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ABSTRACT. In this paper, we study the existence and controllability for frac-
tional evolution inclusions in Banach spaces. We use a new approach to obtain
the existence of mild solutions and controllability results, avoiding hypothe-
ses of compactness on the semigroup generated by the linear part and any
conditions on the multivalued nonlinearity expressed in terms of measures of
noncompactness. Finally, two examples are given to illustrate our theoretical
results.

1. Introduction. Fractional differential equation is concerned with the notion and
methods to solve differential equations involving fractional derivatives of the un-
known function. It can be also considered as an alternative model to nonlinear
differential equations. As a result, differential equation with fractional derivative
can be considered as an excellent instrument for the description of memory and
hereditary properties of various materials and processes. The fractional order mod-
els of real systems are always more adequate than the classical integer order models,
since the description of some systems is more accurate when the fractional deriva-
tive is used. The advantages of fractional derivatives becomes evident in modeling
mechanical and electrical properties of real materials, description of rheological
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properties of rocks and in various other fields. There has been a great deal of inter-
est in the solutions of fractional differential equations in analytical and numerical
senses. One can see the monographs of Kilbas et al. [14], Podlubny [20], Diethelm
[6], Tarasov [23], Zhou [30, 31] and the papers [25, 21, 15, 8, 29, 32].

In this paper, we are interested in the fractional semilinear differential inclusions
in Banach spaces of the type

{QﬁﬂﬁeAﬂﬂ+Fuw@m ae. te[0,b), 0<qg<1,

x(0) = xp, )

where © D{ is the Caputo fractional derivative of order ¢, b > 0 is a finite number,
A is the infinitesimal generator of a strongly continuous semigroup {7'(¢)};>o in X,
the state x(-) takes values in a Banach space X, z¢ is an element of the Banach
space X, F': [0,b] x X — X is a multivalued map.
Further, we investigate the following fractional control system
{WﬁﬂﬂeAﬂﬂ+BMﬂ+F@JU» ae. te[0,b], 0<q<1,

x(()) = Zo, (2)

where the control function u(-) takes its value in Li([a,b]; U) for ¢1 € (0,9), a
Banach space of admissible control functions and U is a Banach space. B: U — X
is a bounded linear operator.

In recent years, the existence of mild solutions and controllability problems for
various types of nonlinear fractional evolution inclusions in infinite dimensional
spaces by using different kinds of approaches have been considered in many recent
publications (see, e.g., [24, 11, 16, 26, 27, 28, 1, 17] and the references therein).
In most of the existing articles, various fixed point theorems and measure of non-
compactness are employed to obtain the fixed points of the solution operator of the
Cauchy problems under the restrictive hypotheses of compactness on the semigroup
generated by the linear part and on the nonlinear term. But, in infinite dimensional
Banach spaces the compactness of the associated evolution operator is in contradic-
tion with the controllability of a linear system while using locally LP—controls, for
p > 1. As it was pointed out by [2], it is meaningful to introduce conditions assur-
ing controllability for semilinear equations without requiring the compactness of the
semigroup or evolution operator generated by the linear part. In this paper another
approach is considered, it exploits the weak topology of the state space. This new
tool was introduced to study semilinear differential inclusions associated to bound-
ary value conditions, see [3]. We prove the existence of mild solutions of (1) and
the controllability results of (2) by means of weak topology, avoiding hypotheses of
compactness on the semigroup generated by the linear part and any conditions on
the multivalued nonlinearity expressed in terms of measures of noncompactness.

The paper is organized as follows. In Section 2 we recall some notions and results
that we use in the main part of the paper. In section 3 we study the existence of
mild solutions for (1). In Section 4 we prove the controllability for the fractional
control system (2) and in Section 5 two examples are given to illustrate the obtained
theory.

2. Preliminaries. In this section, we introduce notations, definitions, and pre-
liminary facts which are used throughout this paper. Let A : D(A) — X be the
infinitesimal generator of a strongly continuous semigroup {T'(¢)}:>o. There exists
a constant M; > 0 such that sup,c; ||T(t)]| < M;i. Let (X, -||) be a reflexive
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Banach space and X, denote the space X endowed with the weak topology. For
a set D C X, the symbol D" denotes the weak closure of D. We recall that a
bounded subset D of a reflexive Banach space X is weakly relatively compact. In
the whole paper, without generating misunderstanding, we denote by | - ||, both
the LP([0,b]; X)-norm and L?([0, b]; R)-norm and by || - ||op the C([0, b]; X )-norm. We
recall (see [4, Theorem 4.3]) that a sequence {z,} C C(]0,b]; X) weakly converges
to an element = € C([0,b]; X) if and only if

(i) there exists N > 0 such that, for every n € N and ¢ € [0, 5], ||z, (¢)| < N;
(i) for every t € [0,b], 2, () — x(¢).

