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ABSTRACT

Attemptstoharnessthebigclimatedatathatcomefromhigh-resolutionmodeloutputandadvanced
sensorstoprovidemoreaccurateandrapidly-updatedweatherprediction,callforinnovationsinthe
existingdataassimilationsystems.Matrixinversionisakeyoperationinamajorityofdataassimilation
techniques.Hence,thisarticlepresentsout-of-coreCUDAimplementationofaniterativemethod
ofmatrixinversion.Theresultsshowsignificantspeedupforevensquarematricesofsize1024X
1024andmore,withoutsacrificingtheaccuracyoftheresults.Inasimilartestenvironment,the
comparisonofthisapproachwithadirectmethodsuchastheGauss-Jordanapproach,modifiedto
processlargematricesthatcannotbeprocesseddirectlywithinasinglekernelcallshowsthatthe
formeristwiceasefficientasthelatter.Thisaccelerationisattributedtothedivision-freedesignand
theembarrassinglyparallelnatureofeverysub-taskofthealgorithm.Theparallelalgorithmhasbeen
designedtobehighlyscalablewhenimplementedwithmultipleGPUsforhandlinglargematrices.

KEywoRDS
Big Climate Data, Convergence Rate, GPU, Iterative Method, Matrix Type Identification, Numerical Weather 
Prediction, Parallel Matrix Inverse, Parallel Reduction

1. INTRoDUCTIoN

TheadventofBigdatatechnologyhasbroughtagreatrevolutioninthescienceofNumericalWeather
Prediction.BigdatainNWPactuallyrefersto‘climatebigdata’thatcomefromrapidanddense
observationsfromadvancedsensorsandveryhigh-resolutionmodeloutput.Aten-foldincreasein
themodelresolutionwouldrequire104morecomputationsforthefourdimensionsinspaceandtime.
Toachievethismassivelychallengingthroughputandtofullyutilizethisbigdatasoastoprovide
moreaccurateandrapidlyupdatedweatherprediction,innovationshavetobebroughttotheexisting
DataAssimilationandNWPsystems(BigDataAssimilation)(Miyoshietal.,2016a;Miyoshiet
al.,2016b).Thiscanhelpstrengthenourearlywarningsystemagainstregional,suddenandsevere
calamitiessuchashurricanes,heavyrain,flooding,landslidesandthealike.Innovativeresearchhas
alreadystartedtowardsspeedingupthevariousphasesofNWPsuchasobservationdataprocessing,
modelrunanddatatransferbetweenmodelandDA.EvenintheDataassimilationphase,waysto
improvestorageandprocessingoflargematricesandvectorscanbeexplored.Withthethreespatial
dimensionsandonetemporaldimensionconsideredinVariationaldataassimilationalgorithmsand
KalmanFilterbasedassimilationalgorithms,theatmosphericstatevariablessuchasWind,Pressure,
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Humidityetcatallgridpointsforvariousverticallayersandtimeinstantsarerepresentedinavector
witharound108entries.Likewise,themeasurementvectorcontains106observationentries.Dueto
largesizeofthesevectors,theresultingmodelerrorcovarianceandobservationerrorcovariance
matricestoowillbelarge,oftheorderofO(108X108).Hencetheperformanceoftheseassimilation
methodsdependson thedesignand implementationofbetter algorithms forprocessingof large
matricesingeneralandinversioninparticular,andthiswastheimpetusbehindourproposedwork.

