan

Example 3 In Figures 8 and 4, respectively, for m,n = 10, ay,as = 1,051,062 =2, p1,p2 =1 and for m,n =

5a; = 0.4, 5, = 0.7, ag = 0.5, B2 = 0.9, p1,p2 = 2, the comparison of convergence of the operators

S(Oélﬂhazﬁz)

morpps (3 Gms Gn, T,y) (green) and its GBS type operators UlenBraz,fa)

mopipz (f3Gms Gny @, y) (pink) to f(z,y) =
zsin (rz)y; (yellow) with ¢n = m/(m+1),q, = 1 — 1/y/n is illustrated. It is clearly seen that the operator

U,gff;;fﬁ:g;ﬁﬂ gives a better approzimation than the operator ST(,?}L’%I’,%E”BZ).

For the order of approzimation of the sequence {U&Of};ffl’;j’ﬁ?) (f)} to the functionf € Cy (I), we present

an estimate in terms of the mized K -functional given by (4.1).

WOR a = o MW

Figure 3 Figure 4

Theorem 9 Let Uﬁh’,’?ﬁ:gﬁ’ﬁ” be the GBS operator of Sﬁffﬁh’,ﬂ,}l’%i’ﬁz) given by (1.2). Then

USenBroe) (f . qnz,y) — f (x,y)) < 2K pized (f3 05, 02)
for each f € Cy(I).
Proof From Taylor’s formula for the function g; € C’JQB’O(I ), we get

t
91 (t,8) = g1 (x,y) + (t —2) D°g1 (2,y) + / (t —u) DF°g1 (u,y) du

x
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([13], page 67-69). Since the operator U,(,;f;;ﬁl;g;’ﬁ” is a linear operator

t

ULeLi:02:52) (g1 o, s 2, y) = g1 (@, y) + USELA-02.52) /(t —u) D3’ g1 (w,y) du; g, Gns 2,y |

T

and by the definition of U,Sff }L’fyll’;;’ﬁ 2)

oo 0252) (15 Qs G T, y) — 61 (2, y)‘

t
= Sﬁ%%{ggﬁz) / (t - U’) [D%O.gl (U, y) - Déogl (U, S)i| du7 dmsqn,T,Y

x

t
2,0 2,0 )
< Senbia i) /lt_ul‘DB g1 (u,y) — D g1 (u,S)‘du,qm,qn,x,y
xT
2,0 ,B1,02, 2,
< |DRa| stnis® (¢ -0 sam guy)
< [oials

Similarly, we can write

UL a2 ™) (023 Gy Gus2,9) — 92 (2,)|

IN

0,2 P10, 2
|03 92HOO Slee2 ) (s = )% gms o2,y )

IN

|Phe o

for go € CY* (I).
For h € 0123’2 (1),

h(t,s)=h(z,y)+ (t—2) D5°h(z,y) + (s —y) Dy h(z,y) + (t —x) (s — y) Dg'h (z,y)

t s

+/ (t —u) Déoh (u,y) du + / (s —v) D%Zh (z,v)dv

z Yy

+/(s—y)(t—u)D%’lh(u,y)du—l-/(t—x)(s—v)DéQh(w,v)dv

x y

t s

+/ / (t =) (s — v) D3 (u, v) dvdu.
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Taking into account the definition of the operator U,gff %’7{13711’7%5’[3 2) and by using

S22 (=) 3 Gy G 2, y) = 0, U525 (5 = ) 3 Gy @ 2, y) = 0, we get

t s
ULy o00282) (h; gy gy ,y) — h(2,y)| < |SSenBoe62) //(t —u) (s — v) DFE*h (u, v) dvdv; G, Gn, 2,y
z oy

t s
< 5’7(75:};5}1”‘;;’52) //(t—u) (s—v)D%&zh(u,v)dvdu Gy Gy Ty Y
c y
t s
< s ([ [ 1= ulls = ol [ D . 0)| dvdi g gy
Ty
1 H2,2 2 2
S L Nl (R M CEE I ARy
1
< —HD%’QhH 52 52,
4 oo

Therefore, for f € Cy (I), we obtain

Uy 52 (s G v y) = f (w,y)‘ < f-g—g2-h)(zy) + ‘(91 - Uﬁﬁz’,ﬁi’,‘;‘j’“’m) (m»y)‘

+

(92~ Uk 002) )|+ | (0~ Ul %00) 2|

+ ‘Ur(éf%’,gi’,??ﬁ”((f — 91— 92— h); qm, qmw,y)‘

1
< 20— g~ bl + ¢ [ D502
L1402 2 122 2 2
+ glokee] o g ok o
Taking the infimum over all g; € 012370, ge € 0103’2, h e 0?3’2, we obtain the desired result. a
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