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Experiments were carried out to observe the effect of a magnetic field and grid biasing voltage in presence of a plasma bubble in a magnetized, filamentary discharge
plasma system. A spherical mesh grid of 80% optical transparency was negatively
biased and introduced into the plasma for creating a plasma bubble. Diagnostics
via an electrical Langmuir probe and a hot emissive probe were extensively used
for scanning the plasma bubble. Plasma floating potential fluctuations were measured at three different positions of the plasma bubble. The instability in the pattern
showed the dynamic transition from periodic to chaotic for increasing magnetic
fields. Time scale analysis using continuous wavelet transform was carried out to
identify the presence of non-linearity from the contour plots. The mechanisms of the
low-frequency instabilities along with the transition to chaos could be qualitatively
explained. Non-linear techniques such as fast Fourier transform, phase space plot,
and recurrence plot were used to explore the dynamics of the system appearing during plasma fluctuations. In order to demonstrate the observed chaotic phenomena
in this study, characteristics of chaos such as the Lyapunov exponent were obtained
from experimental time series data. The experimentally observed potential structure
is confirmed with numerical analysis based on fluid hydrodynamics.
KEYWORDS
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1

INTRODUCTION

It is known that the shape and potential of a plasma sheath determine the energy and flux of the particles at the surface of system
boundary wall. Therefore, investigation of the sheath is very important from the perspective of practical applications in plasma
processing and fusion devices. Even though a sheath can be considered as a boundary layer of the plasma, it is not possible
to separate these two regions, i.e., the sheath and the plasma regions, uniquely. The boundary between the plasma and sheath
is more or less smeared. Thus the sheath thickness is the only concept that may be either found out experimentally or defined
theoretically. In general, an ion-rich sheath can be produced when a metallic electrode is immersed in the plasma, biasing it
more negatively with respect to the electron energy in the system, which can reflect almost all the electrons. Nevertheless,
when the sheath potential weakly retards the electrons, there must be a net electron flux across the sheath. In the case of a
strong ion sheath, the energy of ions at the sheath edge remains almost fixed, whereas for a weak ion sheath the ion energy
more or less depends on the applied sheath potential.[1] Inside the sheath, a strong electric field will be produced in order to
maintain the quasi-neutrality condition of the bulk plasma.[2,3] Many extensive studies have been carried out on the sheath
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and its characteristics theoretically,[4] using laboratory experiments,[5] and by computer simulations.[6] Stenzel et al.[7,8] have
carried out a detailed study on the instability of the sheath plasma resonance in the electron plasma frequency range. In this
scenario, the instability is excited as a result of the negative radio frequency sheath resistance associated with electron inertia.
Since the plasma instability and its consequences are usually observed in the fully developed non-linear state, a non-linear
theory is needed to explain the observations. These kinds of systems exhibit chaotic or periodic behaviour depending on the
controlling parameters such as the discharge voltage, grid biasing voltage, pressure, etc., and the transition from one state to
another takes place because of a change in any one of the parameters.[8–10] Qin et al.[11] have reported experimental observations
of deterministic chaos in an un-driven, steady-state plasma where period-doubling sequence and intermittency have been found
as two routes to the chaotic behaviour. Recurrence plot (RP) is one of the technique for the qualitative analysis of time series
signals and was introduced by Eckman et al.[12] RPs have commonly been used to graphically detect different patterns and
structural changes in time series data. RPs are graphical two-dimensional representations showing the instant of time at which a
phase space trajectory returns approximately to the same regions of the phase space. The number and duration of recurrences of
a dynamical system presented by its phase space trajectory can be quantified by recurrence-based diagnostics.[13] Experimental
investigations of the dynamical behaviour of glow discharge plasma oscillations in magnetized plasma have been carried out.[14]
By changing the external magnetic field with respect to the discharge voltage, the system indicates a gradual transition of plasma
oscillations that are chaotic, quasi-periodic, and finally periodic in nature.
We have attempted to understand the experimental observation of the accumulation of ions and the associated non-linear
behaviour influenced by a plasma bubble in a magnetized, filamentary discharge plasma. The plasma bubble is created by
inserting a spherical mesh grid into the chamber. Biasing the mesh grid produces a density gradient around it, thus forming
the plasma bubble. Further, we observed plasma floating potential fluctuations (FPFs) at every position of the bubble, giving
information on the accumulation of ions and their instabilities. Scanning the bubble at different positions leads to chaos through
quasi-periodic and periodic regimes. In order to predict the non-linearity present in the system, we have generated contour
plots using continuous wavelet transform (CWT). RP is a powerful tool for the visualization and analysis of dynamical systems
and reveals the transition of the systems. To exhibit the observed chaos in the experiments, characteristic of chaos, namely the
Lyapunov exponent (LE), is obtained using an experimental time series. Moreover, the presence of ions around the bubble and
the diffused electrons inside the bubble were studied in depth by measuring the plasma potential. It has been observed that very
highly energetic primary electrons enter into the bubble and also that the electron flux that penetrates the bubble purely depends
on the potential difference between the plasma potential outside the bubble and the negative grid bias. Hence, the potential
difference acts as a barrier for electrons and at the same time drives the ions. Therefore, an ion space charge layer is formed at
the edge of the bubble. Moreover, the observed accumulation of ions is then compared with numerical analysis results using
fluid hydrodynamics.

