Discrete Optimization 17 (2015) 1-13

Contents lists available at ScienceDirect DISCRETE
OPTIMIZATION

Discrete Optimization

www.elsevier.com/locate/disopt e

Embedding hypercubes and folded hypercubes onto Cartesian @CmssMark
product of certain trees

Micheal Arockiaraj®, Jasintha Quadras®, Indra Rajasingh¢, Arul Jeya Shalini®*

# Department of Mathematics, Loyola College, Chennai 600034, India
Y Department of Mathematics, Stella Maris College, Chennai 600086, India
¢ School of Advanced Sciences, VIT University, Chennai 600127, India

ARTICLE INFO ABSTRACT
Article history: The hypercube network is one of the most popular interconnection networks since
Received 11 December 2013 it has simple structure and is easy to implement. The folded hypercube is an

Received in revised form 7 November
2014

Accepted 10 March 2015

Available online 13 April 2015

important variation of the hypercube. Interconnection networks play a major role in
the performance of distributed memory multiprocessors and the one primary concern
for choosing an appropriate interconnection network is the graph embedding ability.
A graph embedding of a guest graph G into a host graph H is an injective map on
the vertices such that each edge of G is mapped into a path of H. The wirelength of

g;ytfgfﬁig this embedding is defined to be the sum of the lengths of the paths corresponding
Edge isoperimetric problem to the edges of G. In this paper we embed hypercube and folded hypercube onto
Folded hypercubes Cartesian product of trees such as 1-rooted complete binary tree and path, sibling
1-rooted complete binary trees tree and path to minimize the wirelength.

Sibling trees © 2015 Elsevier B.V. All rights reserved.

Cartesian product

1. Introduction

The problem of efficiently implementing parallel algorithms on parallel computers has been studied as
a graph embedding problem. The computational structure of a parallel algorithm A is represented by a
graph G4 and the interconnection network of a parallel computer N is represented by a graph Hy. An
embedding of G4 into Hy describes the working of the parallel algorithm A when implemented on N [1].
Such a simulation problem can be mathematically formulated as follows: Given a guest graph G and a host
graph H. An embedding of G into H is an ordered pair < f, Py >, where f is an injective map from V(G) to
V(H) and Py is also an injective map from E(G) to {P(f(u), f(v)) : P(f(u), f(v)) is a path in H between
f(u) and f(v) for (u,v) € E(G)} [2-5]. See Fig. 1. An edge congestion of an embedding < f, Py > of G
into H is the maximum number of edges of the graph G that are embedded on any single edge of H. Let
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Fig. 1. Embedding the wiring of a ladder into the 1-rooted complete binary tree with f(z) = « and Py(0,1) = (0,1), Ps(0,2)
0,1,2), Pf(173) = (1,3), Pf(175) = (1,3,5), Pf(2’3) = (2,1,3), Pf(377) = (3,7), Rf(475) = (4,5), Pf(476)
(4,5,6), Ps(5,7) = (5,3,7), Ps(6,7) =(6,5,3,7).

EC .y p;~(e) denote the number of edges (u,v) of G such that the path P(f(u), f(v)) contains the edge e
in H [6]. In other words, EC< p,-(e) = [{(u,v) € E(G) : e € P(f(u), f(v))}|

The performance of an embedding can be measured by dilation, expansion and edge congestion sum
(wirelength). The dilation of an embedding < f, Py > is defined as dil<s p,» (G, H) = max{|P(f(u), f(v))| :
(u,v) € E(G)}. The smaller the dilation of an embedding is, the shorter the communication delay that the
graph H simulates the graph G. The expansion of an embedding < f, Py >~ is defined as Exp_y p,- (G, H) =
|[V(H)|/|V(G)|. Expansion measures the processor utilization. The smaller the expansion of an embedding
is, the more efficient the processor utilization that the graph H simulates the graph G [7].

Combinatorial isoperimetric problems arise frequently in communications engineering, computer science,
physical sciences and mathematics. Layout problems arise in electrical engineering when one takes the wiring
diagram for some electrical circuit and lay it out on a chassis. A wiring diagram is essentially a graph, the
electrical components being the vertices and the wires connecting them being the edges [8]. See Fig. 1.

The wirelength [6,8] of an embedding < f, Py > of G into H is given by

WLippp-(GH) = Y |P(f(u), f()l= Y ECzpp-(e).

