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Abstract. In this paper, we define a new subclass of bi-univalent functions
involving g-difference operator in the open unit disk. For functions belonging
to this class, we obtain estimates on the first two Taylor-Maclaurin coeffi-
cients |az| and |as|.

1. Introduction and Preliminaries

Let A denote the class of functions of the form
o0
f(2) :z—&—Zanz", (1)
n=2

which are analytic in the open unit disk
A={z: zeCand |z| <1}.

The convolution or Hadamard product of two functions f,h € A is denoted by
[+ h and is defined as (f xh)(z) = 2+ > .-, anbp2", where f(z) is given by (1)
and h(z) =z + > o0 o bp2™.

An analytic function f is subordinate to an analytic function h, written
f(z) < h(z) (z € A), provided there is an analytic function w defined on A with
w(0) = 0 and |w(z)| < 1 satisfying f(z) = h(w(z)).

By 8 we shall denote the class of all functions in A which are univalent in A.
Some of the important and well-investigated subclasses of the univalent function
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class 8 include (for example) the class 8*(«) of starlike functions of order « in A
and the class () of convex functions of order « in A.

Ma and Minda [13] unified various subclasses of starlike functions and convex
functions which consist of functions f € A satisfying the subordinations

zf'(z) zf"(z)
f(z) f'(z)
respectively, here (and throughout this paper) ¢ with positive real part in the unit

disk A, ¢(0) =1, ¢/(0) > 0 and ¢ maps A onto a region starlike with respect to 1
and symmetric with respect to the real axis. Such a function has the form

< ¢(2) and 14 =< ¢(2), (2)

#(2) =1+ Byz + Baz? + B32® + ..., By > 0.
It is well known that every function f € § has an inverse f~!, defined by

FFUfE) =2 zel

and
FUT @) =, el <o), o) 2 7,
where
g(w) = fHw) = w — axw® + (2a3 — az)w® — (5a3 — Sasaz +ag)w* +.... (3)

A function f € A is said to be bi-univalent in A if both f and f~! are univalent
in A, in the sense that f~! has a univalent analytic continuation to A. Let X
denote the class of bi-univalent functions in A given by (1).

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type
if both f and f~! are respectively Ma-Minda starlike or convex. These classes are
denoted respectively by 8%(¢) and Kx ().

Now we recall here the notion of g-operator i.e. g¢-difference operator that
play vital role in the theory of hypergeometric series, quantum physics and in
the operator theory. The application of g-calculus was initiated by Jackson [8],
recently Kanas and Rdducanu [11] have used the fractional g-calculus operators in
investigations of certain classes of functions which are analytic in U.

Let 0 < ¢ < 1. For any non-negative integer n, the g-integer number n is
defined by

n

1 —
[n)g = 1_qq =l4+q+...4¢"",  [0],=0. (4)
In general, we will denote
7y = =L
q 1— q

for a non-integer number x. Also the g-number shifted factorial is defined by

[n]g! = [n]g[n —1]q... [2]4[1]q, [0]g!=1.

Clearly,

lim [n], =n and lim [n],! =nl.
q—1— q—1—
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For 0 < ¢ < 1, the Jackson’s ¢-derivative operator (or g-difference operator)
of a function f € A given by (1) defined as follows [8]

oS,
D) =4 (—q) for 270, (5)
1(0) for z =0,

Dyf(2) = f(2),
Dy f(2) :Dq(Dg%lf(z)) forme N={1,2,...}.
From (5), we have

z)=1+ Z[n]qanznfl, z €A,

where [n], is given by (4).
For a function h(z) = 2™ we obtain

Dyh(z) = Dy2z" = 2" = [n], 2"t

and
lim D,h(z) = lim ([n],z"!) =nz""t = K (2),

qg—1— qg—1—

where h' is the ordinary derivative.
Let t € R and n € N. The g-generalized Pochhammer symbol is defined by