2
2.1

THEORY
Phase space plot

In order to observe the non-linear structure existing in any time series, the phase space description provides a powerful tool
for describing the behaviour of the time series in a geometric form. For real-time experiments, the observables are the successive
scalar measurements, and one has to reconstruct the phase space vectors from these scalar observables. This can be done through
the method of delay.
From a time series (x1 , x2 ,…, xN ), where N is the total number of points, an m-dimensional vector in the phase space can be
built by delay embedding[15] :
Xi = [xi , xi+1 , … , x(i+[m−1]𝜏) ]
(1)
The time difference (𝜏) between two consecutive components of the delay vectors in Equation (1) is presented as a lag or time
delay. The minimum embedding dimension (m) should be greater than 2DF for a good reconstruction of the delay vector, where
DF is the box counting dimension of the attractor. Therefore, estimating 𝜏 is very difficult, and the reconstructed dynamics
depends upon 𝜏. There are many rules to follow to choose a time delay. An accurate time delay can be chosen as 𝜏 = 1 – 1/e of
the autocorrelation of the initial value.[16] Subsequently, the reconstructed trajectory of the actual dynamics can be written as
X = (X 1 ; X 2 ;…; X M ), where M = N – (m – 1)𝜏.

2.2

Recurrence plot

Matching of the probable recurrences among all time instants for a given time series leads to a recurrence matrix whose graphical
representation is called the RP.[17] RP not only provides visual information but also serves for calculating several measures of
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complexity associated with the various small-scale recurrent structures. RP is based on the phase space reconstruction of the
dynamics of the dynamical system. In case only the scalar time series is available, the phase space can be constructed according
to Taken’s embedding theorem.[18] Using the time series X i , an embedding can be built to derive the phase space vector X i by
Y i = X i ; X i+𝜏 ; X i+(d–1)𝜏 , where d is the embedding dimension and 𝜏 is the time delay. The embedding parameters conserving
the topological property of the original phase space are estimated by the false nearest neighbour. A recurrence is said to occur
whenever a trajectory visits approximately the same region of the phase space.
RP is then a graphical representation of the square matrix
R𝑖𝑗 = H(𝜀–‖Yi –Yj ‖), i, j = 1, 2, … , N

(2)

where 𝜀 is a predetermined threshold, H is the Heaviside unit step function, and N is the total number of data points of the signal.
The axes in the graph represent the temporal extent to which the signal spans. A visual inspection of RP reveals small-scale
structures as single dots or diagonal, vertical, and horizontal lines.

2.3

Lyapunov exponent

A chaotic dynamical system is highly sensitive to initial conditions and shows an exponential divergence in the phase space. The
rate of divergence or convergence of nearby trajectories onto the attractor in various directions can be quantified by an exponent
called the LE. In order to calculate the LE, we have taken TISEAN Rosenstein program, which is very helpful for short data
lengths also. Let us consider an initial point x0 and its nearby point x0 + 𝛿 0 , where 𝛿 0 denotes the initial separation which is very
small. After n interactions, it becomes 𝛿 n , if |𝛿 n | ≈ |𝛿 0 |en𝜆 . Then 𝜆 is called the LE. A positive LE replicates the chaoticity of the
system.
If we take logarithms, we can get 𝛿 n = f n (x0 + 𝛿 0 – f n (x0 ), then the 𝜆 will be
1
ln|(f n )′ x0 |
(3)
n
where 𝜆 depends on x0 , and 𝜆 is the same for all x0 for the attractor. It is negative for stable, fixed points and positive for chaos.
𝜆=