(u,v)€E(G) e€E(H)

The minimum wirelength of G into H is defined as WL(G,H) = min WLy p.. (G, H) where the
minimum is taken over all embeddings f and Py of G into H.

Embedding problems have been considered for binary trees into hypercubes [9-16], binomial trees into
hypercubes [17,18], generalized ladders into hypercubes [19,20], hypercubes into cycles [21,22], hypercubes
into grids [6,23,24], hypercubes into cylinders, snakes and caterpillars [25], hypercubes into certain trees [26],
m-sequential k-ary trees into hypercubes [27], folded hypercubes into grids [28] and complete binary trees
into folded hypercubes [1].

Among the interconnection networks of parallel computers, the binary hypercube has received much
attention. An important property of the hypercube which makes it popular, is its ability to efficiently
simulate the message routings of other interconnection networks and hence becomes the first choice of
topological structure of parallel processing and computing systems. The machine based on hypercubes such
as the Cosmic Cube from Caltech, the iPSC/2 from Intel and Connection Machines have been implemented
commercially [1]. For n > 1, let Q,, denote the n-dimensional hypercube. The vertex set of @, is formed
by the collection of all n-string binary representations. Two vertices x,y € V(Q,) are adjacent if and only
if the corresponding binary representations differ exactly in one bit [5]. Equivalently if |V(Q,)| = 2" then
the vertices of Q),, can also be identified with integers 0,1, ...,2" — 1 so that if a pair of vertices ¢ and j are
adjacent then i — j = £2P for some p > 0. An incomplete hypercube on i vertices of @,, is the graph induced
by {0,1,...,4— 1} and is denoted by L;, 1 <i < 2™ [29]. See Fig. 2.
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Fig. 2. The 3-dimensional hypercube with vertices labeled (a) binary and (b) decimal.

001

Fig. 3. The 3-dimensional folded hypercube with dotted lines represent complementary edges.

For two vertices * = z129...2, and ¥y = y1y2...Yn, (2,y) is a complementary edge if and only if
1,2,...,n. The n-
dimensional folded hypercube, denoted by F'Q,, is an undirected graph obtained from @, by adding all
complementary edges [5]. It is easy to see that any n-dimensional folded hypercube FQ, can be viewed
as G(0Q,_1, 1Q,_1;C U C) where 0Q,,_; and 1Q,_; are two (n — 1)-dimensional hypercubes with the
prefix 0 and 1 of each vertex, respectively, and C = {(Ou, 1u) : Ou € V(0Q,_1) and 1u € V(1Q,,_1)}, C =
{(O0u, 17) : Ou € V(0Qn—1) and 1w € V(1Q,—1)} [30]. See Fig. 3.

A tree is a connected graph that contains no cycles. Trees are the most fundamental graph-theoretic models

the bits of x and y are complements of each other, that is, y; = Z; for each i =

used in many fields: information theory, automatics classification, data structure and analysis, artificial
intelligence, design of algorithms, operation research, combinatorial optimization, theory of electrical
networks, and design of network [5]. The most common type of tree is the binary tree.

The importance of the hypercubes and folded hypercubes in the topic of interconnection networks and
the importance of trees in the topic of data structures, motivated the authors to study the embedding
of hypercubes and folded hypercubes into Cartesian product of certain trees. The rest of this paper is
organized as follows. In the next section, some background of the edge isoperimetric problem and a technique
to compute the minimum wirelength are given. Section 3 gives the minimum wirelength of embedding
hypercubes and folded hypercubes into Cartesian product of 1-rooted complete binary tree and path in
linear time. In Section 4, the result of Section 3 is extended to Cartesian product of sibling tree and path.
The last section concludes the whole paper.

2. Background and technique

One of the first needs of edge isoperimetric problems was discovered by Harper [31]. Suppose we have to
send the numbers 0,1,...,2" — 1 through a binary channel and we have to assign the numbers to vertices
of the hypercube @,. For example, we may assume that these numbers were taken from the output of an
analog to digital converter. It is assumed that only single errors are likely in a transmitted word and each
of the n positions may be disturbed with probability p. If the n-tuple assigned to ¢ was transmitted and
the n-tuple assigned to j was received, then |i — j| is the absolute value of the error. The goal is to find
an assignment so that the average absolute error in transmission is minimized under the condition that the
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choice of the 2™ numbers is equally probable. Thus one comes to the problem of constructing a bijective
mapping ¢ : V(Q,) — {0,1,...,2" —1} so that the sum Z(u’v)eE(Q") o(u) — p(v)| is minimized. Such type
of problems can be formulated for an arbitrary connected graph G and the sum above may be referred to

the total wirelength in a linear layout of the graph G.
The following two versions of the edge isoperimetric problems (N P-complete) of a graph G(V, E) have
been considered in the literature [32,33].