(tinlq = [tlg[t + Lglt +2]¢... [t +n — 1]
and for ¢ > 0 the g-gamma function is defined by
L (t+1) = [t],Ty(2) and r,(1) =1

Using the g¢-difference operator, Kannas and Raducanu [11] defined the Rusche-
weyh g-differential operator as below. For f € A,

ROf(2) = f(2) * Fss1(z),  6>—1, z€ A, (6)
where
n+6> n_ - [6+1;n]q n
Fua(z —”nzz TR R D e )

We note that

. _ .z s .
B Fueae) = i RIC = 19 g

Making use of (6) and (7), we have

n+6 ",
—z-i-z 1)+5) n? z € A. (8)
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From (8), we note that
Rof(2) = f(2),
Réf(z) =2D,f(2),

Ry f(z) = il for m € N.
Also we have -
Dy(REF(2)) = 1+ 3 Oulg, B)an="", (9)
n=2
where
0, = 0,(q.0) = e Lalr 10 (10

[n—1]y!Ty(1+6)
For our study, we will use the short presentation

_ _ [24T4(2+6)
O2 = 02(q,0) = TT,040)

_ _ Blg g3 +9)
©3=03(0:9) = i1 17 T v o)

Recently there has been triggering interest to study bi-univalent function class
Y. and obtained non-sharp coefficient estimates on the first two coefficients |as| and
lag| of (1). But the coefficient problem for each of the following Taylor-Maclaurin
coefficients
lan], neN\{1,2,3}

is still an open problem (see [2, 3, 4, 12, 14, 18]). Many researchers (see [1, 7,9, 17])
have recently introduced and investigated several interesting subclasses of the bi-
univalent function class .

Motivated by the earlier work of Bulut [5], Deniz [6], Inayat Noor [10] and Sri-
vastava et al. [16], in the present paper we introduce new families of Bazilevi¢ func-
tions of complex order of the function class X, involving the operator Dq (RS f(2)),
and find estimates on the coefficients |az| and |as| for functions in the new subclass
of function class Y. Several related classes are also considered, and connection to
earlier known results are made.

DEFINITION 1.1
A function f € ¥ given by (1) is said to be in the class 8 (v, A, 9; ¢) if the following
conditions are satisfied:

1 Zl_A@q(Rgf(Z))
2 (S Y <99
and
1 w0l D, (Rog(w)
Cmgayr 1) <o

where z,w € A, v € C\ {0}, § > —1, A > 0 and the function g = f~! is given
by (3).
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REMARK 1.1
The following special cases of Definition 1.1 are worthy of note:

(i)

(i)

(iii)

A function f € ¥ given by (1) is said to be in the class 81(v,0,0;¢) =
8% (v, 0; ¢) if the following conditions are satisfied:

12Dy (R f(2))

e ) e
and

1 (wDy(Rg(w))

Tt 1) 0

where z,w € A, v € C\ {0}, § > —1 and the function g = f~! is given
by (3).

A function f € ¥ given by (1) is said to be in the class 81(v,1,0;¢) =
HI(v,6; ¢) if the following conditions are satisfied:

1+ %(vaq(ﬂzgf(z)) ~1) < (2)

and
14 %wq(ﬂzzg(w)) —1) < glw),

where z,w € A, v € C\ {0}, § > —1 and the function g = f~! is given
by (3).

If we set ¢(z) = ﬁgz, —1 < B < A <1, then the class 8(v,\,6;¢) =

82 (v, A, 6; A, B) which is defined as f € X,

LEDDUBSE) ) 1k d

(ROf(2))1=2 1+ Bz

e 1 w' "Dy (Ryg(w)) 1+ A
w ¢(Rog(w + Aw
b 5( (9329(10);1‘A - ) 1+ Buw’

where z,w € A, v € C\ {0}, § > —1, A > 0 and the function g = = is
given by (3).