3

EXPERIMENTAL S ET-UP

The experiment was carried out in a cylindrical stainless steel chamber of length 350 mm and diameter 400 mm, as shown
in Figure 1. A spherical mesh grid of diameter 120 mm is biased negatively and placed at the centre of the chamber which is
made of stainless steel and of 80% optical transparency. The plasma is produced by electron bombardment of neutral argon gas
of 1 × 10−3 mb by applying a dc voltage between the hot filament (cathode) and the chamber (anode). The primary electrons that
are emitted from the hot filament ionize the background gas. The magnetic field is produced by a Helmholtz coil wound around
the cylindrical chamber. The current passing through the Helmholtz coil can be increased up to 5 A. A uniform axial magnetic
field of up to 96 G is applied to confine the ions and electrons in the plasma system. The current and magnetic field show a linear
relationship, as illustrated in Figure 1b. An axially movable emissive probe tip of 0.125-mm-diameter tungsten wire, 5 mm in
length, is used to measure the plasma potential using the floating point method. The variation of the plasma potential detected
by the emissive probe provides information about the potential-well-like structure and penetration of the electrons through the
grid. A plane Langmuir probe of 2.0 mm diameter is used to scan the bubble and to detect the plasma density, temperature,
and FPFs.[19] The basic parameters such as plasma density and electron temperature are calculated using the current voltage
(I–V) characteristic of the Langmuir probe as the applied bias voltage V B is swept from negative to positive values. Further,
the time series corresponding to the FPF are collected from an oscilloscope, and the non-linear technique is used to evaluate
their dynamical behaviours. The system shows different dynamical transitions from period-doubling to chaos by changing the
external magnetic field.

4

RESULTS AND ANALYSIS

The dynamics of the plasma FPFs was observed by varying the position of the Langmuir probe in and around the spherical ball.
The external magnetic field provided was 23, 41, 77, 89, and 96 G with a discharge voltage of 80 V and biasing voltage of the
spherical ball of −200 V. In this particular experiment, the magnetic field is the control parameter.
The reason for the increase in ion density is that, under the negatively biased condition, the mesh grid (biased negatively)
develops a negative potential, and hence it draws more ions and, consequently, the ion density at that particular region increases.
The magnetic lines of force near the cathode surface trap the electrons, which gyrate around magnetic field and migrate back

MEGALINGAM ET

4 of 14

AL .

(a) Schematic diagram of the whole experimental set-up with
position P1 = −1.5 cm, P2 = 1 cm, and P3 = 6 cm. (b) Calibration curve for the
current passing through the Helmholtz coil versus the produced magnetic field

FIGURE 1

and forth along these lines of forces. Therefore, because of this magnetic field, confinement of electrons takes place, resulting
in the enhancement in the ionization due to the more number of collisions. An increase in the ionization also increases the
strength of the fluctuations. The chaotic nature is attributed to the fact that, as the magnetic field increases, a potential well
structure is formed inside the plasma bubble, and hence the trapped particles inside the well cause the onset of chaos in the FPF
due to inter-particle interactions. Thus, in our study, since the cathode surface is near the magnetic coils, trapping of electrons
will be more because of the higher density of magnetic lines of force, thereby enhancing the ionization in the particular regime.
In this study, at a constant discharge voltage, the magnetic field is varied from 23 to 96 G, and various types of transitions are
observed at three different positions in and around the spherical ball i.e., at −1.5, 1, and 6 cm. Figure 2a gives the FPF captured
at P = −1.5 cm, which is outside the spherical ball, with the discharge voltage constant, and the system moves to a quasi-periodic
state from the periodic state on enhancing the magnetic field from 23 to 96 G, as it is away from the ion regime, whereas Figure 3a
gives the FPF collected at P = 1 cm, which is adjacent to the ion regime. We observe a change in the dynamical system as it
transits from periodic to chaotic for increasing magnetic fields. Also, Figure 4a gives the FPF taken at P = 6 cm, which is the
centre of the mesh grid where only diffused plasma is present. Thus the dynamics has moved from periodic to quasi-periodic
with respect to the magnetic field. The evaluation of the dynamics of the route to quasi-periodic and chaotic is mainly done with
the help of RPs, the LE, and their potential structure, which gives the evidence of the ion regime around the plasma bubble.

4.1

Time series analysis

Depending on the experimental conditions, FPFs appear in a variety of wave forms and contour plots. All the signals exhibit
different types of pattern, which correspond to the control parameters, i.e., magnetic field and the position of the probe, as shown
in Figures 2a, 3a, and 4a.
Figure 2a(a1 –e1 ) illustrates the signals of the FPFs obtained at P = −1.5 cm, which is outside the plasma bubble. It is seen
that at B = 23 G, a clear pattern of three periods exists in the time series, as illustrated in Figure 2a(a1 ). As the magnetic field is
raised to B = 41 G, four periods in the fluctuations are initiated. Furthermore, when B = 77 G, a pattern of quasi-periodic nature
is seen, which remains constant till 96 G, as shown in Figure 2a(c1 –e1 ).
Figure 3a(a1 –e1 ) illustrates the signals of the FPFs obtained at P = 1 cm, which is inside the plasma bubble. It is seen that the
FPF is initiated with three periods of oscillations, as shown in Figure 3a(a1 ), for B = 23 G. When the magnetic field is raised to
41 G, quasi-periodic fluctuations are observed, as seen in Figure 3a(c1 ). It is observed that, with the increase of the magnetic
field B, plasma oscillations also change. On further increasing the magnetic field up to 96 G, the same nature of quasi-periodicity
is observed as in Figure 3a(e1 ).
Figure 4a(a1 –e1 ) shows the signals of FPFs obtained at P = 6 cm, which is exactly the centre of the plasma bubble. It c that
then be seen that the fluctuations start with three periods, as presented in Figure 4a(a1 ), for B = 23 G. Further, as B is increased,
the dynamics slowly changes to relaxation oscillations when B = 41 G. It is also observed that the fluctuations gradually move
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(a) Floating potential fluctuations for different magnetic fields: (a1 ) 23 G, (b1 ) 41 G, (c1 ) 77 G, (d1 ) 89 G, and (e1 ) 96 G, for the position
P = −1.5 cm. (b) Contour plots of floating potential fluctuations for different magnetic fields: (a2 ) 23 G, (b2 ) 41 G, (c2 ) 77 G, (d2 ) 89 G, and (e2 ) 96 G, for the
position P = −1.5 cm