For sake of completeness, we recall some results that we will need in the main
section. Firstly we state the fixed point theorem by Donal O’Regan.

Theorem 2.1. [18] Let E be a metrizable locally convex linear topological space and
let Q be a weakly compact, convex subset of E. Suppose G : Q — C(Q) has weakly
sequentially closed graph. Then G has a fized point; here C(Q) denoted the family
of nonempty closed, convex subsets of Q.

We mention also two results that are contained in the so called Eberlein-Smulian
theory.

Theorem 2.2. [13, Theorem 1, p. 219] Let Q be a subset of a Banach space E.
The following statements are equivalent:

(i) Q is relatively weakly compact;

(ii) Q is relatively weakly sequentially compact.
Corollary 2.1. [13, p. 219] Let Q be a subset of a Banach space X. The following
statements are equivalent:

(i) Q is weakly compact;

(i) Q is weakly sequentially compact.

We recall the Krein-Smulian theorem.

Theorem 2.3. [7, p. 434] The convex hull of a weakly compact set in a Banach
space E is weakly compact.

In conclusion we recall the Pettis measurability theorem.

Theorem 2.4. [19, p. 278] Let (E,X) be a measure space, X be a separable Banach
space. Then a function f : E — X is measurable if and only if for every e € X' the

function eo f : E — R is measurable with respect to ¥ and the Borel o-algebra in
R.

Let us recall the following known definitions. For more details, see [14].

Definition 2.5. The fractional integral of order v with the lower limit zero for a
function f is defined as

L)
If(t)_F(W)/o (t_s)lfvds’ t>0, v>0,

provided the right side is point-wise defined on [0,00), where T'(-) is the gamma
function.



510 YONG ZHOU, V. VIJAYAKUMAR AND R. MURUGESU

Definition 2.6. The Riemann-Liouville derivative of order « with the lower limit
zero for a function f : [0,00) — R can be written as

1 4 f(s)
N Sy AP,
1 Tln =) din Jy (= spriads t=>0m=l<y<n

Definition 2.7. The Caputo derivative of order « for a function f : [0,00) — R
can be written as

CDYF(t) :LD7<f(t)—7§:%f’“(0))7 t>0, n—1<~v<n.

Remark 2.1. (i) If f(t) € C"[0,00), then

1 K n
CDVf(t) = / ) g
L(n—7v)Jo (t—s)ti=n
=", t >0, n—1<y<mn
(ii) the Caputo derivative of a constant is equal to zero;
(iii) if f is an abstract function with values in X, then integrals which appear in
Definitions 2.5, 2.6 and 2.7 are taken in Bochner’s sense.

3. Existence of mild solutions. We study the fractional semilinear differential
inclusion (1) under the following assumptions:

(Ha) the operator A generates a strongly continuous semigroup {T'(t)};>0 in X,
and there exists a constant My > 1 such that sup,c; ||T()]| < M.

We assume that the multivalued nonlinearity F' : [0,b] x X — X has nonempty
convex and weakly compact values and:

(H;) the multifunction F(-,x) : [0,b] —o X has a measurable selection for every
z € X,

(Hz) the multimap F(¢,-) : X — X is weakly sequentially closed for a.e. t € [0, 5],
i.e., it has a weakly sequentially closed graph;

(Hs3) there e%ists a constant ¢; € (0,¢) and for every r > 0, there exists a function
pr € L (]0,0]; Ry) such that for each ¢ € X, ||c|| < r:
|1E(t, )| = sup{||z| : « € F(t,c)} < ur(t) for a.e.t € [0,b];
Now, we define the mild solution of fractional evolution inclusion (1).

Definition 3.1. [30] A continuous function z : [0,b] — X is said to be a mild
solution of fractional differential system (1) if z(0) = z¢ and there exists f €

Lﬁ([&b];X) such that f(t) € F(t,x(t)) on t € [0,b] and x satisfies the following
integral equation

z(t) =T (t)(xo) + /0 (t—s)T L7 (t — 5)f(s)ds,
where
/ £(0)T(t16)d L(t) = q/ 0¢,(0)T(t70)do,
0
— —-1- qw
€(0) = qo q(o ) >0,

n lefqnfl F(nq + 1)

=D: oy sin(nmq), 6 € (0,00),
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and &, is a probability density function defined on (0, c0), that is,
£,(0)>0, 6e(0,00) and / £,(0)d0 = 1.
0

Remark 3.1. It is not difficult to verify that for v € [0,1],

o o NG
0v¢,(0)do :/ 0" " wy(0)df = ——.
| orawan= [ o @i - gt
The following results will be used in the proof of our main results.