If we set ¢(2) = H(llf;jﬁ)z, 0 < B < 1, then the class 8%(v,\,0;¢) =

81(v, A, d; B) which is defined as f € X,

21 AD (R f(2))
R[1 1(W -1)]>8

and

1wl D, (R g(w))
14— a 1

Rl1+ = ( (Rog(w))i )] > 5

where z,w € A, v € C\ {0}, d > —1, A > 0 and the function g = f~1 is

given by (3).
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On specializing the parameters A and §, one can state the various new sub-
classes of X.

2. Coefficient Bounds for the class 82 (7, A, d; ¢)

We begin by finding the estimates on the coefficients |az| and |ag| for functions
in the class 81 (v, A, d; ¢).
In order to derive our main results, we shall need the following lemma.

LEMMA 2.1 (see [15])
Ifp € P, then |px| < 2 for each k, where P is the family of all functions p analytic
in /N for which R(p(z)) > 0, where p(z) =1+ p12 + paz® + ... for z € A.

THEOREM 2.1
Let the function f(z) given by (1) be in the class 8% (v, \,d;¢). Then

lag| < \/g, (11)

N =2[v?B{(1+q)*(1+q+¢*),
D = |yBi[2(1 + ¢)*(A + ¢+ ¢*)O3 + (A — 1)(A +2¢)(1 + ¢ + ¢*)03]
—2(By — B)(A+q)*(L+ g+ ¢*)O3|

where

and

I’V\Bl(1+Q)>2 VIBi(1+ g+ ¢*) (12)

(A+q)©2 A+q+¢?)03

Proof. Let f € 81(y,),0;¢) and g = f~! be given by (3). Then there are analytic
functions u,v: A — A with u(0) = 0 = v(0), satisfying

jas| < (

272D (RO f (2
1+ 3 (St 1) = otule) (13)
and
12" 72Dy (Rig(w)) _

Define the functions p(z) and ¢(z) by

1+ u(z) 9
p(z) =7 —a(p) TPz RE
and ) ()
+v(z 2
q(2) 1—0(2) + @1z + g22” +
or, equivalently,
p(z) -1 1[ ( p%) 2 }
= = — — PPN 15
u(2) P+l 2 p1z + (2 5 )* + (15)
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and

v(z) ::%Izé[qlz—i—(qg—qj)zﬂ—k...]. (16)

Then p(z) and ¢(z) are analytic in A with p(0) = 1 = ¢(0). Since u,v: A — A,
the functions p(z) and ¢(z) have a positive real part in A, and |px| < 2 and |gx| < 2
for each k. Using (15) and (16) in (13) and (14) respectively, we have

1+§(W_1):¢(;[plz+(p2_pj)22+...}) a7

and

L () ) (s (- D)ot ]) o

In light of (8)—(10), from (17) and (18), it is evident that

1A+g¢q LA+q+q? A=1D(A+29) 5 o] o
71+q Tl gr e 2(1+¢2 27
1 1 2y 1
=1+ 531p12+ |:§Bl (pg — i) + 1B2p%:| 2’2 —+ ...
and
1A+g¢q I Aqg+¢?
1—77@aw+7[—7®a
y14+q T Tl gt
A+ q+q? A=1)(A+2q) 9\ 2] o
P e @) }
+( ltqg+q ° 2(1+q2 )Tt
1 1 2y 1
=1+ 5Biqw+ [531 <Q2 - é) + ZBZQ%}UF +...
which yields the following relations:
A+
ﬁ;’@zag S B, (19)
A q+q? A=1A+2q9) 5 5 7 pi 04 2
ETR SR L PP P A B
1+q+q > darqr 2Bl =) B (20)
A+
—?Z@zaz = %Blfh (21)
and
A+ q+q? A+ q+¢? A=1DA+29) 5\ »
T2 9sa3t+(2 293 502 )a;
l+q+q l+q+q 2(1+4q) (22)
2
(o) + ot

From (19) and (21), it follows that

pP1=—q (23)
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and n 2
+4q
87(1 ) ©3a3 = v*B (p + qi). (24)

Adding (20) and (22), we obtain

2 -1 2
(2/\+q+q , A-D(A+ q)@3>a§
1+q+q? (1+Q)2 (25)
B
= %(pz +q2) + %(Bz — By)(p} + qi)-
Using (24) in (25), we get
oMo
2 DO’

where

No=7*B{(1+ ¢’ (1+q+¢*)(p2 + q2),
Do = 2vB7[2(1 + ¢’ (A + ¢+ ¢*)O3 + (A — 1)(A +2¢)(1 + ¢ + ¢*)©3]
—4(By — B1)(A+¢)*(1 + g + ¢°)053.

