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1. Introduction

Let 4 be the class of functions f normalized by

f@=z+) a2, (1.1)

n=2
which are analytic in the open unit disk
U={z:z€ Cand|z| < 1}.

As usual, we denote by § the subclass of 4 consisting of functions which are also univalent in U.
A function f € + is said to be starlike of order «(0 < o < 1), if and only if

(H' (@)
ﬁt(f(z) ) >a (zel).

This function class is denoted by §*(«). We also write §*(0) =: $*, where §* denotes the class of functions f € 4 that
are starlike in U with respect to the origin.
A function f € + is said to be convex of order «(0 < @ < 1) if and only if

% (1 n fo((zz))) >a (zel).
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This class is denoted by X («). Further, X = X (0), the well-known standard class of convex functions. It is an established
fact that

feX@ < 2z €8 ().

Let M (X, @) be a subclass of 4 consisting of functions of the form that satisfy the condition

n ( 7@ ) >o, Z€A
(1 —=Mf @) + rzf'(2)

for some o and A where 0 < @ < 1and 0 < A < 1. The class M(A, o) was introduced by Altintas and Owa [1] and also
investigated very recently by Mostafa [2].

A function f € 4 is said to be in the class UCV of uniformly convex functions in U if and only if it has the property that,
for every circular arc § contained in the unit disk U, with center ¢ also in U, the image curve f (§) is a convex arc. The function
class UCY was introduced by Goodman [3].

Furthermore, we denote by k — UCV and k — 87, (0 < k < 00), two interesting subclasses of 8 consisting respectively
of functions which are k-uniformly convex and k-starlike in U. Namely, we have for 0 < k < oo

, zf"(z) zf"(z)
k — = 1 k )
k — UCV {fe{f h( +f/(z))> @ (ZGU)}
and
o ) f'@
k— 87 ._{feéé.fh<f(z)>>k @ 1,(ze[U)}.

The class k — UCV was introduced by Kanas and Wisniowska [4], where its geometric definition and connections with
the conic domains were considered. The class k — 87 was investigated in [5]. In fact, it is related to the class k — UCV by
means of the well-known Alexander equivalence between the usual classes of convex and starlike functions (see also the
work of Kanas and Srivastava [6] for further developments involving each of the classes k — UCV and k — 877). In particular,
when k = 1, we obtain

k—UCY =UCV and k— 8T = 48P,

where UCV and 4P are the familiar classes of uniformly convex functions and parabolic starlike functions in U respectively
(see for details, [3]). Indeed, by making use of a certain fractional calculus operator, Srivastava and Mishra [7] presented a
systematic and unified study of the classes UCV and 5.

Let us denote (see [4,5])

8 2
(arccos k) for0 <k < 1
w2(1 — k?)
Pty =12 fork =1 (12)
7 2
T fork > 1,

4VE 4 (k2 = 1) K2(0)

where t € (0, 1) is determined by k = cosh(w X' (t)/[4K (t)]), K is the Legendre’s complete Elliptic integral of the first
kind

1 dx
K(t) =
0 /(1 —x2)(1 —t2x2)

and X'(t) = K (+/1 — t2) is the complementary integral of K (t). Let £2; be a domain such that 1 € £2; and

I ={w=u+iv:* =K @u-1>+kv*}, 0=<k<oo.
The domain £2; is elliptic for k > 1, hyperbolic when 0 < k < 1, parabolic when k = 1, and a right half-plane when k = 0.
If p is an analytic function with p(0) = 1 which maps the unit disk U conformally onto the region £2, then P;(k) = p’(0).
P1(k) is strictly decreasing function of the variable k and it values are included in the interval (0, 2].

Let f € « be of the form (1.1). If f € k — UCV, then the following coefficient inequalities hold true (cf. [4]):

(P1(K))n—1
—

lan| < neN\({1}. (1.3)

Similarly, if f of the form (1.1) belongs to the class k — 87, then (cf., [5])

Py (k)
|an| < % neN\({1}. (14)
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A function f € + is said to be in the class R* (A, B), (t € C\ {0}, —1 < B < A < 1), if it satisfies the inequality
f'@) -1
(A—B)t —Blf'(z) — 1]

The class R* (A, B) was introduced earlier by Dixit and Pal [8]. Two of the many interesting subclasses of the class R (A, B)
are worthy of mention here. First of all, by setting

r=¢" cosn (—m/2<n<mj2), A=1-280<pB<1) and B=—1,

<1 (ze€l.

