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We introduce and investigate a new subclass of the function class ¥ of biunivalent functions of complex order defined in the open
unit disk, which are associated with the Hohlov operator, satisfying subordinate conditions. Furthermore, we find estimates on the
Taylor-Maclaurin coeflicients |a,| and |a,]| for functions in this new subclass. Several, known or new, consequences of the results

are also pointed out.

1. Introduction, Definitions, and Preliminaries

Let & denote the class of functions of the following form:

f@)=z+ Ozo:anz", ¢))
n=2

which are analytic in the open unit disk
U={z:z€C,|z| < 1}. )

By & we denote the class of all functions in &/ which are
univalent in U. Some of the important and well-investigated
subclasses of the class § include, for example, the class & (c)
of starlike functions of order « in U and the class % («) of
convex functions of order « in U. It is well known that every
function f € & has an inverse ', defined by

fff@)=z (e,
3)
F @) =w (lwl<n(in()z ).
where
gw) = f(w)=w-aw + (2:1; - a3)w3
(4)

—(5a§—5a2a3+a4)w4+---.

A function f € ¢ is said to be biunivalent in U, if
f(z) and f “1(2) are univalent in U. Let ¥ denote the class
of biunivalent functions in U given by (1).

An analytic function f is subordinate to an analytic
function g, written f(z) < g(z), provided that there is
an analytic function w defined on U with w(0) = 0 and
lw(z)| < 1 satisfying f(z) = g(w(z)). Ma and Minda [1]
unified various subclasses of starlike and convex functions for
which either of the quantity zf'(z)/ f (z) or 1+(zf" (2)/ f' (2))
is subordinate to a more general superordinate function. For
this purpose, they considered an analytic function ¢ with
positive real part in the unit disk U, ¢(0) = 1, (/5'(0) >
0, and ¢ maps U onto a region starlike with respect to 1
and symmetric with respect to the real axis. The class of
Ma-Minda starlike functions consists of functions f € &
satisfying the subordination zf "(z)/ f(z) < ¢(2). Similarly,
the class of Ma-Minda convex functions consists of functions
f € o satistying the subordination 1 + (zf”(z)/ f’(z))
< ¢(2).

A function f is bi-starlike of Ma-Minda type or biconvex
of Ma-Minda type, if both f and f™' are, respectively,
Ma-Minda starlike or convex. These classes are denoted,
respectively, by §'5.(¢) and # 'y (¢). In the sequel, it is assumed
that ¢ is an analytic function with positive real part in the
unit disk U, satistying ¢(0) = 1 and (/5'(0) > 0, and ¢(U) is



symmetric with respect to the real axis. Such a function has a
series expansion of the form

$(z)=1+B,z+B,z2" +Bz° +---, (B, >0). (5)

The convolution or Hadamard product of two functions
fand h € o/ is denoted by f * h and is defined as

(f *h) (@) =z+ ) abz", 6)
n=2

where f(z) is given by (1) and h(z) = z + Y., b,z". Here,
in our present investigation, we recall a convolution operator
7 41 due to Hohlov [2, 3], which indeed is a special case of
the Dziok-Srivastava operator [4, 5].

For the complex parameters a, b, and c(c#0,-1,-2,
-3,...), the Gaussian hypergeometric function ,F,(a,b,c; z)
is defined as

v (@),0), 2"
JFi(a,b,c2) = ,;)W E

1 § @Oy

= (@, m-1) (zel),

7)

where (&), is the Pochhammer symbol (or the shifted
factorial) defined as follows:

_Tla+n)
(“)n - r (“)
1 (n=0),
T la@+ D) (@+2),..,(a+n-1) (n=1,2,3,...).
(8)

For the positive real values a, b, and c(c#0,-1,-2,-3,...),
by using the Gaussian hypergeometric function given by (7),
Hohlov [2, 3] introduced the familiar convolution operator

I ap.c as follows:
ja,b;cf (2) = ZZF1 (a, b,c; z) * f(z) )
NP 9)
=z+ Y 94,7 (zeU),

n=2

where
b
@B o

" (e), (n- 1)