Lemma 3.2. [30, 33] The operators 7 and ¥ have the following properties:

(i) for any fixzed t > 0, T (t) and L (t) are linear and bounded operators, i.e., for
any x € X,
|70l < Millal and 70l < ool
I'(1+q)
(ii) {Z(t),t >0} and {F(t),t > 0} are strongly continuous.
Given p € C(]0,b]; X), let us denote

Ay ={f € L ([0,]; X) : f(t) € F(t,p(t)) for ae. t € [0,]}.
The set A, is always nonempty as Proposition 3.1 below shows.

Proposition 3.1. Assume that a multimap F : [0,b] x X — X satisfies (Hy), (Hz)
and (Hs), the set A, is nonempty for any p € C([0,0]; X).

Proof. Let p € C([0,b]; X). By the uniform continuity of p there exists a sequence
{pn} of step functions, p, : [0,b] = X such that

sup ||pn(t) —p@)|| = 0, asn — oo. (3)
t€(0,b]

Hence, by (H;), there exists a sequence of functions {f,} such that f,(¢) €
F(t,pn(t)) for a.e. t €[0,b] and f, : [0,b] — X is measurable for any n € N. From
(3) there exists a bounded set E C X such that p,(t), p(t) € E, for any ¢ € [0, d]

and n € N and by (H3) there exists n,, € Lﬁ([(), b]; R) such that
[fa@I < NEEpa)Il < mn(t), VneN, and ae. te[0,b].

Hence, {fn} C Lﬁ([O,b];X ) is bounded and uniformly integrable and {f,(¢)} is
bounded in X for a.e. ¢t € [0,b]. According to the reflexivity of the space X and by
the Dunford-Pettis theorem (see [7, p. 294]), we have the existence of a subsequence,
denoted as the sequence, such that

fo — g€ L ([0,8]; X).

By Mazur’s convexity theorem we obtain a sequence

kn
fn = Z An,iwn+ia >\n,z’ >0, Z /\n,i =1

1=0 =0

such that fn — ¢ in Lﬁ([o,b];X) and, up to subsequence, fn(t) — g(t) for all
t €10,0].

By (Hs), the multimap F'(¢, -) is locally weakly compact for a.e. ¢ € [0,], i.e., for
a.e. t and every x € X there is a neighbourhood V' of x such that the restriction of
F(t,-) to V is weakly compact. Hence by (Hz) and the locally weak compactness, we
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easily get that F'(¢,-) : X, — X, isu.s.c. fora.e. ¢t € [0,b]. Thus, F(¢,) : X — X,
is w.s.c. for a.e. t € [0,].

To conclude we have only to prove that g(t) € F(¢,p(t)) for a.e. t € [0,0].
Indeed, let Ny with Lebesgue measure zero be such that F(¢,-) : X — X, is u.s.c.
fult) € F(t,pn(t)) and f,(t) — g(t) for all ¢ € [0,b] \ Ny and n € N.

Fix to ¢ No and assume, by contradiction, that g(to) ¢ F(to,p(to)). Since
F(to,p(tg)) is closed and convex, from the Hahn-Banach theorem there is a weakly
open convex set V D F(tg, p(to)) satisfying g(to) ¢ V. Since F(t,-) : X —o X, is
u.s.c., we can find a neighbourhood U of p(tg) such that F(ty,x) C V for all z € U.
The convergence p,(to) — p(tg) as m — oo then implies the existence of ng € N
such that p,(to) € U for all n > ng. Therefore go(to) € F(to,pn(to)) C V for all
n > ng. Since V is convex we also have that fvn(to) € V for all n > ng and, by the
convergence, we arrive to the contradictory conclusion that g(ty) € V. We obtain
that g(t) € F(¢t,p(t)) for a.e. t € [0,D]. O

We define the solution multioperator I' : C([0,b]; X) — C([0,b]; X) as
[(p) = {z € C([0,0]; X) : x(t) = T (t)wo + S(F)(1), [ € Ay}, (4)

t
where S(f)(t) = / (t —8)17 L (t — s)f(s)ds.
We first prove t%at the operator S is continuous.
For any f,, f € L% ([0,b]); X) and f,, = f (n — o0), using (Hs), we get for each
t € [0,b]
(t =) [ fuls) = F() < 2(t = 5)7 e (s), ae. s €[0,1).

. ¢ 1 1—q\, c=ayl-a
On the other hand, the function / (t—s)9" " up(s)ds = Kﬁ) bT=m } [lger || o=
0 —q1 a1

is integrable for ¢ € [0, b]. By Lebesgue dominated convergence theorem, we have

/t(t — s)qlefn(s) — f(s)||ds — 0, as n — oo.
0

Thus

1S(F) = SO sH [ == )60 - s
q

t
< [ = )~ F)ds = 0. asn e,
So the operator S is continuous.

It is easy to verify that the fixed points of the multioperator I' are mild solutions
of fractional differential system (1).

Fix n € N, consider Q,, the closed ball of radius n in C([0,b]; X) centered at
the origin and denote by I',, = Tlg, : Qn — C([0,b]; X) the restriction of the
multioperator I' on the set @),,. We describe some properties of [',.