Version 1 (Minimum cut problem): Find a subset of vertices of a given graph, such that the edge
cut separating this subset from its complement has minimal size among all subsets of the same cardinality.
Mathematically, for a given m, if fg(m) = minacv,|aj=m |0c(A)| where 05(A) = {(u,v) € E:uc A,v & A},
then the problem is to find A C V such that g (m) = |0g(4)|.

It is interesting to note that 6 (||V|/2]) yields bisection width of G [33].

Version 2 (Induced edge problem): Find a subset of vertices of a given graph, such that the number of
edges in the subgraph induced by this subset is maximal among all induced subgraphs with the same number
of vertices. Mathematically, for a given m, if Ig(m) = maxacv,jaj=m [Ic(A)| where I(A) = {(u,v) € E :
u,v € A}, then the problem is to find A C V such that I¢(m) = |Ig(4)].

We call such a set A optimal. Clearly, if a subset of vertices is optimal with respect to Version 1, then its
complement is also an optimal set. However, it is not true for Version 2 in general, although this is indeed
the case if the graph is regular [32].

Theorem 1 (/8,31,54,35]). For 1 <i<2", L; ={0,1,...,i— 1} is an optimal set in the hypercube Q.
Theorem 2 (/28]). For 1 <i<2", L; ={0,1,...,i— 1} is an optimal set in the folded hypercube FQ,,.

Lemma 1 (/6,28,36]). Let m = 2% + 2% ... 4 2% be such that n >t; >ty >--->1; > 0. Then
(@) |E@u[Lum))| = [t1- 297+t - 227 o g - 2071 1 [22 2020 o (- 1)27]

if m n-l
(b) [ B(FQuILn])| = {:ggggg;: el

Let E*(G) denote a collection of edges of a graph G with each edge in G repeated exactly k times. This
type of partitioning the edges of a graph is called generalized edge partition. The following lemma provides
the general method of partitioning the edges of a graph and how this method can be effectively used to solve
the wirelength problem [6,37,38].

Lemma 2 (k-Partition Wirelength Lemma). Let < f, Py = be an embedding of an r-regular graph G into
a graph H. Let {S1,Sa,...,5,} be a partition of E¥(H) such that each S; is an edge cut of H. For
1 <i < m, the removal of edges of S; splits H into 2 components H;; and H;z and let G = G[f~1(H;1)]
and G2 = G[f~1(H;2)], where each S; satisfies the following conditions.

(i) For every edge (a,b) € Gy;, j =1,2, P(f(a), f(b)) has no edges in S;.
(if) For every edge (a,b) in G with a € G41 and b € G2, P(f(a), f(b)) has exactly one edge in ;.
(iii) Either G;1 or Gya is an optimal set.
Then ECZy p;»(S;) is minimum where

ECLf.p;-(Si) =Y EC<spyn(e) =r|V(Gia)| = 2|E(Ga)| = 1|V (Gi2)| — 2|E(Gi2)]
eeS;
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and

1 m
WL(G, H) = + > ECLfp-(Si).
=1

3. Embedding hypercubes and folded hypercubes into Cartesian product of 1-rooted complete binary trees
and paths

In this section we embed hypercubes and folded hypercubes into Cartesian product of 1-rooted complete
binary trees and paths to minimize the wirelength.

Let T be a rooted tree. Suppose that vertex u of T" adjacent to v lies in the level below v, we say that u
is a child of v and v is the parent of u. Suppose that there is a path from v to w in T such that w lies below
v, we say that w is a descendant of v and v is an ancestor of w. A vertex with no children is called a leaf.
All other vertices are called internal vertices. A binary tree is a rooted tree in which each vertex has at most
two children and each child is designated as its left child or right child. Binary trees are widely used in data
structures because they are easily stored, easily manipulated, and easily retrieved. Also, many operations
such as searching and storing can be easily performed on tree data structures. Furthermore, binary trees
appear in communication pattern of divide-and-conquer type algorithms, functional and logic programming,
and graph algorithms [5].