Themassivenumbercrunchingcapacityneededtoworkwithlargematricescanbemadepossible
byemployingGraphicsProcessingUnits(GPUs).CUDAiswellsuitedfordata-parallelalgorithms
(Garland et al., 2008) such as shallow water model (Playne & Hawick, 2015), delivering high
computationalthroughputiffewdesignprinciplesarefollowedtofullyutilizetheGPU’sprocessor
cores and their shared memory that is critical to the performance of many efficient algorithms.
VariousimprovementsmadetothestorageformatforefficientexecutionofSpMVoperationson
GPUs(Gao,Qi&He,2016;Koza,Matyka,Szkoda&Mirosław,2014;Dziekonski,Lamecki&
Mrozowski,2011)haveshownthis.Wu,Ke,LinandJhan(2014)claimthatadjustingthenumber
of threadsdynamicallyhelps tocompletelyutilize thecomputepowerofGPUs.Modeling tools
(Zouaneb,Belarbi&Chouarfia,2016)alsolendahelpinghandinvalidatingtaskschedulingon
GPUsandanalyzingtheperformance.EarlierstudiesshowthatGPUimplementationsareseveral
timesfasterthanitsCPUcounterpart(Helfenstein&Koko,2012)andcanbeefficientifthematrixis
representedandprocessedusingthetwo-dimensionaltexturesthatGPUsareoptimizedfor(Galoppo,
Govindaraju,Henson&Manocha,2005).Furtherstudieshaverevealedthatparallelimplementation
ofalgorithmsonhybridplatformconsistingofCPUandGPUs(Ezzatti,Quintana&RemónGómez,
2011a;Benner,Ezzatti,Quintana-Ortí&Remón,2009;Ezzatti,Quintana-Orti,&Remon,2011b)has
provedtobemoreefficientforbothsmallandlargesizematricesthanthepureGPUimplementation.

Tosupporttheefficientexecutionoflinearalgebraapplications,thereareseverallinearAlgebra
librariesoptimizedforGPUarchitecturesuchasCUBLASandMAGMAforfindingmatrixinverse.
MAGMAlinearalgebraC/C++library(A.Chrzeszczyk&J.Chrzeszczyk,2013)providescodefor
calculatingmatrixinverseforaregularmatrixandpositivedefinitematrixbothinsingleprecision
anddoubleprecision.However,theselibrariesarenotefficientforcertainapplicationsandthereare
otherfindingsthatshowthatfurtherenhancementscanbemadetotheseimplementations.

AccordingtoHaidar,Abdelfatah,TomovandDongarra(2017),highperformanceGPU-only
algorithmdevelopedfordenseCholeskyfactorizationtorunonlatestGPUsandthehybridpanel-
basedLUdecompositionalgorithmoutperformtheexistinglibraries.Thetiledatalayoutfollowedin
Cholesky-basedmatrixinversion(Ibeid,Kaushik,Keyes&Ltaief,2011)resultsinupto5and6-fold
improvementcomparedtotheequivalentroutinesfromMAGMAV1.0bycompletelyremovingthe
synchronizationpointsandunlikeMagmaitisnotmemory-limitedandcanscalebeyondtheavailable
devicememory.Efficientbatchedsolvershavebeendevelopedforasetofsmalldensematricesasthe
pre-existingsolverswereeitherjustmemory-bound,orevenifhighlyoptimized,didnotexceedin
performancethecorrespondingCPUversions(Haidar,Dong,Luszczek,Tomov&Dongarra,2015).If
matrixinversionalgorithmsaretailoredtohandlespecificapplicationrequirements,theyoutperform
themethodsemployedinthestandardlibrariestocalculatedirectinverse(Prabhu,Rodrigues,Edfors
&Rusek,2013;Ylinen,Burian&Takala,2003;Xingbo,2011).