Proposition 3.2. The multioperator Ty, has a weakly sequentially closed graph.

Proof. Let {pm} C Qn and {z,,} C C([0,b]; X) satistying z,, € I',,(py) for all m
and p,, — p, T, — x in C([0,0]; X); we will prove that « € T',,(p).

Since py, € Qp for all m and p,,(t) — p(t) for every ¢ € [0,0], it follows that
lp@®)| < liminf,,—co [|[pm (¢)|| < n for all ¢ (see [5, Proposition II1.5]). The fact that
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ZTm € I'y(prm) means that there exists a sequence {f,}, fm € Ap,, such that for
every t € [0,D],

Tm(t) = T (t)zo + /0 (t—s)T L7 (t — 5)f(s)ds.

We observe that, according to (Hs), || fm ()| < pn(t) for a.e. ¢ and every m, i.e.,
{fm} is bounded and uniformly integrable and {f,,(¢)} is bounded in X for a.e.
t € [0,b]. Hence, by the reflexivity of the space X and by the Dunford-Pettis
theorem (see [7, p. 294]), we have the existence of a subsequence, denoted as the
sequence, and a function g such that f,, — g in Lﬁ([(), b; X).

Therefore, we have Sf,, — Sg. Indeed, let ¢’ : X — R be a linear continuous
operator. By the linearity and continuity of the operator S, we have that the
operator

9— e'(/ot(t —8)1 (L - S)g(S)dS)

is a linear and continuous operator from Lar ([0,0]; X) to R for all t € [0,b]. Then,
from the definition of the weak convergence, we have for every t € [0, ]

e'</0t(t — )L (t — s)fm(s)ds) — e'(/ot(t — )7L (t — s)g(s)ds).
Thus
T (t) = T (t)xo + /Ot(t —8)I7 LA (t — 5)g(s)ds = zo(t), VY te]0,b].

implying, for the uniqueness of the weak limit in X, that xo(t) = z(¢) for all ¢t € [0, b].
Finally, as the reason for the fourth part of Proposition 3.1, it is possible to show
that g(t) € F(t,p(t)) for a.e. ¢ € [a,b]. O

Proposition 3.3. The multioperator Ty, is weakly compact.

Proof. We first prove that ', (Q,,) is relatively weakly sequentially compact.

Let {pm} C Qn and {x,,} C C([0,b]; X) satisfying x,, € Ty (pm) for all m. By
the definition of the multioperator I',,, there exists a sequence { fi, }, fm € Ap,, such
that

o(t) =7 ()0 + /O (t— )T P (t — 8)fm(s)ds, Yt [0,b].

Further, as the reason for Proposition 3.2, we have that there exists a subse-

quence, denoted as the sequence, and a function g such that f,, — ¢gin Lat ([0,0]; X).
Therefore,

t
T (B) = 1(t) = T (t)xo +/ (t—s)1" 7 (t — s)g(s)ds, VY te]0,b].
0
Furthermore, by the weak convergence of {f,,}, by (Ha), we have

Mg (l-aq,=a ] oo
lem @ <Millaoll + 5 [ (=) ([
for all m € N and ¢t € [0,b]. As the reason for Proposition 3.2, it is then easy to
prove that x,, — [ in C([0,b]; X). Thus I',(Q,) is relatively weakly compact by
Theorem 2.2. O

Proposition 3.4. The multioperator T'y, has conver and weakly compact values.
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Proof. Fix p € @, since F' is convex valued, from the linearity of the integral and
of the operators .7 (t) and .7 (t), it follows that the set I',(p) is convex. The weak
compactness of I',,(p) follows by Propositions 3.2 and 3.3. O

We are able now to state the main results of this section.
Theorem 3.3. Assume that (Ha), (Hy) and (Ha) hold. In addition, suppose that
(Hy) there exists a sequence of functions {w,} C Lﬁ([O, bl;Ry) such that

sup [F ()] < ()
cl|[<n

for a.e. t €10,b], n € N with

=0. (5)
Then inclusion (1) has at least a mild solution.

Proof. We show that there exists n € N such that the operator I';, maps the ball
@, into itself.

Assume, to the contrary, that there exist sequences {z,}, {yn} such that z, €
Qns Yn € Ty(zn) and y, ¢ Qn, V n € N. Then there exists a sequence {f,} C

Lﬁ([OJ)];X)7 fn(s) € F(s,zp(s)) such that

yn(t) =T (t)xo + /0 (t—s)7LL(t — 8)yn(s)ds, Y tel0,b].

As the reason for Proposition 3.3, we have

Mlq 1—q a—q1 71—q1
n < llynllo <Mil|xol| + [( )blfh} Wy || 2.
lonllo <illoll + s [ (=2 a5

Then

Y

_ —oq1-a lwnll o
1 < Mylo o Millzoll | Mg [(1 D )pisit ] “Ia L enN
n n F'l+q \qg—aq n

which contracts (5).