For any non-negative integer n, the complete binary tree of height n, denoted by T, is the binary tree
where each internal vertex has exactly two children and all the leaves are at the same level. Clearly, a
complete binary tree T}, has n levels and level i, 1 < i < n, contains 2°~! vertices. Thus 7}, has exactly
2™ — 1 vertices. The 1-rooted complete binary tree BT, is obtained from a complete binary tree T, by
attaching to its root a pendant edge. The new vertex is called the root of BT,, and is considered to be at
level 0 [26]. Hence BT, has 2™ vertices.

We first prove a few basic lemmas to attain the main result.

Lemma_ 3. Let ny be a fized positive integer such that ny <mn. For j =1,2,...,ny and i =0,1,...,2Mm 7 —
L, TX! ={k-2m +i-274+1:0< k<2""™ —1,0<1<2 -2} is an optimal set on 2"~™1 (27 — 1) vertices
i Qn and also in FQ,.
Proof. Define ¢ : TX/ — Lon—ni(2i_1y by @(k-2" +i-2/ +1) = k+1-2"~™ If the binary representation of
x=Fk- 2" 4.2 4]
is
0102 .. Qe P152 . B —jv1Y2 Yy
then we prove that the binary representation of
px)=k+1-2""™
is

000....... 0007172 ... vjo1Q2 ... Qpy -
———

ni—j times
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For instance, n =6, ny =4, j =2 and i = 0 is shown as follows:

0 1 2
16 17 18
32 33 34
48 49 50

TXE =

with binary representation

000000 000001 000010
010000 010001 010010

TXZ =
100000 100001 100010
110000 110001 110010
Then
0 4 8
1 5 9
TX?) =
(T Xg) 2 6 10
3 7 11
with binary representation
000000 000100 001000
000001 000101 001001
p(TXF) =

000010 000110 001010
000011 000111 001011
Suppose k =0, i =0 in x. Then x = [. Since 0 <[ < 27 — 2, the binary representation of x is

000....... 000000....... 0007172 - - - ;-

n—ny times ni—j times

This implies that the binary representation of p(x) =1-2""™ is

ni—j times n—nj times
Suppose k = 0 in x. Then x =i -2/ + 1. Since j = 1,2,...,ny, i =0,1,...,2M77 -1, 0<1 <2/ —2, the

binary representation of x is

000....... 0006162---ﬂnl—j’7172-~-7j-

n—niy times

This implies that the binary representation of p(x) =1-2""" is

000....... 0007172 ...7;000....... 000.
—_—
ni—j times n—ny times

Suppose 7 =0 in x. Then x = k-2™ 4. Since 0 < k < 2" ™ —1, 0 < < 27 — 2, the binary representation
of x is

10 ... 0p—p, 000. ... ... 000v1v2 - ...
—_—

ni1—j times
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This implies that the binary representation of p(x) =k +1-2""" is

000....... 0007172 ... Vjo1Q . .. Q-
ni—j times

Similarly we can discuss all other cases.

We now show that the sets TXZ and Lgn-n (25_1) are isomorphic by considering into three parts.

Part A: Let the binary representations of two numbers x and y be respectively

00000 | o(resp.1) | 00000 0O0OOOC DOOOOO

ni—j bits 7 bits

n—nq bits

and

00000 | 1(resp.0) | DOOOO 0O00OOOO DODOOO

ni—j bits j bits
n—mny bits 17 J

Then the binary representations of numbers p(x) and (y) are respectively

000......000 JOOO0O0O O0O0O0O0 | 1(resp.0) | BOOOO

ni—j bits J bits

n—mny bits
and

000......000 OOO00O0 00000 | 0(resp.1) | 0OOOO

ni—j bits J bits

n—ny bits

Hence the binary representations of two numbers x and y differ in exactly one bit if and only if the binary
representations of p(x) and ¢(y) differ in exactly one bit. Therefore (x,y) is an edge in TXij if and only if
(p(x), ¢(y)) is an edge in Lon-—ny (2i_1). Hence TXij and Lgn-ny (25_1) are isomorphic. By Theorem 1, TXij
is an optimal set in @Q,, for j =1,2,...,ny and i =0,1,...,2™M77 — 1.