Moreover,theselibrariesemploydirectmethodsthateitheruseLU-decompositionwithpartial
pivotingorCholeskydecomposition,forfactorizationofmatrix.Whiletheformersuffersfromlack
ofoptimalstability,highconvergencetimeforsparsematricesascomparedtodensematricesand
inability to findapproximatesolution(Agarwal&Mehr,2014), the latter isnotveryrobustand
worksonlyforsymmetricpositivedefinitematrices.Ontheotherhanditerativemethodsaremore
stable,simpler,lesspronetonumericalerrors,bestsuitedforlargematricesduetosmallerstorage
requirementsandmorespecifically,efficientforsparsematrices.Theycompensateforindividual
andaccumulationofround-offerrorsastheyareaprocessofsuccessiverefinement(Jamil,2012).
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Theexistingiterativemethodsarenotwithouttheirlimitations.Eithertheirconvergencerate
istoosloworconvergenceisnotguaranteedforalltypesofmatrices.Amidsttheiterativemethods,
those that involve only the simple elementary arithmetical operations (Chang, 2015) and use
approximationstoavoiddivisionandsquarerootoperations(Zhouetal.,2012)havebeenshown
toexecutefaster.Henceintherecentyears,thequestforinversionalgorithmswithhighorderof
convergence has intensified; more specifically division-free algorithms are explored, the reason
beingtwo-fold:Itisneverdivideoverflowandalsodivisionoperationistheslowestamongallthe
arithmeticoperations.Thesearethemotivatingfactorsforchoosingamatrixmultiplicationbased
iterativemethodofinversionthathasseventhorderofconvergenceasatopicofstudyinthispaper.
Suchhighorderiterativemethodsaresoefficientforveryill-conditionedlinearsystemsortofind
robustapproximateinversepreconditioners(Soleymani,2012).Also,thismethodwillbeofgreat
accuracywhenimplementedonparallelmachines.Theembarrassinglyparallelnatureofthevarious
subtasksofthismethodsuchasmatrixtypeidentificationandinitialinverseconstructionmakesit
favorableforimplementinginaGPUhardwareenvironmentthathasamassivelyparallelarchitecture.
Thus,thispaperfocusesonimplementingarapidnumericalalgorithmtocomputeout-of-corematrix
inverseinaGPU-acceleratedparallelcomputingplatform,soastoobtainhighthroughput.Tofacilitate
thecomparisonofourparalleliterativeapproachwithadirectmethodofmatrixinversion,italso
parallelizestheGauss-Jordanalgorithm.AlthoughSharma,AgarwalaandBhattacharya(2013)have
madeattemptsearliertoparallelizeGauss-Jordanalgorithm,itmightnotbeusefulforapplications
thatinvolvedouble-precisionfloatingpointarithmeticandmatricestoolargetobeprocessedwithin
asinglekernelcall.Onsimilargroundsofcomparison,ourparalleliterativemethodhasbeenproved
tobemoreefficientthanthedirectmethod.

Therestofthepaperisorganizedasfollows.Section2describesthematrixmultiplicationbased
iterativealgorithmformatrixinversion.Section3expoundstheimplementationofproposedparallel
algorithmfortheiterativemethodofmatrixinversion.Section4presentstheexperimentalresults.
Atlast,Section5drawstheconclusions.

2. MATRIX MULTIPLICATIoN BASED ITERATIVE 
ALGoRITHM FoR MATRIX INVERSIoN

Soleymani(2012)andSoleymani(2013)haveprovedthatthefollowingmatrixmultiplication-based
iterativemethodforfindingmatrixinversehasseventhorderofconvergence,withanappropriate
initialguessfortheinverse.


n=0,1,2,…

Withahigherrateofconvergence,matrixinversecanbeevaluatedwithfeweriterationsbutstill
withhighaccuracy.

Toachieveseventhorderconvergenceforthismethod,theinitialinverse,V0shouldbeconstructed
usinganyofthefollowingthreeways.

A. Forastrictlydiagonallydominantmatrix,V0=diag 1 1 1 1
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B. ForamatrixA,V0= A

A A

T

1
( )

∞

.,whereATisthetransposeoftheoriginalmatrixAand

||A||1and||A||∞are1-NormandInfinityNormofthematrixA.

C. Incaseoffailureoftheabovetwoapproaches,V0=αIwhereIistheidentitymatrix,andα∈
Rshouldadaptivelybedeterminedsuchthat||I-αA||<1.

Inthecontextofbigclimatedata,ashugematricesofsizemillionbymillionhavetobeworked
upon, theaforementionedmethodrequiresO(n3)operations tobeexecutedfor the longseriesof
matrixmultiplicationsthataretobeperformed.EvenwithamachineofferingTeraflopsperformance,
overallcomputationtimewillbeapproximately(1018)/(8.6𝛸104𝛸1012)=11.5days.Tocatertothis
hugecomputationdemandoftheapplication,GraphicsProcessingUnit(GPUs)featuring1000sof
generalpurposecomputeprocessorshasbeenemployed.

