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Coefficient bounds for some subclasses
of p-valently starlike functions

ABSTRACT. For functions of the form f(2) = 2 4+ 3.°° | ap4n2”t" we obtain
sharp bounds for some coefficients functionals in certain subclasses of starlike
functions. Certain applications of our main results are also given. In par-
ticular, Fekete—Szegt-like inequality for classes of functions defined through
extended fractional differintegrals are obtained.

1. Introduction. Let A, denote the class of all functions of the form

(1.1) f2)=2" 4> apn?™  (peN={1,2,3,..})

n=1
which are analytic in the open disk A = {z € C: |z| < 1} and let A = Aj;.
For f(z) given by (1.1) and g(z) given by g(z) = 2P + > 7 | by, 2P ™", their
convolution (or Hadamard product), denoted by f * g, is defined as

[e.9]
(f * g)(Z) =P + Z ap+nbp+nzp+".

n=1
Given two functions f and g, which are analytic in A, the function f is
said to be subordinate to g in A, written f < g or f(z) < g(2), if there exists
a Schwarz function w(z), analytic in A with w(0) = 0 and |w(z)| < 1 such
that f(z) = g(w(z)), z € A. In particular, if the function g is univalent in
A\, the above subordination is equivalent to f(0) = ¢(0) and f(A) C g(4A).
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Definition 1.1. Let ¢(z) be an analytic function with positive real part in
the unit disk A with ¢(0) = 1 and ¢'(0) > 0 that maps A onto a region
starlike with respect to 1 and symmetric with respect to the real axis. The
class M, (; ¢) is the subclass of A, consisting of functions f(z) satisfying

L)
(1 =X)zP + \f(2)

(1.2) < ¢(2) (ze, 0<A<]).

As special cases, let

My(1:0) = 55(0) = { 1) € Ay 2T <o),

M) =570 = { 1) € 4 ) <o)

When ¢(z) = iigi, —1 < B < A <1, we denote the subclass M, (\; ¢) by
Mp(A; A, B). The class M1 (1; A, B) = S*[A, B] was studied by Janowski
[2]. For 0 < a <1, let Mp(A;a) = Mp(A; 1 —2a, —1).

For a fixed analytic function g € A, with positive coefficients, define
the class M,, 4(X; ¢) as the class of all functions f € A, satisfying f x g €
Mp(X;¢). This class includes as special cases several other classes studied
in the literature. For example, when g(z) = 2P + Y 7, HT"szr”, the class
M, 4(1;¢) reduces to the class Cp(1 : ¢) = Cp(¢) consisting of functions
f € A, satisfying

1 2f"(z)
(1.3) ’ (1 + ) ) < ¢(2), z € A.
The classes S*(¢) and C'(¢) = C1(¢) were introduced and studied by Ma and
Minda [4]. They have obtained the Fekete-Szego inequality for functions in
the class C(¢). Since f(z) € C(¢) if and only if zf'(z) € S*(¢), we get the
Fekete—Szego inequality for functions in the class S*(¢). For a brief history
of Fekete—Szego problem for classes of starlike, convex and close-to-convex
functions see the recent paper by Srivastava et al. [10].
Let € be the class of analytic functions of the form

(1.4) w(z) = wiz 4+ wez® + ...

in the unit disk A satisfying the condition |w(z)| < 1.

There has been triggering interest in the literature (see [1, 3, 4, 9, 10]) to
define certain subclasses of analytic functions and to discuss Fekete—Szego
inequalities. Making use of the techniques, in this paper we defined two new
classes Mp(A; @) and M, 4(A; @) to obtain Fekete-Szegd inequalities and to
discuss the results on upper bounds for the coefficient a.3.
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Lemma 1.2 ([1]). If w € Q, then

—t if t< -1,
lwy —twi| < 1 if —1<t<],
tif t>1.

When t < —1 ort > 1, equality holds if and only if w(z) = z or one of its
rotations. If —1 <t < 1, then equality holds if and only if w(z) = 2% or one
of its rotations. Equality holds fort = —1 if and only if w(z) = Zl(i‘j\z), (0<
A < 1) or one of its rotations while for t = 1, equality holds if and only if

28‘:;?, (0 < X <1) or one of its rotations.

w(z) = —

Also sharp upper bound above can be improved as follows when —1 <

t<1:

lwy —tw?| + (1 +)u > <1 (1<t <0)
and

lwy — twi|+ (1 —t)wi* <1 (0<t<1).
Lemma 1.2 is a reformulation of Lemma of Ma and Minda [4].
Lemma 1.3 ([3]). If w € Q, then for any complex number t

lwe — tw}| < max{1, [t|}.