Whenj =1,2,...,ny—1landi=0,1,...,2" 7 —1, the above argument holds for F'Q),, and by Theorem 2,
TXZ.j is an optimal set in F'@,. Suppose j = n; then ¢ = 0. In this case the binary representations of two
numbers x and y differ in exactly one bit or the sum of the binary representations of x and y is 111...11
(n bits) if and only if the binary representations of ¢(x) and ¢(y) differ in exactly one bit or the sum of
the binary representations of ¢(x) and ¢(y) is 111...11 (n bits). Therefore (x,y) is an edge in TX;-j if and
only if (¢(x),»(y)) is an edge in Lgn-—n, (95 _1)- By Theorem 2, TXij is an optimal set in F'Q,.

Part B: Let the binary representations of two numbers x and y be respectively

00000000 DOO0O00d 004 | o(resp.1) | OOO

n—nq bits ni—j bits

7 bits
and

0O000000 0000000 000 | 1(resp.0) | OOO

n—ny bits ni—j bits

7 bits
Then the binary representations of numbers ¢(x) and ¢(y) are respectively
000...... 000 OO0 | 0(resp.1) | 00O DOOOOOOO
_—

ni1—j bits J bits n—n1 bits
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and

000......000 OO0 | 1(resp.0) | OO0 OJOOOOOOO
—_—

ni1—j bits

J bits n—nq bits

By proceeding as in Part A, we get TXij is an optimal set in @,, and F@,.

Part C: Let the binary representations of two numbers x and y be respectively

00000000 000 | o(resp.1) | D000 000000
—_— —_——

n—mny bits n1—7 bits j bits
11—

and

00000000 0043 | 1(resp.0) | OOOO O0OOOOO
—_— | ——

n—mny bits n—) bits 7 bits

Since ¢ and j are fixed for TX{ , this part does not occur. [

Lemma 4. For j =1,2,...,ny and i = 0,1,...,2"77 — 1, |E(Q,[TX?])| = 2"~ ~Y2i(n —ny + j) — (n —
ny +25)} where ny < n.

Proof. By Lemma 3, TXf is an optimal set on 2"7"1(2/ — 1) vertices in @,, and hence ‘E(QR[TXﬂ) =
|E(Qn[Lan—ni(2i_1)])|- Since 2"7m1(20 — 1) = 2n=m 4 gn=mtl 4 oo g onemiAi=l By Lemma 1,
|[B@aIrx{))| =22 (0= 4+ j) — (n—m +2))}. O

Lemma 5. Let ny be a fized positive integer such that ny < n. (a) For j = 1,2,...,n1 — 1 and i = 0,1,
21 |B(FQITXT))| = [BQuITX])| (b) For j =ny and i =0, | E(FQuITX])| = | E@uTX])
+ 2n—1 _on—ni

Proof. By Lemma 3, TX/ is an optimal set on 2"~™1(2/ — 1) vertices in FQ,, and hence ‘E(FQ,I[TXZJ])’ =
|E(FQn [L271—n1(2j_1)])|. The proof follows from Lemmas 1 and 4. O

Theorem 3. Let ny be a fized positive integer such that ny < n. The minimum wirelength of Q, and FQ,
into BTy, X Py, m =2""" are given by (a) WL(Qyn, BTy, X Py) =2""n? —3n; + 8+ n(2""™ —1)} —
2" (ng+4)—2 Z;:;ll |E(Qn[Lkan])| and (b) WL(FQ,, BT, x Py,) = 2" 1{n? —n; +4+ (n+1)(2""™ —
D} =277 (1 +1) = 23505 [B(FQn[Liom ])|.

Proof. The proof consists of three parts namely (1) embedding Algorithm (2) proof of correctness and (3)
computation of wirelength.

(1) Embedding algorithm: Label the vertex z12s ..., of Q, as >, 2;-2"~" (equivalent to lexicographic
order [39] from 0 to 2" —1). As V(FQ,) = V(Q.), the label of FQ,, is same as that of Q,,. Label the vertices
of BT,,, X P, m =2""™ as follows: Let BT&1 , BTT%1 ;- -+, BT} be the m vertex disjoint copies of 1-rooted

complete binary tree BT,, in BT),, x P,,. Label the vertices of BTle, 1 < ¢ < m, by inorder traversal
[40,41] from (i — 1)2™ to i2™ — 1. See Fig. 4.
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6 7 14 15 0 2 4 6 8 10 12 14

Fig. 4. Embedding of Q4 with vertices labeled by lexicographic order into BT3 X P, with vertices labeled by inorder traversal.