2.1. Parallelization of Matrix Inverse
TheextremelyhighprocessingpowerofGPU-acceleratedhigh-endsystemhasbeenusedtoexpedite
bothinversionandinitialinversematrixconstructionaswell,withoutsacrificingaccuracy.Figure
1 isa schematic representing thesubtasksof theproposedparallelalgorithm.Salim,Akkirman,
HidayetogluandGurel(2015)haveexaminedthesizelimitofthematricesthatcanbesolvedbya
GPUandIntelXeonPhi.TheirinvestigationshowsthatGPUcannotsupportmatriceslargerthan
aspecificsize(20000)owingtothelesseramountofmemorydirectlyavailabletothedevice.Our
proposedapproachovercomesthislimitationbyparallelizingeverysubtaskinawaythatworksby
splittinguphugematricesintoseveralsmallerblocks/tilesthatcanbesupportedbyaspecificGPU
anditeratingthekernelforalltheseblocks.Literatureshowsthatthisapproachisnotverynew.To
overcomethelimitationofdevicememoryonGPU,onlyachunkofthedistancematrixiscomputed
insteadoftheentiredistancematrixforeachkernelcall(Arefin,Riveros,Berretta&Moscato,2012)
andonlypartialinputtilesareloadedintothesharedmemory(Kijsipongse,Suriya,Ngamphiw&
Tongsima,2011)andthekernelisrepeatedseveraltimes.

2.1.1. Matrix Type Identification
Speedofconvergenceofiterativemethodsdependsontheinitialinverseapproximation.Thisconveys
thefactthatconstructionofinitialguessfortheinverseisofprimeimportancetothisapproach.
Multiplewayshavebeensuggestedbywhichinitialinversecanbeconstructeddependingonthetype
oftheoriginalinputmatrix(Soleymani,2012).

A. Forastrictlydiagonallydominantmatrix,V0=diag 1 1 1 1

11 22 33
a a a a

nn
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whereaiiarethe

diagonalelementsofA.

Thismakesitnecessarytocheckforthetypeoftheinputmatrix,a.Astrictlydiagonallydominant
matrixisoneinwhichforeveryrowtheabsolutevalueofthediagonalelementisgreaterthanthe
sumofabsolutevaluesofallotherelementsalongthatrow.Anefficientmethodtoperformthistest
inaparallelenvironmentistosumupalltheelementsalongaparticularrowbyperformingparallel
reductionofthatrowandthensubtractthediagonalelement.Thedifferenceshouldbesmallerthan
thediagonalelement.Thisconditionmustbesatisfiedforalltherowstodeclareittobeastrictly
diagonallydominantmatrix.
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Theaboveprocedureistantamounttothesummationofnon-diagonalelementsofeveryrow.
VerylargematricescannotbetransferredtotheGPUinasinglestepforitslimitedmemory.This

requirespartitioningofmatricesandreducingthepartitionsindividually.Thereareseveralapproaches
topartitioningthelargesizematricesandtransferringthemtothedeviceforreduction.Column-
wiseandrow-wisepartitioningofmatricesalbeitsimpletoimplementwillnotscalewellshouldthe
matrixsizeincreasefurther.Individualcolumnsandrowsshouldinturnbesplituptofitintothe

Figure 1. Implementation flowchart of the proposed parallel matrix inversion algorithm
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devicememoryandthealgorithmhastoberestructuredtohandlesegmentsofrowsandcolumns.
Toalleviatetheseproblems,blockapproachisfollowedinwhichmatricesarepartitionedintoblocks
andparallelreductionisdoneforindividualblocks.Theoriginalmatrixoforderfullsize𝛸fullsize is
partitionedintoseveralsmallsub-matricesofordersizeXsize.Thiswillyield(fullsize/size)𝛸 (fullsize/
size) uniquesub-matrices(seeFigure2).

