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ABSTRACT
In this study, a numerical investigation is performed to analyse the flow and heat transfer characteristic of magnetohydrodynamic Casson fluid flow
past a semi-infinite stretching surface in the presence of Cattaneo – Christov heat flux and nonlinear thermal radiation. Appropriate transformations are
employed to reduce the governing partial differential equations into ordinary differential equations. Further, solutions of the ordinary differential
equation are obtained with the aid of Runge- Kutta based shooting technique. The effect of various non- dimensional governing parameters on velocity
and temperature fields for suction and injection cases are discussed with the help of graphs. Also computed and discussed the skin friction coefficient
and local Nusselt number. It is found that momentum and thermal boundary layers are non-uniform for suction and injection cases. It is also found that
heat transfer performance of Casson fluid is high in injection case when compared with the suction case.
Keywords: MHD, Cattaneo-Chritov heat flux, nonlinear radiation, Casson fluid and suction/injection.

1.

thermal radiation was studied by Subhas Abel and Mahesha (2008) and
concluded that increasing the Prandtl number decreases the thermal
boundary layer thickness. The influence of magnetic field and radiation
on an unsteady mixed convection flow over a stretching surface with the
effect of viscous dissipation and variable viscosity was examined by
Sandeep et al. (2015). A steady MHD flow close to the stagnation point
over stretching sheet was presented by Ramesh et al. (2012). The effect
of thermal radiation on heat transfer nono fluid flow over a stretching
sheet was proposed by Rashidi et al. (2014) and found that rising the
value of nanoparticle volume fraction depreciate the velocity profile.
The study of Cattaneo- Chritov heat flux over an upper convected
Maxwell fluid due to an exponentially stretching surface with thermal
relaxation time on the boundary layer was analysed by Khan et al. (2015).
Sathish kumar et al. (2016) studied the MHD stagnation point flow on
heat and mass transfer over a nonlinear stretching sheet and concluded
that increasing the magnetic field parameter reduces the heat transfer
rate. The influence of electrically conducting fluid on MHD flow and
heat transfer over a stretching surface in the presence of variable fluid
properties was investigated by Vajravelu et al (2016). Hayat et al. (2016)
studied the impact of Cattaneo-Christov heat flux on Maxwell fluid of
variable thermal conductivity. Raju et al. (2016) discussed the three
dimensional MHD flow over a nonlinearly stretching sheet with the
effect of temperature dependent heat generation/absorption. The
researcher [Han et al. (2014), Tibullo and Zampoli (2011), Hayet et al.
(2016), Mustafa (2015), Hayat et al. (2016)] considered the CattaneoCheistov heat flux model and analysed the heat and mass transfer of
Newtonian and non-Newtonian flows. Sulochana et al. (2016) discussed

INTRODUCTION

Investigations on Cattaneo-Christov heat flux over a stretching surface
perceive many applications for engineering processes. This applications
include drawing of plastic films, polymer extrusion, wires, fibre, glass
and paper production, crystal growing, production of food, etc. present
days great deal of work has been carried out to disclose the effect of
Cattaneo-Christov heat flux on MHD flow past a stretching surface. The
study of boundary layer flows over a stretching sheet was initially
analysed by McCormack and Crane (1973). Gupta and Gupta (1977)
explained the hydrodynamic fluid flow on heat and mass transfer over an
isothermal stretching sheet with the effect of suction/blowing. The
injection and suction effect on heat transfer over a stretching surface was
examined by Elbashbeshy (1998). Vajravelu (2001) explained the heat
transfer behaviour of a viscous fluid over a stretching sheet. Further, the
researchers [Jafer et al. (2012, Rashidi et al. (2014), Abbasbandy et al.
(2014))] analysed the heat and mass transfer characteristic of MHD flows
over a stretching sheet by considering the various physical effects.
Heat transfer is involved in extensive ranging in engineering and
industrial processes, like space cooling, energy production, biomedical
application, etc. Heat conduction law is explained by Fouries (1822).
Cattaneo (1948) examined the inclusion of relaxation for the Fourier’s
law with heat flux. The invariant formulation of the Cattaneo’s model
was explained by Christov (2009). Straugghan (2010) proposed the the
Cattaneo-Christov model for the thermal convection in a Newtonian
fluid. Further, the modification of Cattaneo- Christov equation is
presented by Ciarletta and Straughan (2010). The MHD boundary layer
flow over a flat sheet in the presence of non-uniform heat source and
*
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Under the above assumptions, the governing equations are
∂u ∂ v
+
=0,
∂x ∂ y