The result is sharp for the functions w(z) = z or w(z) = 2.

Lemma 1.4 ([8]). If w € Q, then for any real numbers qi and q2 the
following sharp estimate holds:

lws + qrurws + gw?| < H(q1,q2)

where
! for (q1,q2) € D1 U Dy
7
‘q2| fOT’ (qh(JQ)e U D,
k=3
2 1| +1 )2
slal+ D\ g5~ ) for(a,@2)€DsUD
H(q1,42)= 30 )<3(|q1|+1+qz) Jor (g1, 42) € Ds U Dy

1

2 9 1

q q7 — 4 q; — 4 2

32 <q21 4(]2> (3((]12 1)) for (Q1,Q2)€D10UD11\{i2,1}
1 - J—

2 | —1 2
Py 1)\ s € Do
The extremal functions, up to rotations, are of the form

_(2[(1 = N)ea + Aeq] —e1622)

w(z) =23, w(z)=z2 w(z)=w(2) T = Ver + el
2(t; — 2) z(ta + 2)
w(z) =wn(z) = T wz) = wa(z) =
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10 )

lel|=le2l =1, e1=to—e 2 (aFb), e2=—e 2 (latb),

_ 90 90 _b:ta
a—tOCOSE, b= yll—tosm EX A= T

1 1
t_[2q2(q%+2)—3q%]2 _< 1| + 1 )2
0 — 5 tl_ —) 5

3(g2 — 1)(q3 — 4¢2) (a1l +1+qo
1
t2:< 1] — 1 )2 COSQOZCH{QQ(Q%“‘&_Z(Q%"’”]
(gl —1—q2)) 2 2 2q2(q7 +2) — 347

The sets Dy, k=1,2,...,12 are defined as follows:

D1={(q1,q2) g1 < !qz\ < 1}

(g1, q2) 1] <2,

1
Dy= {CI1,£]2)12S|Q1|§2,27(|Q1|+1)3—(|Q1|+1)SQ2§1},
1
Q17Q2 |Q1‘§§aQZ§—1 )
1 2
:{ q1,92) a1 22,CI2S—3(!CI1+1)}7
:{q17q2 ‘q1‘327Q221}7
1
{Q17Q2 2<|Q1|<47Q2>12(q%+8)},
2
7=1(q1,q2) |Q1\24,QQZ§(IQ1|*1) ,

i<l
"9 =
2 4 5
—g(\mHl)quSﬁ(!qul) — (| +1) ¢,

2 2lq (g | + 1)
: > 2 —— +1) < < - 7
(QIan) |q1| = 4 3(|Q1| ) = = q% 2‘q1| 4

2lq1|(|q| + 1) 1 }

,q2) 2 < <4, 57— ——" <@ < +8
{anm 2 <ol <a 200D <0, < Tty
2|lq1|(lq1| + 1) 2lq|(|q| — 1)
D11={Q1,Q2)2 gl>4 57— <@ 55— ¢,
( o] @ +2|q1] +4 q} —2|q1| + 4

2‘q1|(‘q1| ) 2(|q1|_1)}.

: >4 <
(CI1,CJ2) |Q1\_ 2|q|_|_4_q =3
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2. Coefficient bounds. By making use of Lemmas 1.2-1.4, we prove the
following bounds for the class My (A; ¢).

Theorem 2.1. Let ¢(z) = 1+ Bz + Boz® + ..., where By,’s are real with
B >0and B, >0, let 0 <A <1, and
[PBIA + (B2 — B1)(p — pA + 1)](p — pA + 1)
(p —pA+2)pB} ’
5y i PBIAT (B2 B —pA+ D](p —pA+1)

(p — pA +2)pB? ’
o [PBIA + Ba(p —pA + Dl(p —pA+1)

(p — A+ 2)pB}

If f(2) given by (1.1) belongs to My(X; @), then

pB1A ‘
=y <g
P —pA+2 fouson
pB1 ‘
2.1 —pa?, < = <<
(2.1) apt2 — Pl | < D—pAe2 if o1<pu<o
pBiA .
_ ) > 09.
( p—pr+2 f pn> oo

Further, if o1 < p < o3, then

(p—pA+ 1)
pBi(p —pA+2)

pB1
p—pA+2°

(22)  lapra — pap | + (1+ A)lap]* <

If o3 < p < o9, then

(p—pA+ 1)
pB1(p — pA +2)

pBi
p—pA+2’

(2.3) |apt2 — ,ua12,+1| + (1- A)|ap+1’2 <

where
w(p — pA+2)pB? — A(p — pA + 1)pBf — (p — pA + 1)? B,

A=
(p—pA+1)2B;

For any complex number p,

pB:
(2.4) |ap+a — pagq| < P max{1, [A[}
Further,
pBi
(2.5) |apys| < mH(QLQZ)a

where H(q1,q2) is as defined in Lemma 1.3,

. 2By (2pX — 2p — 3)\pBy
YUB (p-pAtL)(p-prt2)
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and
_ B3 (2pA—2p—3)\pBy — \2p*B}
©= (p—pA+1)(p—pr+2)

These results are sharp.