Tobefitthetwo-levelhierarchyofthreadsprevailinginGPUarchitecture,eachsize𝛸size sub-
matrixisfurthersub-dividedintoseveralblocksofblocksize𝛸blocksize elementseach.Thusatotal
of(size/blocksize)X(size/blocksize) blockshavetobeprocessedtoperformrow-wisesummationof
asinglesub-matrix.Aftersplittingupthematrixintoblocks,parallelreductiontechniqueisapplied
tosumuptheblocksize elementsofeachrow.Eventually,sizeX(size/blocksize) wouldbetheorderof
thematrixtobetakenforthenextlevelprocessing.Duringthenextphaseeachrowof(size/blocksize) 
elementsisreducedindividuallytoobtainasinglecolumnofsize elements.Thesameprocedureis
repeatedforeverysizeXsize sub-matrixuntilallthe(fullsize/size) 𝛸 (fullsize/size) sub-matricesare
processed.Attheend,asinglefullsize𝛸 1 arrayisobtainedfromwhichtheappropriatediagonal
elementsaresubtractedandverifiediftheresultsarestilllesserthanthediagonalelementsineach
rowornot.Iftruethentheinitialinversematrixiscomputedasfollows.

V0=diag 1 1 1 1

11 22 33
a a a a

nn

, , , ,





……





whereaiiarethediagonalelementsofA.

Thiscanbebestillustratedbyconsideringamatrixwithfullsize =16,size =4andblocksize 
=2.Figures3-7showthefirstlevelpartitioningoftheoriginalmatrixinto4sub-matricesoforder
4X4 andthesecondlevelpartitioningofasinglesub-matrixinto4smallerblocksoforder2X2 and
theirparallelreduction.

2.1.2. Initial Inverse Construction
Forastrictlydiagonallydominantmatrix,initialinverseV0canbeeasilyconstructedasthenon-
diagonalelementsarezeroes.Ontheotherhand,foramatrixAthatisnotstrictlydiagonallydominant

initialinverseiscalculatedasV0=
A

A A

T

1
( )

∞

,whereATisthetransposeoftheoriginalmatrixA

Figure 2. Reading the original matrix as sub-matrices
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Figure 3. Partitioning of original matrix into sub-matrices

Figure 4. Partitioning of sub-matrix into blocks and their reduction
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and||A||1and||A||∞being1-NormandInfinityNormsofthematrixA.Asaresult,initialinverse
constructionnecessitatesthecomputationof1-NormandInfinity-Normandtransposeofthematrix.
2.1.2.1. Norm Computation

1-Norm(||A||1)=max | |
1

1
≤ ≤

=
∑





)

j n
i

n

ij
a givesthemaximumofthesumofabsolutevaluestakenalongeach

column.Infinity-Norm(||A||∞)=max | |
1

1
≤ ≤

=
∑





)

i n
j

n

ij
a givesthemaximumofthesumofabsolutevalues

takenalongeachrow.Additionalspeedupcanbeachievedbyparallelizingthenormcomputation.
Boththenormsinvolvesummingupallvaluesalongaparticularcolumnorrow.Theideaistoadopt
thesameparallelreductiontechniquebutthistimewithmaxoperator.For1-NormandInfinity-Norm,
1𝛸fullsize and fullsize𝛸1 arraysareobtainedrespectivelywhichareinturnreducedtosinglescalar
maximumeach.
2.1.2.2. Optimization Techniques

Figure 5. Reduction of individual sub-matrices

Figure 6. Reduction of sub-matrices to form reduced matrix
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In addition to theoptimization strategies recommended for parallel reduction inpreviousworks
(Lungu,Petrosanu&Pirjan,2012;Martín,Ayuso,Torres&Gavilanes,2012),twootheroptimization
techniqueshavebeenimplementedinourparallelizationthatgreatlyimprovesthedeviceperformance.
Thefirstofthembeingtheallocationofhostarraysdirectlyinpage-lockedmemoryofthehostusing
cudaMallocHost()tohelpforhigherbandwidthbetweendeviceandhost.Theadvantageofusingpinned
memoryistwofold.Italsohelpstooverlapdatatransferwithcomputationonhostwhichisthesecond
majoroptimizationtechniquefollowedinourapproach(Harris,2012).Datatransferandcomputation
operationsshouldoccurindifferent,non-defaultstreamsinorderforthemtobeoverlapped.Hence
itbecomesmandatorytoworkwithmultiplestreamsinsteadofasingledefaultstream.Creationof
multiple streams ismadepossiblewithcudaStreamCreate() functionandcudaStream_tstructure
variable.Afterthecreationofmultiplestreams,theblockingorsynchronousdatatransferfunction
cudaMemcpy()hasbeenreplacedwithitsasynchronouscounterpartcudaMemcpyAsync().While
thesecondstreamofdataisbeingtransferred,thekernelcallbeingasynchronouscanproceedwith
computationofdata in the first stream.AlsocudaStreamSynchronize(), a less severemethodof
synchronizingthehostwithastreamisusedtosynchronizethehostcodewithoperationsinastream.