the three- dimensional MHD flow, heat and mass transfer past a
stretching sheet in the presence of Brownian motion and thermophoresis.
Recently Sandeep and Sulochana (2016) has studied the
thermophoretic radiative MHD nanofluid on heat and mass transfer past
an extending permeable sheet with suction/injection by taking into
account with effect of viscous dissipation. The effect of magnetic field
and nonlinear thermal radiation on viscoelastic fluid induced a stagnation
point was presented by Animasaun et al. (2016). Sandeep et al. (2016)
investigated the 3D Casson fluid on heat and mass transfer past a
stagnation point with cross diffusion. Raju and Sandeep (2016) has
studied the 3D unsteady MHD Casson-Carreau fluids induced a
extending sheet with nonlinear thermal radiation. Sandeep (2016),
Ramana Reddy et al. (2017) and Ali et al. (2017) studied the heat transfer
behaviour of MHD flows.
In this study, we discussed the effect Caataneo-Christov heat flux
on nonlinear radiative MHD flow of Casson fluid over a semi-infinite
stretching surface in the presence of nonlinear thermal radiation.
Appropriate transformations are employed to reduce the governing
partial differential equations into ordinary differential equations. Further,
solutions of the ordinary differential equation are obtained with the aid
of Runge- Kutta based shooting technique. The effect of various nondimensional governing parameters on velocity and temperature fields for
suction and injection cases are discussed with the help of graphs. Also
computed and discussed the skin friction coefficient and local Nusselt
number.

2.

u

=

and

k ∂ 2T
16σ *
∂  3 ∂T 
+ *
T
,
2
ρ c p ∂y 3k ( ρ c p ) ∂y  ∂y 

The boundary conditions of Eqs. (1)- (3) are as follows:

y = 0 ⇒ u = uw ( x ) = ax, v = vw , T = Tw,

(4)

y = ∞ ⇒ u → 0, T → T∞ ,
The non-dimensional parameters are introduced as follows:

ξ=
θ=

Consider a steady, two-dimensional, incompressible, electrically
conducting magnetohydrodynamic Casson fluid flow over a semiinfinite stretching surface. We consider a Cattneo-Christov heat flux
model in the presence of nonlinear thermal radiation. Here x - axis is

y - axis is normal to it. T w
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FORMULATION OF THE PROBLEM

taken along the sheet and

(1)

( a v ) y , u = axf ' (ξ ) , v =
f

T − T∞
Tw − T∞

av f f (ξ ) ,

,

(5)

The reduced governing equations in non—dimensional form is
3
 ∂ 2 f  ∂f  2 
∂f
 1∂ f

− M
+
+
−
+ λθ = 0
1
A
f

 3
 ∂ξ 2  ∂ξ  
ξ
∂
 δ  ∂ξ



T∞ are the

temperatures near and far away from the wall. A uniform magnetic field
of strength B 0 is applied along the flow direction as depicted in Fig. 1.

(6)

2
∂2θ
∂θ
2 ∂θ
Pr
f
Pr
f
+
−
γ
∂ξ 2
∂ξ
∂ξ 2

Induced magnetic field is neglected in this study.