Proof. If f(z) € M,();¢), then there is an analytic function w(z) given
by (1.4) such that

1, ¢/
5Zf (2)

(2:6) T= N7+ M)

= o(w(z)),

Since

(1— ilj;l;/f))\f(z) =1+ [;(er 1) — A] apr12 + K;(er 2) — A) o

- <>\2 - i(p+ 1)) afjﬂ} 22+ [(1(p+ 3) — A) Upi3

p p
A

A
+ <2)\2 — 5([) + 2) — 5(]9 + 1)> Ap+1Qp+-2

1
- <p(p+ 1)A? —/\3> agﬂ] B4

and
d(w(2)) = 14+ Biw 2+ (Biws+ Bow?) 2%+ (Byws +2Bowywy+ Baw? ) 25 +. . .

we have from (2.6),

pBiw;

(2.7) ap+1 = p—prtl
p(Biws + Baw?) \p? Biw?
(2.8) ap+2 =
p—pA+2 (p—pA+1)(p—pA+2)
and
Gy — pBy {w3 N [232 ~ (2pA—2p—3)\pBy ] w0y

(2.9) p—pA+3 B (p—pA+1)(p—pA+2)

Bs  (2pA —2p — 3)A\pBy — \?p?B?]

|:B1  -pA+ D -pr+2) ] 1}'
Now,
(2.10) Qpto — uaf,_H = ]9_})]73;\14_2{M2 — Aw?}.

The results (2.1)—(2.3) are established by an application of Lemma 1.2,
inequality (2.4) by Lemma 1.3 and (2.5) follows from Lemma 1.4. To show
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that the bounds in (2.1), (2.2) and (2.3) are sharp, we define Ky, n =
2,3,4,... by

57 (2)
(1 =X)zP + MKy (2)
and the functions F)\ and G, 0 < A <1 by

=0("1),  Kgn(0) = 0= Ky, (0) - 1

%sz\(z) 2z + ) /
(1= N2 + AR (2) :¢< 1+ Az ) F3(0) =0=F3(0) -1
and
%ZG/A(Z) B 2(z 4+ \) o
(1= N)zP + AGa(z) <1+>\z) GA(0) =0=G3(0) — 1.

Clearly the functions Kg,, Fy, Gy € Mp(A;¢).

If p < o1 or p > 09, then equality holds if and only if f is K4y or one of
its rotations. When o1 < p1 < 02, equality holds if and only if f is Ky3 or
one of its rotations. If u = oy then equality holds if and only if f is F or
one of its rotations. Equality holds for u = o9 if and only if f is G or one
of its rotations. 0

Remark 2.2. For A\ = 1, results (2.1)—(2.4) coincide with the results ob-
tained for the class S;(¢) by Ali et al. [1].

Remark 2.3. For A =1, p = 1, results (2.1)—(2.4) coincide with the results
obtained for the class S*(¢) by Ma and Minda [4].

Example 2.4. Let —1 < B < A < 1. If f(2) given by (1.1) belongs to
M, (X A, B), then

( p(A—B)A

—— if <
p—pA+2 HoE=0
A—-B .
ap+2—ﬂa;2o+1‘ < M it o1 <pu<os
A— B)A
]9(7) if p>o9.
\ p—p)\—|—2

Further, if 07 < p < o3, then

2 (p—pA+1)? o _ p(A—B)
- 1+ A < 27—
|ap+2 Hap+1’+p(A*B)(p7p>\+2)( + )|ap+1’ _p*p)\‘l’Q
If o3 < p < g9, then
2 (p—pA+1)3 s _ p(A-B)
_ 1—A <8272
oy )iy Wy AL A B
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where

S [p(A=B)A=(1+B)(p—pA+D](p—pA+1)
p(p —pA+2)(A - B) ’
oy e [p(A=B)A+(1-B)(p—pA+D](p—pA+1)
p(p —pA+2)(A - B) ’

[p(A— B)A — B(p —pA+1)](p — pA + 1)

p(p —pA+2)(A - DB)

g3 ‘=

and
pp(p —pA +2)(A = B) = (p = pA + D[(A = B)A\p — (p —pA + 1) B]