Applying Lemma 2.1 for the coefficients ps and ¢o, we immediately have
|Cl2|2 < D’
where
N =2py’B{(1 +¢)*(1 + ¢+ ¢%),
D= |yBi2(1+)*(A + ¢+ ¢*)03 + (A = 1)(A +2¢)(1 + ¢ + ¢*) O3]
—2(B2 — Bi))(A +¢)*(1 + ¢ + ¢*)63].

This gives the bound on |as| as asserted in (11).
Next, in order to find the bound on |ag|, by subtracting (22) from (20), we get

A 2 A 2
2*‘174”2@3@3 _ 2+q7+q2@3a§
1+q+g¢q 1+q+q (26)
vB 1 vB
=5 (2 a2) — 50— qf)} + (07— af)-

Using (23) and (24) in (26), we get

_ B+ @)’ i+ aF) | vBil+a+a*)(p2 — a2)
8(\ + ¢q)203 4(A+qg+¢?)O3 '

(27)

Applying Lemma 2.1 once again for the coefficients p1,q1,p2 and g2, we readily
get (12). This completes the proof of Theorem 2.1.
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3. Corollaries and Consequences
By setting A = 0 in Theorem 2.1, we have the following Theorem.

THEOREM 3.1
Let the function f(z) given by (1) be in the class 8(v,0;$). Then

0] < V2B (1+q)2(1+q+¢?)
“\ avB2(1+q)203 — (14 ¢+ ¢?)O%] — (B2 — B1)g(1+ q + ¢*)©3]

and

|v|B1(1 + Q)>2 [[B1(1+q+q*)

<
las] < ( 405 q(1+q)Os

By setting A = 1 in Theorem 2.1, we have the following result.

THEOREM 3.2
Let the function f(z) given by (1) be in the class H2(v,d;¢). Then

< 217 PBY(1 + g
=\ WBER( + s + (1 +20)63] - 2(B. — B)(1 + 0763

and
B1\2 B
|7| 1) |’Y| 1

< .
jas| < ( o, 6.

By setting ¢(z) = iigi, —1 < B < A <1, in Theorem 2.1, we state the
following Theorem.

THEOREM 3.3
Let the function f(z) given by (1) be in the class 8L (v, \,0; A, B). Then

N
|a2| S T’
D

where
N =2*(A=B)*(1+¢)*(1+q+¢%),
D =y(A-B)2(1+q)*A+q+¢)Os + (A= 1)(A+2¢)(1 + q + ¢*) O3]
+2(B+1)(A+q)*(1 +q+ ¢*)03]

and

(A= B){ +q))2 (A= B)(1+qg+¢*)

<
ol < (e Tt )6

Further, by setting ¢(z) = %, 0 < 8 < 1 in Theorem 2.1 we get the
following result.
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THEOREM 3.4
Let the function f(z) given by (1) be in the class 8 (v, \,d; 3). Then

las] < 4|1 = B) (1 + @)% (1 + g+ ¢?)
PN R0+ 02+ g+ 6205+ (A= DA+ 29)(1 + ¢ + ¢2)O2|

an

|a\<(2|7|( B><1+q>>2 2ly|(1 = A1+ g+ ¢?)
o (A+9)O2 O +q+)0;

Concluding Remarks. By taking 6 = 0 and specializing the parameters A and ~,
various other interesting corollaries and consequences of our main results (which
are asserted by Theorem 2.1 above) can be derived easily hence we omit the details.
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