Fix n € N such that T',,(Q,) C @Q,. By Proposition 3.3 the set V,, = I‘n(Qn)w
is weakly compact. Let now W, = @(V},), where ¢o(V,,) denotes the closed convex
hull of V,,. By Theorem 2.3, W, is a weakly compact set. Moreover, from the fact
that ', (@) C @, and that @Q,, is a convex closed set, we have that W,, C @,, and
hence

Fn(Wn) = Fn(@(rn(Qn))) - Fn(Qn) C Fn(Qn)w =V, CWy.

In view of Proposition 3.2, I';, has a weakly sequentially closed graph. Thus from

Theorem 2.1, inclusion (1) has a solution. The proof is now completed. O

Remark 3.2. Suppose, for example, that there exists a € Lﬁ([O,b];RJr) and a
nondecreasing function 3 : [0, +00) — [0, +00) such that ||F(t, ¢)|| < a(t)B(||c||) for
a.e. t € [0,b] and every ¢ € X. Then condition (5) is equivalent to

lim inf M

n— oo n

=0.
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Theorem 3.4. Assume that (Hp), (Hy) and (Hg) hold. If
(Hs) there exists o € Li([o, b; Ry) such that
|1EE o)l < at)(L+ |lcl), for ae t€]0,b], Vece X

and

M 1- —a1 71—
[ EE] Y alls <1 (6)
(1+q¢)\g—q a1

then inclusion (1) has at least a mild solution.

Proof. As the reason for Theorem 3.3. Assume that there exist {z,}, {yn} such
that z, € Qn, yn € Tn(zn) and y,, & Qn, ¥V n € N, we get

n <[[ynllo

Mq 1—q\,zal-a b a Bl “

<M |lzo| + [( )bl*‘“} (/ a(n)|@ (1 + ||z (n)|)) = dn

ool + s [ (G2 ol @+ 1)

Mg [(l—qy,en)i-o

<M ||zgl||l + [( )blfﬂ} 1+n)||al|lL, neN,

ol + s (=2 (14 m)llalls
which contracts (6).
The conclusion then follows by Theorem 2.1, like Theorem 3.3. O

Furthermore we are able to consider also superlinear growth condition, as next
theorem shows.

Theorem 3.5. Assume that (Hp), (Hy) and (Ha) hold. If

(Hg) there exists a € Lﬁ([(),b];]l&_) and a nondecreasing function B : [0,+00) —
[0,400) such that

[ E(t, )l < a(t)B(llel]), for a.e. t €0,0], Vece X
and L > 0 such that

L
- > 1, (7)
M Mg |(1=qa bgiﬂ “ L
1||:L‘0H + T(tq) |:(qfql> 41:| ||06Hiﬂ( )

then inclusion (1) has at least a mild solution.

Proof. Tt is sufficient to prove that the operator I' maps the ball @, into itself. In
fact, given any z € @, and y € I'(2), we have

Mlq 1— q1 q f11 1-q1 /
nllo <M <11 41
lallo <Millzoll + 7 [ (= )Y ( I (3= )% dn)

Mlq 1
<M |lzo|| + [ A=
<Myl I'(1+q) <q*q1) '

The conclusion then follows by Theorem 2.1, like Theorem 3.3. O

]l 1 B < L

4. Controllability results. In this section, we deals with the controllability for
fractional semilinear differential inclusions (2) in a reflexive Banach space. We
assume that
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(Hg) The control function u(-) takes its value in U, a Banach space of admissible

control functions, where U = Lﬁ([a, b);U) for g1 € (0,q) and U is a Banach
space. B : U — X is a bounded linear operator, with

1Bl < Ma. (8)

Definition 4.1. A continuous function x : [0,b] — X is said to be a mild solution of
system (2) if £(0) = xo and there exists f € Lt ([0,0]; X) such that f(t) € F(¢t,z(t))
on t € [0,b] and z satisfies the following integral equation

z(t) =T (t)(zo) + /o (t— s)q_ly(t — s)Bu(s)ds + /0 (t— s)q_IY(t — s)f(s)ds.

We will consider the controllability problem for system (2), i.e., we will study
conditions which guarantee the existence of a mild solution to problem (2) satisfying

z(b) = a1, (9)
where 21 € X is a given point. A pair (z,u) consisting of a mild solution z(-) to
1
(2) satisfying (9) and of the corresponding control u(-) € L ([0,b];U) is called a
solution of the controllability problem.