A =
4 (p—pr+1)

For any complex number g,

p(A—B
sz = | < P2 a1, )

—pA+2
In particular, if f € M,(X; ), then
2p(1 — a)A
(Gl L ST
2]9(1—]9/\)+2
pil —« .
ap+2—,u“;2>+1\§ b pht2 if o1 <p<o
2p(1 — o)A,
- if u>oo.
D —pA+2
Further, if o1 < o < o3, then
> (p—pr+1)° 2 _ 2p(1—0a)
— 1+A < 4= 7
‘ap+2 Map+1’+ 2p(1_a)(p_p)\+2)( + )|ap+1’ — p_p)\+2
If o3 < p < g9, then
> (p—pr+1)° 2> _ 20(1—a)
- 1-A < 2P
‘ap+2 Naerl’ + 2p(1 o Oz)(p—px\—i—?)( )|ap+1’ — p_p)\+2?
where
Ap—pr+1)
o1 =
P—pA+2
gy i PPt D —pAt 1)
p(l—a)(p—pA+2) ~
_ 2p(A—a)A+ (p—pA+Dl(p—pr+1)
2p(1 —a)(p—pA+2)
and
A = 2wl —a)(p—pA+2) = (p—pA+ D2Ap(1 — ) + (p— pA + 1)]

(p—pA+1)?
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For any complex number u,

2p(1 — «)

|ap+2 — ua§+1| < S ) max {1, [Aql}.

The results are sharp.

Corollary 2.5. Let ¢(z) be as in Theorem 2.1,

oo
g(z) = 2" + ng+nzp+n (gp+n > 0),

n=1
and let
oy = 91 [pB2A+ (By — By)(p — pA+1)](p — pr + 1)
9p+2 (p — pA + 2)pB? ’
oy o S PBEA+ (Ba 4 BI)(p —pA+ D](p — pA+ 1)
Ip+2 (p — pA +2)pB? ’
o3 = o1 [PBIN+ Ba(p—pA+ 1) (p—pA+ 1)
p+2 (p — pA+2)pB?
If f(2) given by (1.1) belongs to M, 4(X; @), then
pB1A ‘
- 7 <o
gp+2(pB—p/\+2) f <o
pb1 .
2.11 Apyo — pa’, || < if o1 <pu<oy
1) a2 =y Gp+2(p — A+ 2)
pBlA

if p> o
Gp+2(p — A+ 2)

Further, if o1 < p < o3, then

2 2
gGri(p—pA+1)
|api2 — :uayzj—f—l’ + 2t

1+ A)|a 2
(212) gp+2(p - p)‘ + z)pBl( )‘ p+1’

- pB1
~ gpr2(p —pA+2)

If o3 < p < 09, then

2 2
) gpi1(p —pA+1) )

Gpro — QG + 1—A)|ay+q
(213) | P+ p+1’ gp+2(p—p/\+2)p31( )| P+ ’
pB1

< b
~ gpr2(p —PA+2)

where

g
P22 i(p — pA+ 2)pBE — A(p — pA+ 1)pB} — (p — pA +1)°Bs

_ JIptl
Ay =

(p—pA+1)2B;
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For any complex number p,
pB1
Ip+2(p — PA +2)

|apr2 — ,u,a;H\ < max{1, [Ag|}.

Further,

pB1
gp+3(p —PA +3)
where H(q1,q2) is as defined in Lemma 1.3,

_ 2By (2pA — 2p — 3)\pBy
TTB T - ) —-pr+2)

|ap+3] < H(QI7QQ)7

and

_ Bs  (2pA—2p—3)\pBy — Np? B?
=7 B (P—pA+1)(p—pA+2)

These results are sharp.

3. Applications to functions defined by extended fractional differ-
integrals. With a view to define fractional differintegral operator Qg’p ),

we recall Gauss hypergeometric function o F; defined by [6].

(3.1) oFi(a,b;c;2) = Z T% (a,b,ceC, c#0,-1,-2,...),
n=0 n ’

where (d),, denotes the Pochhammer symbol given in terms of Gamma func-
tion I' by

g = Ld+n) 1 (n=0; deC\{0})
(@ = =) _{d(d+1)...(d+n—1) (neN; deC).

We note that the series defined by (3.1) converges absolutely for z € A and
hence o F represents an analytic function in A.

Also we recall the definitions of fractional calculus considered by Owa [5]
(see also [6, 11, 12]).