Define Lexicographic embedding Lex =< f, Py >, where

(a) f is a bijective map from V(Q,,) (resp. V(FQ,)) to V(BT,, x Py,) by f(x) =x and

(b) Py is an injective map from E(Q,,) (resp. E(FQ,)) to {P(f(w), f(v)) : P(f(u), f(v)) is a shortest path
in BT,, x P, between f(u) and f(v) for (u,v) € E(Q,) (resp. E(FQ.))}. (Note that if the shortest
path is not unique, then fix any one of the paths.)

(2) Proof of correctness: For j = 1,2,...,ny and i = 0,1,...,2"~7 — 1, let Sf be the set of edges of
BT,, x P, such that each edge has one vertex in level n; — j and the other vertex in level ny — j + 1 of
BTlfl, 1 <k < m. Removal of Sg leaves BT, x P,, into two components Xij and YZ where V(Xf) is TX{.
Let Gg and é‘; be the inverse images of X f and YZ under f respectively. By Lemma 3, V(G{ ) is an optimal
set in @, and FQ,. For k=1,2,...,m—1, let Ej be the set of edges of BT}, x P,, such that each edge has
one vertex in BT k and the other vertex in BT, ,’flﬂ Removal of Ej, leaves BT, x P,, into two components

Y}, and Y, where V(Yk) is Lyoni . Let Hy and Hj, be the inverse images of Yj, and Y, under f respectively.
By Theorems 1 and 2, V(Hj) is an optimal set in @,, and FQ,,.

Clearly E(BT,, x P,) ={S? : j=1,2,...,n1, i =0,1,...,2% 7 —1}U{E,: k=1,2,...,m —1}.
Moreover, each edge cut S/ and as well as Ej, satisfies conditions (i)—(iii) of the 1-partition wirelength

lemma. Therefore W Le,(Qn,BTn, X Py) = WL(Qu, BT, X Py) and WL (FQp, BT, x Py,) =
WL(FQy, BT, x Py,).

(3) Computation of wirelength: We divide this part into two cases.

Case A (Hypercube): For j = 1,2,...,n1, i = 0,1,...,2M77 — 1, ECp(S]) = n- 277" (20 — 1) —
2.2 =9 (n —ny +5) — (n—ny +25)} = 2" {29(ny — j) + 25 —n1} and for k = 1,2,...,m — 1,
ECLez(Ek:) =n-k2" =2 |E(Qn[L/€2"1])|'

Therefore WL(Qp, BTy, X Po) = Y0, 20 T BCL(ST) + S0 ECrea(Ey) = Y0, 279 {20 (ny —
J)+ 2j —ni}+ Y {n k2™ = 2| B(Qu[Liam )|} = 277 H{n? — 3ny + 8+ n(277™ — 1)} — 277 (ng +4) —
25 I E(Qn[Liam])-

Case B (Folded hypercube): For j = 1,2,...,ny — 1, i = 0,1,...,2m7 — 1, ECLEI(SZ) =(n+1)-
2= (20 —1)—2.2" "2 (n—ny+5)—(n—ny+25)} = 2" {29 (n1—j+1)+2j—n;—1} and for j = ny, i =
0, ECLeo(S7) = (n1 +1)27 ™ and k=1,2,...,m — 1, ECpea(Ey) = (n+1) - k2" — 2|BE(FQp[Lyam ).

Therefore W L(FQy, BT, x Py) = Y07 tyr " BCLea(ST) + ECL(ST) + S0 ECLeo(Ey) =

SRt {2 (= 1) 4 2] — g — 1 (#1207 3T (0 1) - k2 = 2| B(QulLiam )|} =
2 Un? —ny 4+ (n+1)(2™ = 1)} — 20 (g + 1) = 250 E(FQn[Ligm ). O
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12 13

Fig. 5. Embedding of Q4 with vertices labeled by lexicographic order into ST3 X P (resp. ST» X P4) with vertices labeled by inorder
traversal.

4. Embedding hypercubes and folded hypercubes into Cartesian product of sibling trees and paths

The sibling tree ST;, is obtained from the 1-rooted complete binary tree BT,, by adding edges (sibling
edges) between left and right children of the same parent node [26]. Since V(ST,,) = V(BT,,), we show that
the Embedding Algorithm of Theorem 3 gives the minimum wirelength of hypercube @,, (resp. FQ,,) onto
Cartesian product tree ST,,, X P,,, m = 2"~™ . See Fig. 5. To show this result, we need the following lemma.