Hohlov [2, 3] discussed some interesting geometrical prop-
erties exhibited by the operator .7, .. The three-parameter
family of operators .7 ;.. contains, as its special cases, most
of the known linear integral or differential operators. In
particular, if b = 1in (9), then .7 ;. reduces to the Carlson-
Shaffer operator. Similarly, it is easily seen that the Hohlov
operator ¥, is also a generalization of the Ruscheweyh
derivative operator as well as the Bernardi-Libera-Livingston
operator.
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Recently, there has been triggering interest to study biu-
nivalent function class ¥ and obtained nonsharp coefficient
estimates on the first two coeflicients |a,| and |as| of (1).
But the coeflicient problem for each of the Taylor-Maclaurin
coefficients,

la,| (meN\{1,2};N:={1,2,3,...}), (11)

is still an open problem (see [6-11]). Many researchers (see
[12-17]) have recently introduced and investigated several
interesting subclasses of the biunivalent function class X and
they have found nonsharp estimates on the first two Taylor-
Maclaurin coefficients |a,| and |a;]|.

Motivated by the earlier work of Deniz [18] (see [19-21])
and Peng and Han [22], in the present paper, we introduce
new subclasses of the function class £ of complex order
y € C\ {0}, involving Hohlov operator %, and find
estimates on the coeflicients |a,| and |a;| for functions in the
new subclasses of function class X. Several related classes are
also considered, and connection to earlier known results are
made.

Definition 1. A function f € X given by (1) is said to be in the
class §2%(y, A, ¢), if the following conditions are satisfied:

1 Z(ju,b;cf (Z)),
"y < - Nzt ATopf @ 1) <9

(yeC\{0};0SA<1; zeU),

l w(ja,b;cg (w)), _
Y\ A -Nw+ AT .9 W)

(12)

)<suo

(yeC\{0};0SA<1; weU),

where the function g is given by (4).

On specializing the parameters A and a, b, and ¢, one
can state the various new subclasses of X as illustrated in the
following examples.

Example 2. For A = 1and y € C\ {0}, a function f € X, given
by (1), is said to be in the class S (y, ), if the following
conditions are satisfied:

1 Z(ja,b;cf (Z))’
”?( T apef @) '1><¢(z)’
(13)
1 [ w(T 4 peg ()
T( T e (@) ‘1)<¢(“’”

where z, w € U and the function g is given by (4).

Example 3. For A = 0and y € C\ {0}, afunction f € X, given

by (1), is said to be in the class €2 (y, ¢), if the following
conditions are satisfied:

142 (Fapef @) —1)< (),
? , 14)
e (Fapeg ) = 1) < p(w),

where z, w € U and the function g is given by (4).
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It is of interest to note that, for a = c and b = 1, the class
%P (p, A, ¢) reduces to the following new subclasses.

Example 4. For A = 1 and y € C\ {0}, a function f € %,
given by (1), is said to be in the class §5(y, ¢), if the following
conditions are satisfied:

1(zf'(2)
+;<f(z) —1)<¢(z),
(15)
1 { wg' (w)
+;< o) —1><¢(w),

where z, w € U and the function g is given by (4).

Example 5. For A = 0 and y € C\ {0}, a function f € %,
given by (1), is said to be in the class Z’5.(y, ¢), if the following
conditions are satisfied:

1+$U%m—n<¢wx
1 (16)
1+#dwrn<wm,

where z, w € U and the function g is given by (4).

In the following section, we find estimates on the coef-
ficients |a,| and |a;| for functions in the above-defined sub-
classes §%%“(y, A, ¢) of the function class T by employing the
technique which is different from that used by earlier authors.
Earlier authors investigated the coefficients of biunivalent
functions mainly by using the following lemma.

Lemma 6 (see [23]). Ifh € P, then || < 2 for each k, where
P is the family of all functions h, analytic in U, for which

R{h(z)}>0 (zel), 17)

where

h(z)=1+clz+(2z2+~- (zel). (18)

2. Coefficient Bounds for the Function Class
STy, 1)

We begin by finding the estimates on the coefficients |a,| and
|as| for functions in the class é’%bgc(y, A ).