Definition 3.1. The fractional integral of order ¢ (6 > 0) is defined, for
a function f, analytic in a simply connected region of the complex plane
containing the origin, by

z

s L[ ©
(32) D%1() = 55 O/ Lo

z=()

6—1

where the multiplicity of (z —()°~" is removed by requiring log(z — () to be

real when z — ¢ > 0.
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Definition 3.2. Under the hypothesis of Definition 3.1, the fractional de-
rivative of f of order ¢ (6 > 0) is defined by

1 d [ )
/(Z ¢, (0<éd<1)

(3.3) Dlf(z)= P(nl —6)dz /(- oy
j?D‘ZLnf(z), (n<d<n+1;neNy)

where Ng = N U {0} and the multiplicity of (z — ¢)™ is removed as in
Definition 3.1.

Definition 3.3 ([7]). The extended fractional differintegral operator Q)
A, — A, for a function f of the form (1.1) and for a real number § (—oo <
d < p+1) is defined by
IF'lp+1-9)
I'(p+1)

where D?f(z) is respectively, the fractional integral of f of order —§ when
—00 < § < 0 and the fractional derivative of f of order 6 when 0 < § < p+1.

(3.4) QP f(2) = 2PD%f(2) (—oo<d<p+1; zeN),

We note that

(n+p+1l(p+1-9)
Qlop — P n+p
—c +2Fp+1 'n+p+1-— 5)an+pz

=2"oFi(Lp+Lip+1—6;2) % f(2)
(—oo<d<p+1;z€ ).

Let M, 5(\; ¢) be the class of functions f € A, for which ol ’p f(z) €
Mp(X;¢). The class M, 5(A; ¢) is the special case of the class My, 5(X; @),
when

L P(n+p+DI(p+1-268) .\p
—- +Z L(p+1)T n+p+1—5)z )

Since
or (n+p+1)L(p+1-9) ntp
(Qg)> er+1 T+ priog)
we have
_Ip+2)T(p+1-0)  p+1
(3:5) g”“*r(p+1)r(p+2—) p+1—46’
(3.6) _Tp+3)Ip+1-0)  (p+1)(p+2)
2T TG+ D(p+3-0) (+1-0)(p+2—-0)
(3.7) _T+49Tp+1-9) _ (p+1)@+2)(p+3)
IS T T DM+ d-0) (pr1-0)(p+2-0)(p+3-0)
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For gp+1, gp+2 and gp43 given by (3.5), (3.6) and (3.7), Corollary 2.5 reduces
to the following:

Theorem 3.4. Let ¢(z) be as in Theorem 2.1, and let

oo PP +2-0) [pBIA+ (B2 = B)(p —pA+ D](p —pA + 1)
T e+ r1-9) (p — pA + 2)pB} ’
S (p+1)(p+2—106)[pBiA+ (B2 + B1)(p—pA+1)|(p — pA+ 1)
YT +2p+1-9) (p— pA+ 2)pB? ’
o @D +2-0) [pPBIA+ Ba(p—pA+ D](p—pA+ 1)
ST p+2)(p+1-0) (p — pA+2)pB} '

If f(2) given by (1.1) belongs to My, 5(X\; @), then

([ (p+1-0)(p+2-9) pBiA

(p+Dp+2) (p—pr+2
(p+1-0)(p+2—-9) pB;

] if p <o

iz — paky | < ifor <p<as,

p+1ggp+2 (p—pA+2)
(p+1=9)(p+2-9) pB1A fu>o
> 02.
([ (+L+2) (-pA+2)
Further, if o1 < p < o3, then
2 (p+D+2-9) (p—pr+1)? 2
— A
’ap+2 ”ap+1|+ (p+2)( +1_5) ( pA+2)( + )|ap+1’

(3.8)

cp+1-0)p+2-6) pB
P+D+2)  (pP—pA+2)
If o3 < u < o9, then
2, e+ 1)(p+2-0) (p—pA+1)° 2
se T ey oy
cpF1-0)(p+2-6) pB
(p+D+2)  (-pA+2)
where

. _ (penitprzgae — P+ 2PBE — Ap = pA+ UpBE - (0 = pA+ 1B,
° (p—pA+1)2B '

For any complex number u,
(p+1-0)(p+2-6) pB

— a2 < 1, |As|}.
|a“p+2 ,LL(Lp+1| = (p+1)(p+2) (p_p)\+2) maX{ a’ 5|}
Further,
+1-90)(p+2-90)(p+3-—56 B
apya] < LILZOW T2 EIZ0) BB py(g, o)

(p+1)+2)(p+3) (p—pA+3)
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where
_ 2B (2p\ — 2p — 3)\pBy
B T - D —pr+2)
and
b — Bs  (2pA —2p — 3)\pBy — \*p*B?

T B (p—pA+1)(p—pA+2)

These results are sharp.
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