OurimplementationemploysfourstreamstoreadasizeXsizesub-matrixandcopyittoGPU
memory.Eachstreamcomprisesof(size/nstreams)sizeelements.Oncethetransferoffirststream
of(size/nstreams)Xsizedataiscomplete,transferofsecondstreamof(size/nstreams)𝛸size dataand
kernelexecutionwithfirststreamofdataareperformedintandem(seeFigure8).

Initiallycolumnsbelonging tovariousblocksare reducedand their resultsstored ina (size/
blocksize)Xsizematrixthatisfurtherreducedto1𝛸size 1-Darrayinthenextlevel(Figure9).

Figure 7. Matrix after reduction
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2.1.2.3. Transpose Computation
Fortransposegenerationofagivenmatrixthetasktobeperformedistosimplyinterchangethe
elementsalongrowsandcolumns.However,performingthistaskforareasonablylargematrixrequires
considerableamountoftimeandhencetransposecomputationhasalsobeenparallelized.Asdone
formatrixtypeidentificationandnormcomputation,theoriginalmatrixoforderfullsize𝛸fullsize
ispartitioned into several small sub-matricesoforder sizeXsize.Thiswillyield (fullsize/size)𝛸
(fullsize/size) uniquesub-matrices.Everysub-matrixis in turnpartitionedinto(size/blocksize) X 
(size/blocksize) blockswithblocksizeXblocksize elementsineachblock.Transposeofasinglesub-
matrixisformedbyinterchangingtheelementswithintheindividualblocksfollowedbyinterchanging
theblocksthemselvesalongrowsandcolumns.Inasimilarway,transposeisfoundforallthesub-
matrices.Whilewritingthesetransposedsub-matricesbacktothefile,sub-matricesalongtherows
andcolumnsshouldbeinterchangedandwritten.

Followingasimilarassumptionmadeearlierwithfullsize =16,size =4andblocksize =2,
Figures10and11showthefirstlevelpartitioningoftheoriginalmatrixoffullsizeXfullsize into4
sub-matricesofordersizeXsize andthesecondlevelpartitioningofasinglesub-matrixinto4smaller
blocksoforderblocksizeXblocksize respectively.Figure10alsoportraysthe4individualtransposed
blocksandtheinterchangeoftheblocksalongrowsandcolumns.Figure11depictsthe4transposed
sub-matricesandthefinalmatrixobtainedbyinterchangingthesub-matricesalongrowsandcolumns.
Figure12showstranspositionofindividualblocksandtheirinterchange.

Figure 8. Overlapping data transfer and computation
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NowtheinitialinverseiscomputedasV0=
A

A A

T

1
( )

∞

forwhichdivisionofalltheelements

inthetransposebytheproductof1-NormandInfinity-Norm,isdoneinparallel.

2.1.3. Matrix Inversion
Out-of-corematrixinversionusingmatrixmultiplication-basediterativemethodwithseventhorder
ofconvergenceformsthecruxofourapproach.Withahigherrateofconverge,matrixinversecan
beevaluatedwithfeweriterationsbutstillwithhighaccuracy.


n=0,1,2,…

Fromtheequationitisveryobviousthatthematrixinversecomputationhasbeenreducedtoa
seriesofmatrixmultiplicationoperations.Intheverybeginning,productoftheoriginalmatrixand
itsinitialinverse(AVn)shouldbecomputed.Ateverystepthisproductshouldbemultipliedwith
theintermediatematrixcomputedatthatstep.Atotalof9suchmultiplicationsaretobeperformed
intheseries.