the class R* (A, B) reduces essentially to the class R, (8) introduced and studied by Ponnusamy and Renning [9], where
Ry(B) = {f € A RE"(f'@)—P)>0GFeU;—n/2<n<7/2,0<p<1D}.
Secondly, if we put
T=1, A= and B=—-80<pB<1),
we obtain the class of functions f € # satisfying the inequality
fl@ -1
flz)+1

which was studied by (among others) Padmanabhan [10] and Caplinger and Causey [11], (see the works of [12-15] also).
The Gaussian hypergeometric function F(a, b; c; z) given by

‘</3 (zeU,0<pB <1

o (@n(b)n
Fi(a,b;c;2) =F(a,b;c;2) = 2" (zel) (1.5)
o ; ©n(Dn

is the solution of the homogeneous hypergeometric differential equation

z(1—=2)w"(z) + [c — (a+ b+ Dz]w'(z) — abw(z) =0

and has rich applications in various fields such as conformal mappings, quasi conformal theory, continued fractions and so
on.
By the Gauss Summation theorem, we get,

i @n D)y _ I'(c —a—b)I"(c)
n=0 (C)n(l)n F(C - a)F(C - b)

Here, a, b, c are complex numbers such thatc £ 0, —1, —2, —3, ..., (a)g = 1 for a # 0, and for each positive integer n,
(@), =a(a+ 1)(@a+2)---(a+ n— 1) is the Pochhammer symbol. In the case ofc = —k,k = 0, 1,2, ...,F(a, b; c; z) is
defined if a = —j or b = —j where j < k. In this situation, F(a, b; c; z) becomes a polynomial of degree j with respect to z.
Results regarding F (a, b; c; z) when $h (c — a — b) is positive, zero or negative are abundant in the literature. In particular
when M (c —a—b) > 0, the function is bounded. The hypergeometric function F (a, b; c; z) has been studied extensively by
various authors and play an important role in Geometric Function Theory. It is useful in unifying various functions by giving
appropriate values to the parameters a, b and c. We refer to [16,12-14] and references therein for some important results.

For functions f € 4 given by (1.1)and g € + given by g(z) = z + Z,j“;z b,z", we define the Hadamard product (or
convolution) of f and g by

F(a,b;c; 1) =

forM(c—a—>b) > 0.

F*8)@ =2+ apbz", zeU. (1.6)

n=2

Forf € «, werecall the operator I , . (f) of Hohlov [17] which maps « into itself defined by means of Hadamard product

as
lob,c(F)(2) = zF(a, b; c; 2) * f (2). (1.7)
Therefore, for a function f defined by (1.1), we have
(a)n l(b)n 1
Iop,c(f)(2) = anz". (1.8)
’ Z (©n-1(Dn1
Using the integral representation,
r 1 dt
F(a,b;c;z) = __ro A —0) P ——— R() > Rb) > 0,

rb)Cc—b)J 11—tz
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we can write

c—b—lf(tz) t % z .

t (1—tz)®
When f(z) equals the convex function 1ZTZ then the operator I, j, - (f) in this case becomes zF (a, b; ¢; z).Ifa = 1,b = 146,
¢ =2+ 6 with R(6) > —1 then the convolution operator I, j . (f) turns into Bernardi operator

1+48 (!
B (2) = [lane (N]@) = / O (b)dt.

2 Jo

__ ro 1
[Iap,c(N1(2) = m/(; " (1-1)

Indeed, I 1 2(f) and I; ; 3(f) are known as Alexander and Libera operators, respectively.
To prove the main results, we need the following Lemmas.

Lemma 1 ([1]). A function f € 4 belongs to the class M(A, ) if

o0
D (n—ian—a+r)la] <1—a. (1.9)

n=2

Lemma 2 ([8]). If f € RT(A, B) is of form (1.1), then

|an| S(A—B)%, neN\({1}. (1.10)

The result is sharp.

In this paper, we estimate certain inclusion relations involving the classes k — UCV, k — 87 and M(}, «).
2. Main results

Theorem 1. Let a, b € C \ {0}. Also, let |a| # 1, b # 1 and c be a real number such that c > |a| 4+ |b| + 1. If f € R (A, B),
and if the inequality

re)yrc—jal—1|bl—1 a(A—1)
1—ra)c—la| — bl = 1) 4 — 22—
(e —laT( — [b] [( e = lal = 1P| )+<|a|—1>(|b|—1>]
1 c—1
1-— _ 1 r—1))——— 2.1
= “)<<A—B>|r|+ )+“( TR (21)

is satisfied, then I, p, . (f) € M(A, o).

