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Abstract

Dengue is an endemic disease in the south east Asian country Sri Lanka. Two seasonal
peaks of dengue incidence observed every year since 2002 onwards. In this study, we
formulate a two-strain dengue model for analyzing the monthly seasonal dengue incidence
data from two provinces of Sri Lanka during the period April, 2013 to September, 2014.
The seasonality is incorporated in the model in terms of mosquito biting rate, which we
assume to be time periodic. We estimated two primary reproduction numbers and the
basic reproduction number in a periodic environment using dengue incidence data from
the western and the central provinces of Sri Lanka. We also estimated different timeaverage type reproduction numbers from the model using the data form these two
provinces. Using univariate sensitivity analysis, we measure the sensitivity of the time
average reproduction number ( ̅ ) When we vary different parameters of the proposed
dengue model. We find the transmission probability of human susceptibility to strain-I
infection and the mosquito mortality rate parameters are the most sensitive parameters in
dengue transmission in these two provinces.
Keywords Two-strain dengue model, Parameter estimation, Basic reproduction number,
Type-reproduction number
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1 Introduction
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Dengue fever (DF) and severe dengue (DSS + DHF) outbreaks are endemic in tropical and
subtropical regions and are the fastest growing mosquito borne disease in the world. One
recent estimate indicates that every year about 390(284−528) million dengue incidence
occurs and among them 96(67 − 136) million detected clinically (with any severity of
disease) [3]. Four antigenically distinct dengue viruses DV − 1, DV − 2, DV − 3 and DV − 4
are carried by the female infected Aedes aegypti mosquitoes are the main reason behind
the dengue and severe dengue. This different serotypes circulated all over the tropical and
subtropical regions of the world [20, 39].
Sri Lanka has been affected by dengue (DF) and severe dengue (DSS + DHF) epidemics for
over two decades. However, the case fatality ratio (CFR) is less than 1% among adult and
children [40]. The four dengue virus strain co-circulating in Sri Lanka for more than three
decades and their distribution have not changed drastically in the last 30 years. Since,
2006, DV − 1 and DV – 2 are mainly caused dengue epidemics in all provinces of Sri Lanka
[33]. Seasonality is a common pattern in dengue incidence in the provinces of Sri Lanka.
However, the factors that influence the seasonality in dengue incidence in Sri Lanka are
unknown and need further investigation [33].
Process-based mathematical models permit a good understanding of the role of internal
(due to biological processes) versus external (such as those due to changes in external
factors) drivers of transmission. Dynamical models are fundamentally important, since the
biological processes driving dengue transmission are embedded within a dynamically
changing environment on a range of timescales [43, 26, 23, 28]. All of these studies
considered the dynamical interaction between human and mosquito in the presence of one
dengue virus strain. However, dengue endemic areas, generally more than one strain cocirculate to cause infection. Therefore, dynamical system to develop mosquito and human
interactions in the presence of more than one virus strain will be a more appropriate model
to study the dengue epidemic.
In this present study, we formulate a two strain dengue model to analyze the monthly
dengue incidence data of Sri Lanka. We extend the previous model [24, 19], by
incorporating following factors into the system:
(a) Considering the biting rate of mosquitoes to be periodically varied with time.
(b) Considering frequency dependent mass action law for the transmission of disease.
(c) We consider the aquatic phases of mosquitoes into the model.
(d) In previous models authors assume that there is no transmission of disease from the
severe human compartment. We modified this assumption in our model by
considering mosquito can get infected by biting severely infected humans.

2

We fitted our model to the monthly dengue incidence data from two provinces of Sri Lanka.
We estimate several important entomological parameters like time dependent biting rate
of mosquitoes, two transmission probabilities of infection from mosquitoes carrying type-I
and type-II strain from data. We also estimated several demographic variables of our
proposed model from data. We estimated two primary reproduction numbers for stain-I
and strain-II, respectively and hence estimated the basic reproduction number in a periodic
environment for the two provinces. We estimated time average values of different type
reproduction numbers from data.