Suppose that p(z) and g(z) are analytic in U with p(0) =
0 =4(0), |[p(z)| < 1, and |q(z)| < 1 and suppose that

p@) =piz+pz+ee (2l <), )
q@) =qz+qz +-- (2 <1).
It is well known that
P <1, lpof <1~ |P1|2’
, (20)
.| < 1, |9l < 1=la,|"
Thus, from (5), it follows that
¢(p(2)) =1+Bpz+ (Blp2 + BzP%) 2, (2
¢(qw))=1+Bquw+ (quz + quf) Wt (22)

Theorem 7. Let a function f(z), given by (1), be in the class
STy, A, §). Then

|a2| < l)’l B, \/B_l
[y (2 =20) B = 2= 1B, ] 92 + 7 3 - 1) Bigy| + 2~ 1B, g2
|yl B, Iy < @2-N’p; (23)
| B-N)¢s - (3-Mg3B;
<
= Y| B, |[v (A = 24) B} = 2 - B, ] @3 +y (3= 1) Bgs| + 3= 1) 9, B y|’ 2-1)¢?

G- {|[y(A2-210) B} - 2= 1)’°B, | ¢} +y 3= 1) Bigs| + 2= 1)’B,¢3} Y

where ¢, and @5 are given by (10).

Proof. It follows from (12) that

1 Z(ju,b;cf (Z)), B
t ;((1 Nz + AT f(2) 1) =¢(p(2),
1 w(ju,b;cg (U)))’ B
’ y < A-Dw+AT 9w 1) =¢(qw)),
(24)

(3-A) @3B, ’

where ¢(p(z)) and ¢(q(w)) are given by (21) and (22),
respectively.
Now, by equating the coefficients in (24), we get

2-1

9,0, = Bipy, (25)

(AZ_Z/\) 22 (3-A

)
v Pa, + @303 = Bip, + szf’ (26)




4
2-X
- 9,0, = Biqy, (27)
(F-22) . 3-n
y ‘Pz“z y (2a§ - “3) =Biq, + Bz‘]i
(28)
From (25) and (27), we find that
¥B, p, —-yBiq,
= = > 29
2-Ve, (2-Ne, 29)
which implies
P =9 (30)
2-N’gial =y*Blp:. (31)

By adding (26) and (28) and by using (29) and (30), we obtain
{[2v(A* - 21) B} - 2(2 - 1)*B,| ¢ + 2y (3 - 1) Bigs} a3
=By (P, + ).

Journal of Complex Analysis

Hence,

) < (171 B:+/B.)

< (v (- 22) Bt - - %)
x (P§ +y (3 - A) B%q)_%l + (2 _ /\)ZBI(Pi)—l/Z.
(34)

This gives the bound on |a,| as asserted in (23).
Next, in order to find the bound on |a;|, by subtracting
(28) from (26), we get

23-1) 23-1)

P3a,. (35)

@30, = B, (p, — q,) +

It follows from (20), (30), and (35) that

(32)
. B _ B. — (2 — 1202
Now, by using (20) and (31), we get | 3| < ly| B, N B-Mesly| By - 2-21)¢; |a2|2. (36)
i X N ) G-1os (=N esy|B,
(-8 --V'B]g +yc-DEe|
2
+(2-2) Bl‘Pz |a2| |V |B By using (34), we obtain
|V|B1 | | < (2 _A)Z(Pg
G-Ngy =GB
las| < 2 2 3.2 - (37)
|y| B, |[ )L ZA)B 2-1 Bz] P> +y(3-1) B1‘P3' +(3-1) @3Byl o] > (2 - 1)g?
3= {|[y(A2=20) B} - 2= 1)’°B, | ¢} +y 3= 1) Bigs| + 2 - 1)’B, 3} CREPIN:
This completes the proof of Theorem 7. O By taking a = cand b = 1, in Corollary 8, we get the

By putting A =
corollary.

1 in Theorem 7, we have the following

Corollary 8. Let the function f(z) given by (1) be in the class
S (y, §). Then

|a2| < |V| Bl \/B—l
VI2yBlgs - (vB} + B,) 93] + By g
|V| B,
205 5
ly| < P
] < 4 .

ly| B, '2)/314)3 (YB% + Bz) 9"§| + 2‘P3B§|Y|2
(ny + Bz) (Pgl + qu)%}

29, {|2Y31(/;3 -

2
> —.
Iyl 20uB,

(38)

following corollary.