Proof. Let f be of the form (1.1) belong to the class R* (A, B). By virtue of Lemma 1, it suffices to show that
(a)nfl (b)nfl
©n—1(Dn—1
Taking into account the inequality (1.10) and the relation |(a),—1| < (|a])n—1, we deduce that

(@n-1(b)n—1

Z(n —Aan —a + Aa)

n=2

<1-—oa. (2.2)

(o]

;(n—kogn—a+ka) man
s(A—B)IrI(l—Aa)ri: % A= B)tlal. — 1) 2('“('2)15':’1'))1
< (A= B)lel(1 - ha) i‘ Wt 4Byt = 1 2 el 011
= (1 - 2a)(A = B)[x| (F(lal. Ibl: c: 1) = 1)
+(A—B>|r|a<x—1)m <F(|a|—1,|b|-1;c-1;1)_w_1)

where we use the relation
(@n = a(@+ Dnp-1. (2.3)

The proof now follows by an application of Gauss summation theorem and (2.1). O
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For the choice of |b| = |a|, we have the following corollary.
Corollary 1. Let a € C \ {0}, and |a| # 1. Also, let c be a real number such that ¢ > 2|a| 4+ 1. If f € R (A, B), and if the
inequality
re)rc-—2lal —1
(I'(c — laD)?

[(1—xa)(c—2|a|—1>+ i 1)]
(a1

1 c—1
<(1—-w) (7@ B + 1) +a(h — 1)7(“1| 1y (2.4)
is satisfied, then Iy ||, c(f) € M(X, a).

Theorem 2. Let a, b € C \ {0}. Also, let c be a real number such that ¢ > |a| 4 |b| + 2. If f € & and if the inequality
() (c—lal —|b| — 1) [1 _ (1 — der)(a)a(b)a

I'(c —la)I"(c — [b]) (1 —oa)(c —la] — |b] = 2),
|ab|
<2(1—a) (2.5)
is satisfied, then I, p (f) € M(A, o).

Proof. Let f be of the form (1.1) belong to the class §. Applying the well known estimate for the coefficients of the functions
f € 4, due to de Branges [ 18], we need to show that

S (@n-1(b)n—1
;n(n_)\.an_a"—)\.a) m fl_a. (2.6)

Taking into account the inequality |(a),_1] < (|a|)n—1, we deduce that

S(a.b.c.x0) <Y (n(1—ra) + na(r — 1)) W
n=2 n— n—

writingn = (n — 1) + 1,and n*> = (n — 1)(n — 2) + 3(n — 1) + 2, we can rewrite the above term as
(laDn—1(IbDn-1
(C)n—l(l)n—l

e (aDn1(1BDn_1 (a1 (1Bt
3 -2\ — -1)— .
O e anz(” ) O (D )Z ©n1(Dn_s

Repeatedly using the relation given in (2.3),

S(@b,c,ha) < (1—ia) Y (n—1(n—2)
n=2

(@2(b)2 - 3 (IaDn-1(1bNn-1

S ,b» a)‘" - 1_)\
(a c a) < ( @) (©) — (©n-1(Dn-3

(lal)n—1(Ibn-1 (la)n—1(IbDn-1
(©n—1(Dn— )Z (©n—1(Dn—1 .

The inequality (2.6) now follows by applying Gauss summation theorem and (2.5). O

|lab|
3 -2\ —
+ ( o —a) — c ,1222:

Repeating the above reasoning for |b| = |a| we can improve the assertion of Theorem 2 as follows.

Corollary 2. Let a € C\ {0}. Also, let c be a real number such that ¢ > 2|a| + 2. If f € § and if the inequality

r©re-2a-1 (1 ha)((@2)° ja
(I'(c — la]))? [ BT Y 2lal — 2); @ 2ha - “)m(f = 2lal - 1)]
<2(1—a)

is satisfied, then Iq |q|, c(f) € M(X, @).

In the special case when b = 1, Theorem 2 immediately yields a result concerning the Carlson-Shaffer operator £(a, c)

(f) = Ia,1,c(f) (see [16]).