Lemma 6. For j=1,2,...,n1—1landi=0,1,...,2m 371 1, STXij ={k-2M +2§.20 +1, k-2™ + (2i +
1)-274+1:0<k<2v™ —1,0<1<29—2} is an optimal set on 2"~ ™1+ (27 — 1) wertices in Q,, and FQ,
where n1 < n.

Proof. We divide the proof into two parts.

Part 1 (Hypercube): By Lemma 3, the sets {k-2" +2i-2/ +1:0< k<27 ™ —1,0<1<2 -2} and
{B-2m +(2041)- 27 4+1:0<k<27™ —1,0 <1 <2 — 2} are isomorphic t0 Lon-ny (25_1). Also the
binary representation of k- 2" 4 2¢-27 4+ and k- 2™ + (2¢ + 1) - 27 4 [ differ exactly in one bit. Therefore
E(Qn[STX;-j])‘ = 2|B(Qn[Lan-ni(2i—p)])| + 2772 = 1) =2 " {2 (n—ny +j +1) = (n—ny + 25 + 1)}
But by Lemma 1, |E(Qu[Lon—ni+12i—1)])| = 2"7"{2/(n — ny + j + 1) — (n — n1 + 2j + 1)} and hence by
Theorem 1, STX is an optimal set in Q,,.

Part 2 (Folded hypercube): For j =1,2,...,n; —2 and i =0,1,...,2" 777! — 1, the argument of Part
1 holds for F'@,, and by Theorem 2, STXij is an optimal set in F'Q,,. Suppose j = n; — 1 and ¢ = 0. Then
STXij ={k-2m 1, k-2m 42l 40 <k <2 —1,0<[<2m~t -2} By Lemma 3, the sets
{k2m4l:0<k<2vm—10<i<2m1_2band {k-2m+2m~ 14 0<k<2m™m—-10<[<2m~1-2}
are isomorphic to Lgn—ny (gn1-1_1). Also for 0 < k<277 ™ —1,0 <[ < 2™~ —2 the binary representation
of k-2™ 4+ and k-2™ 4+ 2™ ~! 4| differ exactly in one bit. Further for 0 < k <27 ™ —1,1 <[ < 2m~1 2,
the sum of the binary representations of k- 2"t + [ and (2"~™ — 1 —k)-2™ 42m~1t yom=1_9_ (] 1)
is n. Therefore ‘E(FQH[STXZ])’ = 2| B(Qn[Lynrns g —1_p))| + 27771 (2071 — 1) 4 2n=m(gm—l _ 9) =
2= (n41)—2"""1(n+n;+1). But by Lemma 1, |E(Qn[L2n—nl+1(2n17171)])’ = 2" (n41)—2"""1 (n+ny+1)
and hence by Theorem 2, STX] is an optimal set in FQ,,. O
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Theorem 4. Let ny be a fized positive integer such that n1 < n. The minimum wirelength of Q, and FQ,
into STy, X Pp, m = 2""™ are given by (a) WL(Qpn,STn, X Pp) = 2" Yn? —4ng + 10 + n(2" ™ —
1} —2""1(ny +5)—2 Z;n;ll |E(Qn[Lian])| and (b) WL(FQ.,,ST,, x Pp) =2""1{n? —2n; +5+ (n+
D"~ = 1)} =ni2n™ = 230 B(FQn[Liom ).

Proof. The proof contains three parts namely (1) embedding Algorithm (2) proof of correctness and (3)
computation of wirelength.

(1) Embedding algorithm: Since V(FQ,) = V(Q,) and V(BT,, x P,,) = V(S8T,, X P,,), we call the
embedding algorithm as in Theorem 3.

(2) Proof of correctness: Let ST} ,ST2 ..., STy be the m vertex disjoint copies of sibling tree ST,,, in
STp, X Pp. For j =1,2,...,ny and i = 0,1,...,2" 77 let S? be the set of edges of ST, x P, induced by
the [i/2]th parent vertex from left to right in level ny — j with its left child if ¢ is odd and its right child if

1 is even of ST/fl ,1 <k < m, together with the corresponding sibling edge which is the same edge in either
case. Removal of Sg leaves ST, x P, into two components X f and Yf where V(Xij ) is TXij . Let Gg and
éj be the inverse images of Xf and Yf under f respectively. By Lemma 3, V(Gz) is an optimal set in @,
and F@Q,.