FIGURE 2

to quasi-periodic for a higher magnetic field of B = 96 G. The transition of the dynamics can be seen in the CWT contour
plots.

4.2

CWT-based Analysis of the fluctuations

A wavelet function is described by a translation parameter (a) and a scale parameter (s). The wavelet transform of a signal
decomposes it into its components depending upon both the position and the scale. Therefore, the wavelet transform of a time
series is localized both in the time and frequency domains.[20] CWT is used to decompose a signal using wavelets, which means
converting it into small oscillations that are highly localized in time. For a signal ∅(t), it is defined as[21]
W𝜓 (a, 𝜏) =

∫

∅t 𝜓a (t − 𝜏)𝑑𝑡

(4)

where ∅(t) is the signal and 𝜓 a (t) is an oscillating function that decays rapidly with time and termed the wavelet. The parameter
a is the scale, and 𝜏 is the temporal propagation parameter. The scale a can be considered as the inverse of frequency, and so
the frequency (F a ) corresponding to a scale a can be estimated for a particular wavelet using the relation F a = F c /aΔ, where
F c is the centre frequency of the analysing wavelet and Δ is the sampling period of the signal. So it can be concluded that a
signal can be decomposed in the time–scale plane or time–frequency plane using above scale–frequency relation. In this study,
we have used the time–scale decomposition using the mother wavelet to detect the singularities present in the raw time series
since it provides a good balance between time and frequency localization, uses few coefficients, and is a good representation of
low-order polynomials.[15] Wavelets are highly useful in detecting abrupt changes, discontinuity, or singularity present in any
signal. The abrupt changes in a signal can also produce relatively large wavelet coefficients. In this work, we have used the
time–scale decomposition using the Morlet wavelet to find out the singularities or abrupt changes in the time series signals, as
it has a slight asymmetric structure and can be easily found out from the wavelet coefficients.
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(a) Floating potential fluctuations for different magnetic fields: (a1 ) 23 G, (b1 ) 41 G, (c1 ) 77 G, (d1 ) 89 G, and (e1 ) 96 G, for the position
P = 1 cm. (b) Contour plots of floating potential fluctuations for different magnetic fields: (a2 ) 23 G, (b2 ) 41 G, (c2 ) 77 G, (d2 ) 89 G, and (e2 ) 96 G, for the
position P = 1 cm
FIGURE 3

Figure 2b(a2 –e2 ) shows the contours of W(a,𝜏) for the signals shown in Figure 2a(a1 –e1 ) in the time–scale plane. It is seen
that the FPFs go through different kinds of behaviour with increasing B. Compared to the raw time series signal, changes are
much clearer in the CWT contour plots shown in Figure 2b(a2 –e2 ). The time responses associated with the wavelet map reveals
that wavelet analysis gives information that can be directly compared with the properties of the dynamical system. The scale
shift with time signifies the presence of non-linearity in the system.[22]
Three periods of the fluctuating oscillations of Figure 2a(a1 ) are very prominent from the three rows of contours of
Figure 2b(a2 ) for B = 23 G. The dark and light colours present in the contours represent high and low coefficient values. Further, it is seen that three contour rows merge into two rows, with high coefficients values representing the observed four peaks,
as shown in Figure 2b(b2 ). As the system goes to quasi-periodic, we can clearly see the abrupt changes from the small wavelet
coefficients appearing in the second row of the contours, as seen in Figure 2b(c2 ) for B = 77 G. Though the raw time series
fluctuations given in Figure 2a(c1 ) are periodic in nature, hidden features has been brought out by the CWT contour plots.
Figure 2b(e2 ) shows the FPF for B = 96 G, where we see that the contours disappear in the bottom when compared to Figure
2b(d2 ), which indicates the non-linearity of the system .[23] Therefore, it is clear that the dynamics of the system is turning into
quasi-periodic from periodic.
Figure 3b(a2 –e2 ) shows the contour plots for the fluctuations obtained at P = 1 cm, which is inside the plasma bubble.
Figure 3b(a2 ) shows three periods of oscillations for B = 23 G, which is well disposed in Figure 3a(a1 ). It is seen that the contours become two rows with scale shift and high coefficient values replicating the presence of non-linearity in the system, as
shown in Figure 3b(b2 ), i.e., the dynamics of the system shifts to quasi-periodicity. Further, when B = 77–96 G, the system
reveals that that quasi-periodic nature is present, as shown in Figure 3b(c2 –f2 ).
Figure 4b(a2 ) clearly shows three periods when B = 23 G at the position of 6 cm in the bubble. The undulating pattern of
contours in Figure 4b(a2 –b2 ) is due to the shift in the scale, showing that the non-linearity increases, and it clearly demonstrates
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(a) Floating potential fluctuations for different magnetic fields: (a1 ) 23 G, (b1 ) 41 G, (c1 ) 77 G, (d1 ) 89 G, and (e1 ) 96 G, for the position
P = 6 cm. (b) Contour plots of floating potential fluctuations for different magnetic fields: (a2 ) 23 G, (b2 ) 41 G, (c2 ) 77 G, (d2 ) 89 G, and (e2 ) 96 G, for the
position P = 6 cm
FIGURE 4