2
2

3 ∂θ
2
 ∂θ 
+R (1+ (θw −1) θ ) 2 + 3(θw −1)   (1+ (θw −1)θ ) 
∂ξ
 ∂ξ 


∂f ∂θ
− Pr γ f
= 0,
∂ξ ∂ξ

(7)

The corresponding boundary conditions become

η = 0 ⇒ f = S , f ' = 1,θ = 1,
η → ∞ ⇒ f ' → 0,θ = 0,

(8)

where A is the viscosity ratio parameter, λ is the buoyancy parameter,
M is the magnetic parameter, Pr is the Prandtl number and R is the
thermal radiation parameter, γ is the thermal relaxation parameter, θw

is the temperature ratio parameter, S is the suction/injection parameter
which are defined as follows:

Fig.1 Flow geometry of the problem
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gβ f (Tw − T∞ )
vf
σ B02
,λ =
,M =
, Pr =
,
auw
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µ
αρ f

−vw
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, γ = ε a, θ = w , S =
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velocity arises due to the shear stress between the layers that finally
oppose the applied force.
The effect of buoyancy parameter on the velocity and
temperature fields is plotted in Figs. 10 and 11. In can been seen that
increasing values of λ enhances the velocity profile and depreciate the
temperature profile. Generally, rising values of buoyancy parameter
develops the buoyancy forces along the flow direction. This leads to
enhance the velocity field. The variations of temperature profiles for
different values of temperature ratio parameter are depicted in Fig. 12. It
is observed that increasing in the temperature ratio parameter leads to
increase the fluid temperature in both cases. The effect of thermal
relaxation parameter on the temperature profiles are shown in Fig. 13.
The temperature profiles increase with increasing values of γ . Generally,

(9)

For engineering interest, the skin friction coefficient and the reduced
Nusselt number are defined as follows:

Cf = −

 ∂u 
1
−1 2
  = − Re x f '' ( 0 )
ρ f u  ∂y  y = 0
A

µ

2
w

⇒ C = C f Re
*
f

12
x



16σ * T∞3 
x
Nu = 
k+


 (Ty )y = 0


3k 
 k f (Tw − T∞ )  
 3R + 4 
= − Re1x 2 
θ ' (0 ) ,
 3R 
⇒ Nu* =

(10)

1
= − f '' ( 0 ) ,
A

for the higher values of thermal relaxation parameter we observed a nonconducting action which is answerable for increasing/decreasing
behaviour of temperature profiles.
Table 1 depict the validation of the present results by comparing
with the published results under some special and limited case. We found
a favourable agreement of the present results with the published results.
Tables 2 and 3 shows the influence of non-dimensional governing
parameters M , R, δ , A, λ , θ w , and γ on skin friction coefficient and local

(11)

Nu
 3R + 4 
= −
θ ' (0 ) ,
Re1x 2
 3R 

3.

Nusselt number for suction/injection cases. It is evident that rising values
of magnetic field parameter, Casson parameter, viscosity ratio parameter
declines the heat transfer rate and friction factor for both suction and
injection cases. But buoyancy parameter shows opposite results to above.
Increasing values of thermal radiation parameter, temperature ratio
parameter and thermal relaxation parameter enhances the skin friction
coefficient and depreciates the local Nusselt number for both cases.

RESULT AND DISCUSSION

The set of ordinary differential equations (6) and (7) subjected to the
boundary conditions (8) are solved numerically using R-K based
shooting technique. For numerical computations we considered the nonA = δ = 0.5,
dimensional
parameter
values
as

R = M = Pr = 5,θw = 1.1, λ = γ = 0.1, S = ±2 . Throughout our analysis

Table 1 Comparison of the values of − θ '(0) with published data

we kept these values are common except the varied values are displayed
in the respective graphs. The effect of viscosity ratio parameter A ,
magnetic field parameter M , radiation parameter R , buoyancy
parameter λ , temperature ratio parameter θw , thermal relaxation
parameter