4484 S. Sivasubramanian et al. / Computers and Mathematics with Applications 62 (2011) 4479-4485

Corollary 3. Let a € C\ {0}. Also, let c be a real number such that ¢ > |a| + 3. If f € & and if the inequality

r()rc—lal —2) [ B 2(1 = rar)(a); G- 2 —a) |ab] (c—lal - 2)]
I'(c—lahprc—-1) (1—a)(c—la| = 3)2 c—lal -2
<2(1-oa,

is satisfied, then L(a, ¢)f € M(A, ).
Theorem 3. Let a, b € C \ {0}. Also, let c be a real number such that ¢ > |a| + |b| + Py and P; = P;(k) be given by (1.2). If
f ek —UCYV, forsome k (0 < k < 00), and the inequality

(1 —Aa) sK(lal, |bl, P15 ¢, 1; 1) + a(r — 1) sF(lal, |bl, P1;¢,2;1) <2(1 — ) (2.7)
is satisfied, then I, p (f) € M(A, @).
Proof. Let f given by (1.1) belong to k — UCV. By (1.9), to show I (f) € M(X, «), it is sufficient to prove that
(@n-1(b)n—1
— 0y
(C)nfl(])nfl

We will repeat the method of proving used in the proof of Theorem 1. Applying the estimates for the coefficients given by
(1.3), and making use of the relations (2.3) and |(a),| < (]a|),, we get

(a)nfl (b)n71 a
©n-1(Dny "
(a1 (1BDn_1(Pr)n

(C)n—l(l)n—l(l)n

. (JaDn 11BN+ (P s . (lal)n_1(bDa_1(Py)n_+

=(1—A A—1

D D NI I D Wi 7w rciw
= (1= ) [sFa(lal, bl Py c. 13 1) — 1]+ @ — 1) [Fa(lal. 1Bl Pric.2: 1) — 1] < 1—a

o0
Z(n —Aan —a + Aa)

n=2

<1-a. (2.8)

[e°]

Z(n—Aan—a+ka)

n=2

< > In(1 =) +a(r = )]

n=2

provided the condition (2.7) is satisfied. O

If |b| = |a|] we can rewrite the Theorem 3 as follows.
Corollary 4. Let a,b € C \ {0}. Also, let c be a real number such that ¢ > 2|a| 4+ P, and Py = Py(k) be given by (1.2). If
f ek—UCYV forsome k (0 < k < o0) and the inequality
(1 —=2a)3F(lal, lal, Pis ¢, 1; 1) +a(d — 1) 3F(lal, |al, P, 23 1) < 2(1 — a) (2.9)
is satisfied, then Iy |q), c(f) € M(A, @).
In the special case when b = 1, Theorem 3 immediately yields a result concerning the Carlson-Shaffer operator
L(a, o)) =1Ig1,c().
Corollary 5. Let a € C \ {0}. Also, let c be a real number such that ¢ > 1+ |a| + P; and P; = P;(k) be given by (1.2). If
f ek—UCYV forsomek (0 < k < o0) and the inequality
(1—=2a) sh(lal, 1,P;¢, L D) +a(d — 1) sF(lal, 1, P1;¢,2;1) <2(1 — ) (2.10)
is satisfied, then L(a, ¢)(f) € M(A, o).
Theorem 4. Let a, b € C \ {0}. Also, let c be a real number such that ¢ > |a| + |b| + Py + 1 and P; = P;(k) be given by (1.2).
If, for some k (0 < k < 00), f € k — 87, and the inequality

|ab|Py
c
is satisfied, then I, p, . (f) € M(A, @).

(1—2ra)

sF2(1+al, 1+ b, 14+ P13 14+ ¢,2:1) 4+ (1 — ) sF(lal, [b], Pyic, 15 1) = 2(1 — a) (2.11)
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Proof. Let f be given by (1.1) belong to k — 87 . Applying the estimates for the coefficients given by (1.4), and making use
of the relation (2.3) and |(a),| < (|a]),, we get
(@n-1(D)n—1
e g,
(C)n—l(l)n—l
(laDn—1(UBDn—1(P1)n-1
(C)nfl(l)nfl(l)nfl
> lab|P; (1 21+ b2 (1 + Py)p_ > _1(Ib])n=1(P1)n—
=(1—Aa)2 lab|Py (1 + |al)p—2(1 + [b)n—2(1 + P1)n—2 +(1—¢x)2(|a|)" 1(1bDn—1(P1)n—1
£ ¢ 1+ On2(Dns@)n 2 (Ot (Dt (D
|ab|Py
c

o0
Z(n —lan —a + ia)
n=2

<Y (1 = he) + et — 1]
n=2

=(1—ka) F(1+1al, 1+ [bl, 1+ Pi; 14¢,2; 1) + (1 —a) [sF(al, [b], Pr;c, 15 1) — 1]
3

<l—-«
provided the condition (2.11) is satisfied. O

For the choices of |b| = |a| and b = 1, we can deduce further corollaries of Theorem 4 and we omit the details involved.
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