relaxation oscillations. Figure 4b(c2 –d2 ) gives a clear picture where the system leads to quasi-periodicity. As B increases to 96 G,
again we find a shift in the scale, pictorially expressing the presence of non-linearity, and it tends to complete quasi-periodicity.
CWT-based contour plots are important because they can used to detect the non-linear nature of the system, which is very
essential for non-linear time series analysis.

4.3

Power spectral analysis

Generally, power spectral analysis gives preliminary information about the nature of non-linear phenomena that develop in real
plasma systems with respect to the control parameters. Therefore, we explore how the various frequencies of the FPFs give
rise to the resultant quasi-periodic and chaotic phenomena. Figure 5a1 –e1 demonstrates the power spectral analysis of the raw
data collected from position P = −1.5 cm. Figure 5a1 shows three periods with frequencies 110, 210, and 310 Hz with small
peaks, which clearly replicates the results of the time series. Further, for higher magnetic fields of B = 41–76 G, several peaks
are observed ranging from 110 to 610 Hz with various amplitude ranges. Figure 5d1 initiates the nature of quasi-periodicity by
showing more peaks, and Figure 5e1 gives the impression that confirms the presence of quasi-periodicity in the FPFs. Therefore,
it is clear that the dynamics of plasma fluctuations is moving to quasi-periodicity from periodicity with increasing magnetic
field.
Figure 5a2 –e2 depicts the power spectrum of FPF for the position P = 1 cm, which is near the edge of the bubble. Figure 5a2
shows three periods with small peaks with frequencies 110, 210, and 410 Hz. Further, for B = 41 and 77 G, we observe more
number of peaks, with the dominant frequencies of 210 and 410 Hz, reflecting the initial stage of the quasi-periodic nature. For
higher magnetic fields, it is clearly seen that the system is shifting to chaotic, as illustrated in Figures 5d2 and 5(e2 ).
Figure 5a3 –e3 illustrates the power spectrum for the position P = 6 cm, where the signal displays frequencies with amplitudes
less than 30 (arb. unit) with the increase in the magnetic field. It is understood that at the centre of the bubble, only diffused
plasma exists. Therefore, the power of the signal seems to be poor at this regime. Figure 5a3 indicates three peaks of frequency
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FIGURE 5 Power spectra of floating potential fluctuations for the position P = −1.5 cm (a1 –e1 ), P = 1 cm (a2 –e2 ), and P = 6 cm (a3 –e3 ) at different values
of magnetic fields: (a) 23 G, (b) 41 G, (c) 77 G, (d) 89 G, and (e) 96 G

110, 210, and 410 Hz. More number of peaks are present at B = 47 G, ranging from 110 to 710 Hz and with different amplitudes,
as illustrated in Figure 5b3 . Figure 5d3 initiates the quasi-periodic nature of the fluctuations, and Figure 5e3 gives an impression
of a burst of frequency, which clearly shows that the dynamics of the system is moving to quasi-periodicity. Therefore, we
conclude that, as the controlling parameter changes, the dynamics of the system changes from periodic to chaotic through
quasi-periodicity.