Corollary 9. Let the function f(z) given by (1) be in the class
S5y, ¢). Then

la,| < ly| B, VB;
|vB} - By| + B,
v B, <L, ©
2 "= 3B,
az| <
. [yl B, [yB: - By| + 2B}y s L
2(|yB} -B,|+B,) ! 2B,
(40)

By putting A =
corollary.

0 in Theorem 7, we have the following
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Corollary 10. Let the function f(z) given by (1) be in the class
25 (y, ¢). Then

|a2| < |Y| Bl\/BT
\I3vBlg, - 4B,¢3| + 4B,¢3
v B, < 495
|a | < 3 2 2 312 "= 3%}231 ,
’ |Y| B, |3YB1‘P3 - 4Bz‘P2| + 39"3Bl|)’| | | S 49, '
3¢, (|3yBig; — 4B,¢3| + 4B,¢3) 3¢,B,

(41)

By taking a = c and b = 1, in Corollary 10, we get the
following corollary.

Corollary 11. Let the function f(z) given by (1) be in the class
X5y, P). Then

|Y| B, \/B_l

\/|3yB? - 4B, + 4B,

|a2| <

12|«

|Y|Bl |V| < i
oy < 37 . ~ 3B,
Bl= lY| Bl |3’}}B% - 4B2' + 3B?|y| | | i

3(|3yB? — 4B,| + 4B,) "2 3p

(42)

3. Concluding Remarks

For the class of strongly starlike functions, the function ¢ is
given by

1+z
1-z

(04
) =1+2az+20’2+--- (0<a<l),

(43)

¢(Z)=<

which gives B, = 2« and B, = 2a°.

Remark 12. From Theorem 7, when B, = 2« and B, = 2a°
for the class & “z’b;c(y, A, ¢) [8], we get

|a2| <

|2y«
B-Ne;

|a3| <

R(A-2)(2pA =L +2)ye’g; + 47 3 - V) &gy | + 43— D) oy y[]

\/l(/\— 2) (2pA - A +2) a2 +2(3 - A) yags| + (2 - A)szﬁ,

| |<M (44)
n= 2(3-MN) 50’

2 — 2 2
||>( /\)‘Pz

G-V s {|(A=2) 2yA = A +2) ag? +2y (3 - N agy| + (2 - )2}

On the other hand, if we take

¢(Z):—1+(11_—Zzﬁ)z
=1+2(1-B)z+2(1-B)2>+--- (0<p<1),
(45)
2(1-B) |yl

23 -1 g’

then B, = B, = 2(1 - f3).

Remark 13. From Theorem 7, when B; = B, = 2(1 — f3) for
the class SZ%(y, A, ¢), we get

|a2| <

(2(1-B)|y|
B-Veg,’ L,
||< (2_/\) (P2
N=20-pG-Ne

VI[2(1 =) Ay~ A +2] A-2 @2 +2(1- ) G-y + G- Vg2

951 < 1200 p)|A-D[2(1-F)Ay-2+2)y93 +2(1- B) 3= NPy + 401 - B G-V g

2-N’e;
2(1-B)B-Ng;

ly| >

G- {|A-2)[2(1-P)yA-A+2] 93 +2(1 - ) B =) ygs| + (2 - 1) 02}



Remark 14. By putting y = 1 in Corollary 11 we obtain more
accurate results corresponding to the results obtained in [19].
Further, by taking y = 1 and ¢(z) is given by (43) (or by (45),
the results obtained in Theorem 7 and Corollary 11 yield more
accurate results than the results obtained in [15, 21].

Remark 15. Ifa = 1, b = 1 + §,and ¢ = 2 + § with R(5) >
-1, then the operator I, f turns into well-known Bernardi
operator:

1
By (2) = [Fupe ()] (2) = 1;—55 JO O f@d (47)

J112f and F,,f are the well-known Alexander and
Libera operators, respectively. Further, if b = 1 in (9),
then .7, immediately yields the Carlson-Shaffer operator
L(a,c)(f) :== I 41 f- So, various other interesting corollaries
and consequences of our main results (which are asserted
by Theorem 7 above) can be derived similarly. The details
involved may be left as an exercise for the interested reader.
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