Figure 9. Parallel reduction in multiple levels
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2.1.3.1. Block Matrix Multiplication Approach
Blockpartitioningtechniquefollowedinthepreviousstagesisusedheretooandhenceablockmatrix
multiplicationapproachisseeminglytherightchoice.Considerthesizeoftheoriginalmatrixandthe
initialinversematrixI_initialtoben𝛸n where n=2k. For large sizes, both the matrices are partitioned
intoseveralsmallblockseachofsizek𝛸k. By this way of partitioning, matrices A and I_initial can
berepresentedasacombinationoffoursmallermatricesasgivenbelow.

Figure 10. Partitioning of a sub-matrix into four blocks and its transpose computation

Figure 11. Interchange of transposed sub-matrices to form a complete transposed matrix
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Block-matrixmultiplicationapproachisfollowedtoevaluatetheproductofthesetwomatricesas
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whereeveryelementAijorBijisitselfasubmatrixofsizek𝛸k. Partitioning is continued till k equals
size.Multiplicationof twomatricesofordersizeXsize andmultiplicationof identitymatrixbya
constantaredoneinparallel.Samemultiplicationstrategyisappliedfortheentiremultiplication
chainproposedinSoleymani’smethod(seeFigure13).

Figure 12. Transpose of individual blocks and their interchange
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3. RESULTS AND DISCUSSIoN

3.1. Performance Evaluation of the Proposed Parallel Iterative Algorithm
Everysubtaskof thealgorithmhasbeenparallelizedanddesigned towork fordouble-precision
floating-pointarithmetic.Performanceofourapproachhasbeentestedforvariousmatrixsizesina
GPUwith96cores,havingaglobalmemoryof1024MBandsharedmemorysizeof49152Bytes
perblock.Timetakenforcomputingmatrixnormandtransposehavebeenrecordedandshownin
Table1.Alsoforthesameoperation,timetakenbyCPUwithoutoffloadingtheworkloadtoGPU
hasbeenmeasuredandgiveninTable1thataidsinevaluatingthespeedupachieved.

Figures14and15show the individualplotof tabulatedvalues formatrixnormandmatrix
transpose,usinglogarithmicscale.Incaseofmatrixnormcomputation,5to6timesspeeduphas
beenachievedfora100,000𝛸100,000 sizematrixusingasingledevice.Likewisematrixtranspose
computationhasexhibited4to5timesincreaseinthespeedup.

3.2. Comparison with Existing CUDA Algorithm for Gauss Jordan Method
GirishSharmaetal.(2013)havedevelopedafastparallelGaussJordanalgorithmforMatrixInversion
usingCUDA.Intheirwork,althoughtheyhaveprovedthatGPUbasedparallelizationformatrix
inversionisordersofmagnitudefasterthanCPUbasedparallelization,theyhavefailedtoorchestrate
aparallelalgorithmthatwouldprocessamatrixtoolargetobehandleddirectlybytheavailable
devicememoryunderconsideration.Alsotheresultsshownpertaintosingleprecisionfloating-point

Figure 13. Block matrix multiplication
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arithmeticbutinrealitymostofthescientificandengineeringapplicationsnecessitatecomputations
withmuchhigherprecision.Hencetoestablishasimilartestenvironmentforcomparisonwiththe
proposedparallelalgorithm,inourworkCUDAimplementationofGaussJordanmethodalsohas
beendonetoworkfordoubleprecisionfloating-pointarithmeticandtosupportout-of-corematrix
inversion.

3.2.1. CUDA Implementation of Gauss-Jordan Method
Generally,Gauss-Jordanmethodproceedsbyfirstaugmentingtheoriginalmatrixwiththeidentity
matrixandthenperformingthefollowingtwotransformationsrepeatedlyforallrows.