4.4

Phase space plot

The phase space plot (PSP) of plasma oscillations are shown in Figure 6a1 –e1 , which are observed at the position P = −1.5 cm.
At B = 23 G, three loops of the periodic attractor are observed in Figure 6a1 . As the magnetic field increases, breaking of periodic
oscillations leads to the quasi-periodic fluctuations, as shown in Figure 6b1 . On further increasing the magnetic field from 77
to 96 G, a clear pattern of quasi-periodicity can be noticed in Figure 6e1 . The PSPs of the plasma oscillations are shown in
Figure 6a2 –e2 , which are observed at the position P = 1 cm. Figure 6a2 indicates three loops of plasma oscillations, agreeing
with the earlier analysis. As the magnetic field increases to 23 G, more loops are found. Further, the quasi-periodic attractor
has been initiated for B = 41 G, then for higher magnetic fields around B = 96 G, and the system leads to complete chaoticity,
as shown in Figure 6e2 .
The PSPs of plasma oscillations are depicted in Figure 6a3 –e3 , which are observed at the position P = 6 cm. At B = 23 G,
more loops are formed, and then it leads to relaxation oscillations for B = 41 G. For still higher magnetic fields, the system turns
quasi-periodic in nature, as depicted in Figure 6d3 –e3 . Thus, these PSPs illustrate the dynamics of the system passing through
various states to attain chaotic nature with respect to the magnetic field.

5

RECURRENCE PLOT OF PLASMA OSCILLATIONS

Figures 7–9 show the RPs of FPFs for different positions and different magnetic fields. Similar to phase space and other analyses,
Figure 7a,b shows non-interrupted diagonal lines, reflecting the periodicity of the system for B = 23 and 41 G. On further
increasing B to 77 G, it shows interrupted diagonal lines, which signal the initiation of quasi-periodicity of the signal. At higher
magnetic fields, from B = 89 to 96 G, the oscillations are quasi-periodic in nature. The distance between the diagonal lines
observed with the variation of B directly interprets that the frequency of oscillation is changing with different magnetic fields.
Figure 8a illustrates clear diagonal lines which reflect the periodicity of the dynamical system, whereas Figure 8b has stronger
diagonal lines, demonstrating that the number of periods has increased as the magnetic field is increased to B = 41 G. It is
seen that the periodicity is flouting when B = 77 G, which shows the beginning of quasi-periodicity of the system. Further,
Figure 8d shows discontinuous diagonal lines at B = 89 and 96 G, showing that the plasma oscillations are chaotic for these
control parameters.
Figure 9a shows strong diagonal lines, indicating the presence of periodicity in the fluctuations for B = 23 G. At B = 41 G, it
shows long diagonal lines, with the dotted line indicating the presence of more periods in the signal, as shown in Figure 9b.
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Phase space plot for the position
P = −1.5 cm, P = 0.5 cm, and P = 6 cm for
different values of magnetic fields: (a) 23 G,
(b) 41 G, (c) 77 G, (d) 89 G, and (e) 96 G
FIGURE 6

As has been observed from the distribution of diagonal lines in the RP, it is seen that with increasing B, the plasma oscillation
is entering the relaxation mode, resulting in the interrupted diagonal lines with dark dots shown in Figure 9c. Figure 9d,e shows
the complete dotted line, indicating that the system moves towards the onset of chaos for B = 89 to 96 G. Moreover, the evolution
of the non-linearity of the dynamical system with variation in control parameters can be understood by analysing some of
the system properties, such as the LE. In order to find out the periodicity, chaoticity, etc. of the time series, it is essential to
approximate the LE.

6

CHARACTERISTICS OF CHAOTIC BEHAVIOUR—LARGEST LE

In Figure 10, we see the LEs for different magnetic fields. At P = −1.5 cm, the LE value is 0.1465 for B = 23 G and 0.1816 for
B = 96 G. It reflects obvious changes with respect to the magnetic field. This pattern clears depicts changes in the dynamical
system, i.e., periodic to quasi-periodic. With the increase of B, an apparent jump of LE is noticed for the position 1 cm; for the
low magnetic field it is 0.1528 and for the high magnetic field it is 0.1993. The values of LE gradually increase, indicating the
transition, which explains that the chaoticity of the system is increasing. Further, at P = 6 cm, it shows that the transition has
taken place and that it has moved from periodic to quasi-periodic. The calculated values are 0.1468 for B = 23G and 0.1669
for B = 96 G. Therefore, the plasma as a dynamic system shifts from periodic to quasi-periodic and also to chaotic for this
experimental condition.

7

POTENTIAL STRUCTURE OF THE BUBBLE

The main objective of our experiment was to find out the root cause of the dynamical behaviour of the system. As the spherical
mesh grid is biased negatively at −200 V, the ions are accelerated towards it, and further the electrons can travel near the grid
due to its low mass. Thus, the positive charge of the ions surrounds the bubble. Using the movable emissive probe, the important
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Recurrence plot for floating
potential fluctuation at P = −1.5 cm for various
magnetic fields: (a) 23 G, (b) 41 G, (c) 77 G, (d)
89 G, and (e) 96 G, with grid biasing –200 V