We assume the standard assumption that the corresponding linear problem (i.e.,
when F'(t,c¢) = 0) has a solution. More precisely, we suppose that

(Hw) The controllability operator W : U — X given by
b
Wu = / (b—5)1" (b — s)Bu(s)ds
0

has a bounded inverse which takes value in U/ker(W) and there exists a
positive constant M3 > 0 such that

W1 < M. (10)
Let ¢g; € (0,q). We denote with Sy : Lﬁ([O,b];X) — C(]0,b]; X) and Sy :
L= ([0,b]; X) — C(]0, b]; X) the following integral operators
t
Slf(t):/ (t— )T .t — ) f(s)ds, Ve l0,b], (11)
0

¢ b
S0/ = [ =590 w (= [ =90 ) dn ) )i
0 0
Vtelob], (12)
and we define the solution multioperator II : C([0,b]; X) — C([0,b]; X) as

(p) = {x € C([0.5: X) : a(t) = Z(t)zo + $1(F)()

. /t(t — )T S (t — s)BW " (wy — T (b)ao) (s)ds + Sa f(t), f € Ap}.
0

It is easy to verify that the fixed points of the multioperator IT are mild solutions
of fractional differential system (2) and (9).

Proposition 4.1. The operators S1 and Sy defined in (11) and (12) are linear and
continuous.
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Proof. The linearity follows from the linearity of the integral operator and of the
operators B, W™, we have

i1 <] [ (- S ) f()ds
Mg [(1 - (h)b(ll:gi}l_ql\\fllﬁ? N—

<
Fl+q)Ng—a
Moreover, by (8) and (10), we obtain

15240 H / (s (s B (-/ s ) () (51

gM My [* _ _ b -
Sm/o (t—s)T W 1(_/0 (b—s)? 15ﬁ(b—s)f(n)dn)(3) ds
gt (o]
— 41
b
<Jwr (= [o-mr6- )
0 Bl
_qM1M2M3 1-— q1 % 1—q1 Mlq b o
T T(1+q) [(q—q1>b } m/o(b—S) 1f(n)dnH
_q2M12M2M3 1-— q1 3:31 2(1—q1)
ot [ Gy i Bl P PR
for ¢ € [0,b]. .

Fix n € N, we denote by II,, = II|g, : Qn — C([0,b]; X) the restriction of the
multioperator IT on the set @,,. We describe some properties of II,,.

Proposition 4.2. The multioperator I1,, has a weakly sequentially closed graph.
Proof. Let {pm} C @Qn and {x,,} C C([0,b]; X) satisfying z,, € II,(py,) for all m
and py, — p, Ty, — 2 in C([0,b]; X); we will prove that € I, (p).

Since py, € Qp for all m and p,,(t) — p(t) for every ¢ € [0,0], it follows that
lp()]] < liminf,, e [[pm(t)]] < n for all ¢ (see [5, Proposition I11.5]). The fact that
T, € IL,(pm) means that there exists a sequence {f,,}, fm € A,, such that for
every t € [0,],

T () =T (t)xo + S1fim(t) + /o (t—s)1 'S (t — s)BW ' (z1 — T (b)xo)(s)ds

+ Sme(t)'

We observe that, according to (Hs), ||fm(¢)|| < pun(t) for a.e. t and every m, i.e.,
{fm} is bounded and uniformly integrable and {f,,(¢)} is bounded in X for a.e.
t € [0,b]. Hence, by the reflexivity of the space X and by the Dunford-Pettis
theorem (see [7, p. 294]), we have the existence of a subsequence, denoted as the
sequence, and a function g such that f,, — ¢ in Lﬁ([O, bl; X).

In view of the linearity and continuity for .S;, we have S; f,, — S;g for i = 1, 2.
Thus

T (t) =T (t)xo + S19(t) + /0 (t—8)1" Lt — s)BW Y (x1 — T (b)xo)(s)ds
+ Sag(t) = xo(t), Vte][0,b].
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implying, for the uniqueness of the weak limit in X, that xo(t) = z(¢) for all ¢t € [0, b].
Similar to the proof of Proposition 3.2, we can prove that g(t) € F(t,p(t)) for
a.e. t € [0,D]. O

Proposition 4.3. The multioperator 11,, is weakly compact.

Proof. We first prove that II,,(Q,,) is weakly relatively sequentially compact.

Let {pm} C Q. and {z,,} C C([0,b]; X) satisfying z,, € IL,(py,) for all m. By
the definition of the multioperator IL,,, there exist a sequence {f,}, fm € Ap,, such
that

T (t) =T (t)xo + S1fm(t) + /0 (t—8)T 1Pt — ) BW Y (x1 — T (b)xo)(s)ds
+ Sofm(t), Yt €[0,0].