• Ri←Ri/aii
• ∀Rjwherej≠i,Rj←Rj-RiXaji

Table 1. Sequential and Parallel Execution time for Matrix Norm and Matrix Transpose

MatrixNorm MatrixSize 512X 512 1024X 
1024

2048X 2048 4096X 
4096

8192X 8192 16384X16384 32768X 32768

Sequential
(msec)

5 20 80 296 1237 4885 28959

Parallel
(msec)

4.12 15.23 51.20 197.77 782.51 3134.96 12762

Matrix
Transpose

MatrixSize 512X 512 1024X 
1024

2048X 2048 4096X 
4096

8192X 8192 16384X16384 32768X 32768

Sequential
(msec)

5 23 92 373 1542 5907 25304

Parallel
(msec)

0.98 4.86 19.22 77.26 308.23 1231.51 5229.78

Figure 14. Execution Time - Matrix Norm
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Theexistingworkhasparallelizedboththetransformationsindividuallybutonlyforthematrix
sizesupportedbytheGPUarchitectureconsideredforthestudy.Butourimplementationhandles
out-of-corecomputationofmatrixinverse(Figure16).

Ourproposedapproachfirstidentifiestherowwitharow-numberequaltoiterationcount,i;
dividestheactiverowoftheactualsub-matrixandtheaugmentedmatrixbythediagonalelementof
theactiverow;processestheotherrowsinsuchawaythatelementsalongthesamecolumnasthat
ofthediagonalelementreducetozero;retainstheaugmentedmatrixandsendsthemodifiedsub-
matrixbacktotheCPUforalliterationsexceptthelast;sendstheaugmentedsub-matrixinthelast
iteration.Thecodeisexecutedforallthesub-matricesoftheoriginalmatrix(Figure17).

The proposed parallel iterative algorithm and parallel Gauss-Jordan algorithm have been
implementedtoperformdouble-precisionfloating-pointarithmeticandtestedusingthesameGPU
platform.Executiontimesofthetwomethodsformatricesofsizes512X512and1024X1024have
beentabulatedinTable2.Executiontimeoftheproposedparalleliterativealgorithmincludesthe
timeneededforcomputationofnorm,transposeandthentheinverse.ItisobservedfromFigure18
thattheproposedparallelalgorithmrequiresapproximatelyonlyhalfofthetimeneededforexecuting
parallelGauss-Jordanalgorithm.

CoNCLUSIoN

TheembarrassinglyparallelnatureofthealgorithmnaturallyfitstheThroughput-orientedarchitecture
ofGPUs.Experimentalresultshaveshown5Xspeedupofthesub-tasksformatricesoforder105X105
byemployingGPUs.Thus,theentireprocessofmatrixinversionisacceleratedmanifoldwithoutany
setbackintheaccuracyoftheresults.Tofacilitatethecomparisonofourparalleliterativeapproach
withadirectmethodofmatrixinversioninasimilartestenvironment,Gauss-Jordanalgorithmhas
beenparallelizedtoo.Comparativestudyhasshownthattheproposedparalleliterativealgorithm
is twice as fast as the parallel Gauss-Jordan algorithm for out-of-core matrix inversion and this
accelerationisattributedtothedivision-freedesignofthealgorithm.

Figure 15. Execution Time - Matrix Transpose
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Everysubtaskofthealgorithmhasbeenparallelizedinawaythatworksbysplittinguphuge
matricesintoseveralsmallerblocks/tilesthatcanbesupportedbyaspecificGPUanditeratingthe
kernel forall theseblocks.Thisserves toalleviate toagreatextent, therestrictionposedby the
limiteddevicememorysize,overthesizeofthematricesthatcanbehandled.Multipledevicescan
beemployedtoenhancetheperformancefurther.Asthealgorithmhasbeendesignedtobehighly
scalable,withminimaleffortsitcanbeportedtomultipleGPUarchitectureinwhichcasethealgorithm
withitsembarrassinglyparallelnaturewillbeaboonforthebigdataclimateresearchcommunity.

Figure 16. Reading of input and storage of intermediate results being altered between two files



International Journal of Grid and High Performance Computing
Volume 10 • Issue 1 • January-March 2018

88

Figure 17. Processing of actual sub-matrix and augmented matrix
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Table 2. Execution Time of Parallel Gauss-Jordan Vs Parallel Iterative Algorithm

MatrixSize 512X512 1024X1024

ParallelGauss-JordanAlgorithm(Inmsec) 1432.14 10101.23

ProposedParallelIterativeAlgorithm
[norm+transpose+inverse]
(Inmsec)

719.99 5849.57

Figure 18. Parallel Gauss-Jordan Vs Parallel Iterative algorithm
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