For j=1,2,...,n1—landi=0,1,...,2m7771 — 1 let SSZ be the set of edges of ST,,, x P,, induced
by the ith parent vertex from left to right in level n; — j and its two children of ST[L’CN 1 <k < m. Removal
of SSf leaves ST, x Py, into two components Yij and ?f where V(Yij) is STXij. Let Hij and Fi be the
inverse images of Yij and Yg under f respectively. By Lemma 6, V(Hf ) is an optimal set in @Q,, and FQ,.
Let SS3t = S)*. For k =1,2,...,m — 1, let EE}, = Ej, be the set of edges of ST, x P,, such that each
edge has one vertex in BT and the other vertex in BT . Removal of Ej, leaves ST,, x P,, into two
components Zj, and Zy where V(Z) is Lgani. Let I, and I, be the inverse images of Zj and Zj, under f
respectively. By Theorems 1 and 2, V(I}) is an optimal set in @, and FQ,,.

We note that the sets {S? : j = 1,2,...,n1,i = 0,1,...,2m 7} U{SS/ : j = 1,2,...,m — 1,i =
0,1,...,2m=3=1 —1} U {SS;*'} U {FEEr : k = 1,2,...,m — 1} form a partition of E?(ST,, x
P,,). Moreover, each edge cut satisfies conditions (i)—(iii) of the 2-partition wirelength lemma. Hence
W LLew(Qn, STy, X Pp) = WL(Qn, STy, X Pp) and WL e, (FQpn, STy, X Pp) = WL(FQ.,, STy, X Pp).

(3) Computation of wirelength: We divide this part into two cases.

Case A (Hypercube): For j = 1,2,...,n1, i = 0,1,...,277 =1, ECpe(S) =n 27" (27 —1) - 2.
2n=m=l9i(n —my +5) — (n —ny +25)} = 2" {29(ny —§) + 25 —m1}. For j = 1,2,....ny — 1, i
0,1,...,2M 771 1, BECL(SS?) =n-20 (20 —1) 2.2 " {20 (n—ny 4 j+1)— (n—ny +2j+1)} =
2n=mi 90 (ny — 5 — 1)+ (2§ —n1 + 1)} and ECLe,(SSy) = ni2" ™. For k=1,2,...,m — 1, ECLe,(Ek
= ECLex(EER) = n - k2™ = 2|E(Qn[Lk2m )|

Thercfore WL(Qu, STn, % P) = XM, Y20 T ECLL(S]) + X Y2y T ECL.L(SSY) +

ECpLes (SS§Y) + Z;”:‘ll [ECLew(Ek) + ECLex(EER)|} = 2" Hn? —dng + 10+ n(2"™™ — 1)} — 2771 (ng +
m—1
5) - 22k:1 |E(Qn[Lk2”1])|-

Case B (Folded hypercube): For j = 1,2,...,ny — 1, i = 0,1,...,2m77 — 1, ECLEI(Sf) =(n+1)-
9n—ni(2) — 1) — 2.2 M2 (n —ny + §) — (n—my +2§)} = 20 {2 (ng — 4+ 1) + 2 —ny — 1}
and for j = nq, i = 0, ECLGZ(SZ) = (ng +1)2" ™. For j = 1,2,...,m3 — 2, i = 0,1,...,2m771 —
1, ECpLee(SS?) = (n+1) -2 mHL(20 — 1) — 2. 272 (n —ny + j + 1) — (n — ny + 2§ + 1)}
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— (g — §) + 2 — ), ECLea(SSTY) = 20+ and ECLe(SS™M) = (ny + 1)27~™1. For
k=1,2,....m—1, ECpLe;(Ey) = ECLEOD(EEk) =n-k2" -2 |E(Qn[Lk2”1])|'

Hence WL(FQu, BTy, X Pr) = {1 020 7 BCLeu () + ECL (SP)+ X2 Y20 T ECy.,

(SS7) + BCLet(SSy ™) + BCLet(SSy) + S0 [EC Lew (By) + ECLew(EEL)]} = 2" {n} — 20y +5+ (n +
12 ™ — 1)} — 27 = 230 [B(FQu[Liam ). O

5. Conclusion

In this paper we have computed the minimum wirelength of hypercubes and folded hypercubes into
Cartesian product of 1-rooted complete binary tree and path, sibling tree and path. The minimum wirelength
of hypercubes and folded hypercubes into Cartesian product of paths have been computed in [6,28]. We would
like to take up the computation of minimum wirelength of hypercubes and folded hypercubes into Cartesian
product of cycles as future research.
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