Further, as the reason for Proposition 4.2, we have that there exists a subse-

quence, denoted as the sequence, and a function g such that f,, — ¢gin Lat ([0,0]; X).
Therefore

T (t) = 1(t) =T (t)xo + S19(t) + /0 (t — )1 LSt — s)BW Y (x1 — T (b)xo)(s)ds

+529(t)? Vite [Oab]

Furthermore, by the weak convergence of {f,,}, by (Ha), (8), (10), and the conti-
nuity of the operators S; and Sy we have

Miq 1—q\, czayl-a
T (O || <Mql|zol| + [( )bl—ﬂ] nll
|2 (O[] <M |lzol| Ti+g\i=m [l 2

quMQMg |:<1 — ql)b%}liql
I'(1+q) q9—q
Mig [(l=gqiy,eaqi-n
X |\ ||lz1|| + Mqy||xo|| + K )blﬂn] nll |,
(ol + kol + s (S22 il

for all m € N and t € [0,b]. As the reason for Proposition 4.2, it is then easy to
prove that z,, — [ in C([0,b]; X). Thus IL,(Q,) is relatively weakly compact by
Theorem 2.2. O

Proposition 4.4. The multioperator I1,, has convex and weakly compact values.

Proof. Fix p € Q,,, since F' is convex valued, from the linearity of the integral and
of the operators .7 (t), .#(t), B and W1, it follows that the set II,(p) is convex.
The weak compactness of II,,(p) follows by Propositions 4.2 and 4.3. O

We are able now to state the main results of this section.

Theorem 4.2. Assume that (Ha), (Hy) (He), (Hg), (Hw) hold. If
(Hy)' there exists a sequence of functions {wy} C Lﬁ([O,b];RJr) such that

S [E(t,c)|| < wn(t)
cl|[<n

for a.e. t €10,b], n € N with
o el
lim inf L =0, (13)

n— oo n
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then controllability problem (2) and (9) has a solution.

Proof. We show that there exists n € N such that the operator II,, maps the ball
@, into itself.

Assume, to the contrary, that there exist sequences {z,}, {yn} such that z, €
Qn, Yn € (z,) and v, ¢ Qn, ¥V n € N. Then there exists a sequence {f,} C

L5 ([0,b]; X), fu(s) € F(s, zn(s)) such that

Yn(t) =T (t)xo + S1yn(t) + /0 (t—8)T 1Pt —8)BW (zy — T (b)xo)(s)ds
+ Soyn(t), Vitel0,b].

As the reason for Proposition 4.3, we have

b . q1
lynllo <C: +c2( / IIfn(n)I“ldn>
b 1 q1
s01+02(/ Iwn(n)l‘“dn> ,
0

where
qMiMoMs /1 —qu, ezaql-a
- (2 et
Cr =Mi||zol + AV ([l ]l + M lzol|) (14)
M 1— a-aq111=¢ My Mo M. 1-— a-a171—¢
Cy = | (=2 =i 1<1+q ] | o L ) (15)
Fl+q)l\g—aq F(l+q) Ng—aq
Then
C llewnl
1 < Hy”O S 71 +02 q1 , n E N,
n n n

which contracts (13).

Fix n € N such that I1,,(Q,) C @Q,. By Proposition 4.3 the set V,, = I1,(Q,,)
is weakly compact. Let now W,, = @o(V,,), where ¢o(V},) denotes the closed convex
hull of V,,. By Theorem 2.3, W,, is a weakly compact set. Moreover from the fact
that I1,,(Q,) C @, and that @, is a convex closed set we have that W,, C @,, and
hence

—_— T w

In view of Proposition 4.2, II,, has a weakly sequentially closed graph. Thus from
Theorem 2.1, the system (1) has a solution. The proof is now completed. O

We are able to prove the controllability results also under less restrictive growth
assumptions, for instance sublinearity.

Theorem 4.3. Assume that (Ha), (Hy), (Hs), (Hp), (Hw) hold. If
(Hs)" there exists o € Lﬁ([O7 b;Ry) such that
1E o) < a®)( + |lc]]), for a.e. t €[0,0], Vece X

and

Myq My Mo Mz /1 —q1\, = 1““)
9 (14 pi=i <1, 16
F(1+q)a”q11< I(1+q) [<q_LI1) 1} 16)

then controllability problem (2) and (9) has a solution.
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Proof. As the reason for Theorem 4.2. Assume that there exist {z,}, {yn} such
that z, € Qn, yn € I,,(2,) and y, & Qn, ¥V n € N, we get

b 1 1 q1
n < |lynllo <C1 + 02(/ la(n)] o (1 + ||zn(77)||)qldn)
0
<Ci+C(l+n)falls, neN,

which contracts (16).
The conclusion then follows by Theorem 2.1, like Theorem 4.6. O

Furthermore we are able to consider also superlinear growth condition, as next
theorem shows.

Theorem 4.4. Assume that (Ha), (Hy), (H), (Hg) and (Hw) hold. If
(Hg)' there exists o € Li([O,b];RQ and a nondecreasing function B : [0, +00) —
[0,4+00) such that
1E @, o)l < at)B(llcl)), for a.e. t €[0,0], V ce X,
and L > 0 such that
L
Cr ¥ Callal 1 A(L)

where Cy and Co are the positive constants defined in (14) and (15), then the
controllability problem (2) and (9) has a solution.