FIGURE 7

Recurrence plot for floating
potential fluctuation at P = 1 cm for various
magnetic fields: (a) 23 G, (b) 41 G, (c) 77 G, (d)
89 G, and (e) 96 G, with grid biasing –200 V
FIGURE 8

parameters such as the plasma potential have been measured from the outside to the inside of the bubble. Figure 11 shows the
radial measurement of the plasma potential in and around the plasma bubble in the presence of different magnetic fields. The
figure shows that the origin at 0 in the x-axis is located at the grid and the x-direction is pointed into the bubble. The plasma
potential V Φ develops near the grid. It can be observed that there is a steep drop in the plasma potential inside the plasma
bubble. We have observed the accumulation of ions at the edge of the mesh grid in the potential structure shown in Figure 11.
The plasma bubble shows −0.2595 V plasma potential at P = 1.2 cm for B = 96 G, revealing the presence of ions whose FPF is
chaotic. Therefore, the more ionized regime may have a different characterization of the plasma compared to the bulk plasma
regime. Hence, we conclude that the interactions among the oscillations in these two regions are possibly responsible for the
observed non-linear phenomena. Further, at P = −1.7 cm, i.e., outside of the bubble, −12.28 V for B = 96 G, which explains the
less effect of the ions as they are away from the ion regime, and it has quasi-periodicity. An interesting feature has been observed
at the position P = 4.7 cm: a sudden drop in the potential of −15.74 V for a higher magnetic field B = 96 G. At P = 6 cm, we
have observed a fall in the plasma potential, which can be attributed to the increase in the number of electron–neutral collisions,
where electrons are trapped by the potential barrier generated by the negatively biased grid. Here we have observed the plasma
potential as −11.81 V for B = 23 G, where the nature the fluctuation is periodic. As the magnetic field increased to 96 G, the
plasma potential is −16.36 V, which explains why the trapping of electrons inside the mesh grid is more, and one can see the
onset of chaos in the FPFs. The observed plasma inside the plasma bubble may be due to two reasons: plasma that can leak
through the spherical grid, and the plasma locally produced by the primary electrons.[24] In presence of a negatively biased
grid (–200 V), the electrons in the plasma being of low energy cannot break through the grid, and only very highly energetic
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Recurrence plot for floating potential
fluctuation at P = 6 cm for various magnetic fields: (a)
23 G, (b) 41 G, (c) 77 G, (d) 89 G, and (e) 96 G, with
grid biasing –200 V

FIGURE 9

FIGURE 10 Variation of Lyapunov exponent with various magnetic fields [G] for
positions P = −1.5 cm, P = 1 cm, and P = 6 cm

FIGURE 11

Axial plasma potential profile in and around the plasma bubble

primary electrons can go into the spherical grid. The electron flux, which goes into the plasma bubble from outside, is mainly
dependent on the potential difference that exists between the outside of the bubble and the negative grid bias voltage.[25] Ions
will develop an ion space charge layer in front of the negative grid, which is at position P = 1.2 cm. In this experiment, we have
kept the negative potential constant and studied the effect of the negative grid bias voltage on plasma parameters such as plasma
potential and plasma FPFs both outside and inside the plasma bubble.
8

THEORETICAL STUDIES

To ascertain the experimental observation of the accumulation of ions, we have made a theoretical model based on fluid
equations for understanding more about the ion dynamics in the presence of an oblique magnetic field. There is a vast literature
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(a) Schematic of magnetic sheath
problem. B is on zy-plane. (b) Electric potential
(𝜂 ) profile for 𝛼 = 90◦

FIGURE 12

available related to this problem.[26,27] Subsequent to a literature review, the studies can be summarized as follows. Chodura[28]
predicted that the total potential drop is completely independent of the angle of inclination (𝛼). Holland et al.[29] kept 𝛼 within
the range 0◦ ≤ 𝛼 ≤ 9◦ and the system length LD in the range of rci ≤ LD ≤ rce , where rci represents the ion cyclotron radius and
rce represents the electron cyclotron radius. They observed that the wall potential is transferred from positive to negative in
the presence of E × B drift in the bulk plasma towards the wall for a very small inclination angle. For oblique incidence, the
angle 𝛼 between the magnetic field and the surface is larger than 10◦ and the wall potential can be taken as floating and weakly
dependant on 𝛼. In this context, we have applied an oblique magnetic field in our system and also numerically solved Poisson’s
equations and continuity equations in order to understand the dynamics of the ions. This exercise is interesting because it can
throw some light into the physics of different dynamical phenomena caused by ions in presence of a magnetic field. This model
has been taken as the plasma in contact with a surface along the z-axis. The surface is supposed to attract all the incoming particles. It is also assumed that the physical parameters vary only along the perpendicular direction (y-direction) to the surface.
All these assumptions are well known from earlier studies.[30,31]
In our study, the wall of the chamber is on the right-hand side and the ion accumulation is on the left-hand side. An external
magnetic field is applied perpendicular to the xz-plane, which is at 90◦ to the x-axis, and 𝛼 is the angle between B and the wall
of the chamber. The schematic of the magnetic sheath problem is illustrated in Figure 12a. The ions are expressed by fluid
equations, and the electrons are considered to be strongly magnetized. Their guiding centres have also been taken care of, which
follow the magnetic field lines all the way to the wall. Therefore, the electrons are expressed by the Boltzmann distribution.
The continuity equation for the ions is as follows:
𝜕
(ni vz ) = Si
𝜕z