S
-0.5

γ on velocity and temperature fields are discussed

4/3

0.2877

0.2877

-0.5

0

0.3990

0.3990

0

4/3

0.4434

0.4434

0

0

0.7643

0.7643

0.5

4/3

0.6322

0.6322

0.5

0

1.2307

1.2307

fI( )

graphically.
Figs. 2 and 3 depict the Effect of magnetic field parameter on
the velocity and temperature profiles for both suction and injection cases.
We observed that increasing values of M increases the temperature
profile and depreciate the velocity profile for both suction and injection
cases. Generally, the transverse magnetic field produce the body force,
to be exact the Lorentz force, which opposes the motion of the fluid and
encourage the thermal boundary layer thickness.
Figs. 4 and 5 depict the effect of thermal radiation parameter on
velocity and temperature profiles for suction and injection cases. We
observed that increasing values of radiation parameter increases the
velocity and temperature profiles for suction and injection cases.
Physically, rising values of radiation releases the additional heat to the
flow. These causes to enhance the temperature field. The effect of Casson
parameter on velocity and temperature of the fluid is demonstrated in
Figs. 6 and 7. These graphs reveal that increasing values of Casson
parameter enhances the temperature field and depreciate the velocity
field. These may happen due to reduced viscosity nature for increasing
values of δ . Figs. 8 and 9 depict the velocity and temperature profiles for
different values of A . It can be seen that the temperature profiles of the
fluid increases and velocity profile decreases for rising values of A . In
general, momentum boundary layer moves at various velocities and the

when Pr = 2, γ = 0.
Rashidi et al.[28]
Present Results

R

Fig. 2 Effect of M on the velocity profile
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Fig. 6 Effect of δ on the temperature profile

Fig. 4 Effect of R on the velocity profile

Fig. 7 Effect of δ on the velocity profile

Fig. 5 Effect of M on the temperature profiles

Fig. 8 Effect of A on the temperature profile

fI( )

Fig. 3 Effect of M on the temperature profile

4

Frontiers in Heat and Mass Transfer (FHMT), 8, 8 (2017)
DOI: 10.5098/hmt.8.8

Global Digital Central
ISSN: 2151-8629

Fig. 9 Effect of A on the velocity profile
Fig. 11 Effect of λ on the temperature profile

Fig. 10 Effect of λ on the velocity profile
Table: 2. Physical parameter values in suction case
M
1
2
3

R

δ

A

λ

θw

γ

1
2
3
.2
.4
.6
.2
.4
.6
0
0.1
1.2
1
1.1
1.2
0
0.5
1

f ''(0)
-0.697581
-0.905575
-1.074704
-0.697581
-0.693222
-0.690554
-0.494778
-0.646078
-0.739755
-0.612172
-0.670031
-0.724335
-0.724026
-0.697581
-0.671576
-0.698646
-0.697581
-0.696453
-0.704278
-0.702653
-0.698646

−θ '(0)
0.441272
0.406931
0.382534
0.441272
0.320250
0.260523
0.479084
0.450472
0.433984
0.456688
0.446166
0.436596
0.436409
0.441272
0.445860
0.498675
0.441272
0.389190
0.832691
0.782062
0.498675

Fig. 12 Effect of θw on the temperature profile

Fig. 13 Effect of γ on the temperature profile
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Table: 3. Physical parameter in injection case

γ

A
f''(0)
-0.661544

−θ '(0)
0.320493

2

-0.870027

0.283029

3

-1.039548

0.257404

1

-0.661544

0.320493

2

-0.658168

0.246210

3

-0.656243

0.208905

.2

-0.476284

0.358720

.4

-0.614973

0.329622

M

R

δ

A

..

1

θw

.6

-0.699447

0.313351

.2

-0.595444

0.333662

.4

-0.640440

0.324632

.6

-0.681846

0.316573

0

-0.690695

0.313868

0.1

-0.661544

0.320493

0.2

-0.633074

0.326588

4.

1

-0.662498

0.357302

1.1

-0.661544

0.320493

1.2

-0.660546

0.286453

λ
M
Pr
R
γ
θw
S

Greek Symbols
δ
Casson parameter
ε
relaxation parameter for heat flux
ρ
density(kgm-3)
v
kinematic viscosity (m2s-1)
ρcp
specific heat capacity of the fluid
σ
electric conductivity
μ
dynamic viscosity (kg/m.s)
β
thermal expansion coefficient
Stefan-Boltzmann constant
σ∗
θ
dimensionless temperature(K)
η
dimensionless similarity variable
Superscripts
w
condition on the sheet
∞
ambient temperature

0

-0.667548

0.546371

0.5

-0.666140

0.526867
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