> 1,

Proof. 1t is sufficient to prove that the operator II maps the ball @y, into itself. In
fact, given any z € Qr, and y € II(z), we have

b n 1 q1
lonllo < €3+ Ca( [ ol (It an) < €+ Callall  5(0) < L.
The conclusion then follows by Theorem 2.1, like in Theorem 4.6. O

5. Examples. As applications we give two examples to illustrate our theoretical
results.

Example 5.1. Consider the following fractional differential inclusion of the form

2
68;% 'T(t7y) € .Tyy(t,y) + P(t’x(f'ay))v teJ= [O? 1]7
2(t,0) = z(t, 1) = 0, (17)
z(0,y) =0, 0 <y <1,
where P:J x X — 2%\ {Q}.
Let X = L?(0,1) and define 4 : D(4) C X — X by Az = z,, , where domain
D(A) is given by {z € X : z,z, are absolutely continuous, z,, € X, z(¢,0) =
x(t,1) = 0}. A can be written as

Az = Zn2<m,xn>, x € D(A),

n=1

where x,(y) = V2sinny, n = 1,2,--- is the orthonormal set of eigenfunctions of
A. Moreover, for any z € X we have

T(t)x = Z e_”2t<x,xn>acn.
n=1
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Clearly, A generates the above strongly continuous semigroup 7'(¢) on Y, here, T'(¢)
satisfies the hypotheses (Hy).
Define z(t)(y) = z(t,y), F (¢, 2(t)) (y) = P(t,z(t,y)).
Here F : J x X — 2%\ {Q}. With the choice of A and F, system (17) can be
rewritten as
O“Dix(t) € Az(t) + F (t,x(t)), t€ J, =2 €(0,1),
x(0) = 0.
Assume that F' satisfies (H;), (Hs) and one of (Hy)-(Hg). Thus all the conditions

of Theorem 3.3, 3.4 and 3.5 are satisfied. Hence, system (17) has at least a mild
solution on J.

Example 5.2. Let X = U = L?(0,1). Consider the following fractional differential
inclusion with control

§Djx(t,y) zyy(t,y) + F(t,2(t,y)) + Bu(t,y), yel0,1],teJ=][0,1],
x(t,0) = x(t,1) =0, t>0, (18)
z(0,y) = ¢(y), 0<y<1.

Similarly, A and T'(t) are defined as in Example 1. Then the operator .#(-) can be
written as

) =2 / 0 (0)T(6)do.
Define
Bu = Z G_Hﬁ <’LL, $n>xn7
n=1

and W : U — X as follows:

Wu = /0 (1—-s)"2(1 — s)Bu(s,y)ds.

Since
[ull =
for u € U, we have
oo 5 oo
[Bull = | > e 2 (u,20)2 <\ | > (u,20)2 = [Jul],
n=1 n=1

which implies ||B]| < 1. Hence, (Hg) holds.
Since ¢ = 2 > 1 = ¢1, we take U = Li(J, U) = L?>(J,U). Next, let u(s,y) =
z(y) € U. Then
! 13 [ 5
Wu:/o (1—5)71/0 06, (O)T((1 — 5)%0) Budods

1 > 3
/ (1-s)" 13 / Z ¢ Tz e (1-9) Oz, xp)r,dods
0

n=1

1 3
/ E(0)) e */ 2(9(1fs)*%e*”g“*s)“edmxn>xnd0
0
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3
/ €z (0 Z/ 27 TinZ 7 <e"2(18)49> ds{z, x,)x,do
/ €a (0 Zn e TEnZ (1—6’”29> (z, zp)x,db
:Zn 2
n=1

“2e 0 (1-By () (@ 20)n,
where
Es (—n2) :z/ €7n20§g(9)d0
0

is a Mittag-Leffler function (for more details, see [14]). Note that 0 < 1 — e~ <
1—e™? < 1foranyf >0. Sol-— Es(-1) <1-Es (—n?) < 1. From the
above computations we know that W is surjective. So we may define a right inverse
W=1:X = U by

“n el+" (x,Tp )T
W)t y) =)

_ 2 ’
1 E%(n)

n=1

for x =307 (%, 2,)x,. Since

[zl peay = [|Az|| :

for x € D(A), we derive

IW=ta)(t, )l =

Note that W'z is independent of ¢ € J. Consequently, we obtain

1
2

1 €
[ —

=: Mg.
Hence, condition (Hyy) is satisfied.

Next, we suppose that F : J x X — 2% satisfies (H), (Hs) and (H4)’. Now, the
system (18) can be abstracted as

th%m(t) € Az(t) + F(t,z(t)) + Bu(t), t € J,
z(0) = ¢.

Clearly, all the assumptions in Theorem 4.2 are satisfied. Then the system (18) is
controllable on J.
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