(5)

d∅
= e(ne − ni )∕𝜀0
dz2

(6)

where Si is the ion source term.
The Poisson equation for electrons is written as

where ne is the electron density, ni is the ion density, 𝜀0 is the permittivity of free space, mi is the ion mass, ni is the ion density,
ne is the electron density, n0 is the equilibrium density, e is the elementary charge, and ∅ is the potential.
The parameters used to normalize in this work are as follows:
𝜂=

n
n
e∅
z
, 𝜉=
, Ni = i , Ne = e
Te
𝜆D
n0
n0.

√
𝜀0 kTe
where 𝜆D =
is the electron Debye length, 𝜂 is the normalized potential, 𝜉 is the normalized distance, and N i and N e are
n0 e2
the normalized ion density and electron density, respectively.
In this study, the electric field is considered along the y-direction, the ions are deliberated to shift towards the wall under the
effect of the external magnetic field, and the external grid bias is V g . Figure 12b shows the evolution of the electric potential
along the y-direction. Thus it can be concluded that ions are present around the bubble from this model, and it supports the
experimentally observed potential structure.
Figure 13a,b shows the progress of the ion and electron density in the presence of the magnetic field. It is seen that the density
plot also gives information of the ions and electrons for 𝛼 = 90◦ . Figure 13a shows that the ion peaks gradually extend since the
spherical mesh grid is negatively biased. Furthermore, B and E are nearly parallel to each other, and therefore the ions have been
moved with increasing velocity along the x-direction. Similarly, Figure 13b shows that the electron density is slowly decreasing
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z/λD X axis is y/λD

z/λD X axis is y/λD

Density distribution of (a) ions and (b) electrons in the presence
of a magnetic field

FIGURE 13

from the edge of the bubble. It clearly reflects that the ions are dominating around the bubble. Therefore it can be concluded
that the presence of the ion is due to the negatively biased mesh grid.

9

CONCLUSION

In this study, we carried out experimental investigations to study the accumulation of ions and diffused electrons along with the
associated non-linear behaviour brought about by the plasma bubble in a magnetized, filamentary discharge plasma. The plasma
bubble is created by inserting a spherical mesh grid inside the plasma. Biasing the mesh grid produces a density gradient
around it, and thus the plasma bubble is formed. In order to study the dynamical behaviour of the plasma, non-linear tools such
as the power spectrum, PSP, and RP, LE were adopted. Plasma FPFs were observed in presence of an external magnetic field
in three different positions, i.e., outside the bubble, at the edge of the bubble, and at the centre of the bubble. It was found that
with increasing magnetic field, the trend of fluctuations shows a transition from periodic to chaotic through quasi-periodic.
Using CWT, we constructed contour plots to detect the presence of non-linearity of the system. Subsequent analysis by power
spectrum and PSP of the FPF revealed a similar behaviour. The power spectrum and PSP for different magnetic fields (B) showed
the instability in frequency with respect to the positions. RP is a powerful tool for the visualization and analysis of dynamical
systems and reveals the transition of the system. RP showed extensive variation in the diagonal lines in the pattern, indicating
that the dynamics of the plasma oscillations was turning to be chaotic from period-doubling with the increase of the magnetic
field. Furthermore, a non-linear technique such as LE has been found to be reliable previous analysis. Moreover, the presence
of ions around the bubble and the diffused electrons inside the bubble were studied well by measuring the plasma potential.
The root cause of the dynamical behaviour of the system was also well understood from the potential structure. At the position
P = 1.2 cm, the plasma potential was around −0.2595 V for B = 96 G, where the measured FPF showed chaotic nature due to
increase in inter-particle interactions by the trapped particles inside the well. At P = −1.7 cm, i.e., outside of the bubble, the
potential was −12.28 V for B = 96 G, which explained smaller effect of the ions, as they are away from the edge of the bubble,
and the FPF was quasi-periodic. At P = 6 cm, a fall in plasma potential was observed, which could be attributed to the increase
of electron–neutral collisions and the electrons are trapped by the potential barrier generated by the negatively biased grid. Here
we observed the plasma potential as −16.36 V for B = 96 G, where the nature of fluctuations is onset to chaos, explaining that
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the trapping of electrons inside the mesh grid is more. The observed particles are the ones that diffused through the openings
in the mesh grid. Furthermore, we have also verified the experimentally observed potential structure using numerical analysis
based on fluid hydrodynamics and found that they agree with each other.
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