2 Methodology
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Data information and pattern
Aggregated monthly reported dengue cases (DF + DHF + DSS) from the western
(Basnahira) and the central (Madhyama) provinces are collected from Epidemiological
unit, Ministry of Health, Sri Lanka [8]. From 2010 to the present, the monthly reported data
from each district of Sri Lanka is available electronically [8]. However, for our model
calibration purpose, we use above-mentioned data during the period April, 2013 to
September, 2014.
Dengue data from two provinces is depicted in Figure 2. Colombo, Gampaha, and Kalutara
are three districts in the western province. From Figure 2, it is evident that each of these
districts in the western province has two peaks during a year. The peaks are observed
between the months July-August and December-January, respectively. Dengue incidence
during these two peaks in those districts in western province has almost the same
amplitude (see Figure 2). Central province has three districts included as Kandy, Matale,
and Nuwara Eliya. Data pattern is similar to those districts in western province, i.e. two
peaks are observed during a year and during the months July-August and DecemberJanuary, respectively (see Figure 2). However, close observation of the Figure 2 shows
there is a relative difference in data pattern in this province compared to western province,
as the amplitude of second peak in dengue incidence (during the month DecemberJanuary) is considerably smaller than that of the first peak (during the month July-August).
However, in both province’s season pattern in dengue incidence are common.
Human demography data was obtained from 2012 population census of Sri Lanka [4].
In the next section, we will formulate a mathematical model of two strain dengue infection
with seasonality. The seasonality is incorporated in the model by considering biting rate of
the mosquito varies periodically with the period 12 months.

Model
The model describes the dynamic of dengue in its three components of the transmission,
namely human hosts, aquatic and adult mosquitoes.

3

We considered aquatic stage as a single compartment representing egg, larva and pupa as a
whole. The number of aquatic forms of mosquitoes at time t, designated as A, increases
with the per capita ovipostion rate .
/ of adult female mosquitoes, where δ is the
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average number of eggs produced per oviposition per female mosquito, C is the aquatic
carrying capacity. A fraction k of the total eggs are hatched to female mosquito. After
spending certain amount of time in aquatic phase wings female mosquitoes are formed at a
transition rate . Aquatic phase of mosquito also decreases due to natural elimination of
eggs at a rate . Thus based on this assumption, the aquatic compartment of mosquitoes
can be written as follows:
(
)
.
/
(2.1)
where,
is the total adult female mosquitoes.
Total adult female mosquito at time t, designated as , is subdivided into three mutually
exclusive compartments susceptible mosquito
, infected with type-I strain
, and
infected with type-II strain
. Susceptible mosquito increases, according to the per capita
rate at which aquatic state of the mosquito emerge to wing female mosquito
and
decreases due to acquire infection by biting infected human populations ( ,
, ,
,
and ) and natural death at a rate
. Mosquito getting infected by biting human infection
with type-I or type-II infection. We also assume that mosquito become infected by biting
severely infected humans
but their biting rate reduce by a fraction (1−θ), where θ is the
proportion of severely infected person getting treatment. Transmission probabilities of
mosquitoes getting infection from type-I, type-II and severely infected human are
,
,
and
. These probabilities are treated as equal, but we varies them at a later stage during
sensitivity analysis. Infected mosquito compartment with type-I strain ( ) increases by
those susceptible mosquitoes who acquire infection by biting infected humans with type-I
strain and also this compartment increases by a fraction of those susceptible mosquitoes
who become infected by biting severely infected humans. This compartment decreases due
to natural mortality of the mosquitoes at a rate
. Similarly, infected mosquito
compartment with type-II strain ( ) increases due to influx of susceptible mosquitoes
who become infected by biting infected humans with type-II virus strain and (1− )
proportion of susceptible mosquitoes who become infected by biting severely infected
human. Reduction of this compartment is due to natural mortality of the mosquitoes at a
rate
. Therefore, based on this assumption adult female mosquito compartment can be
expressed as follows:
( )

( )

( )

(

(

)

(

)

)

( )

( )

(

(
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( )

)

) ( )

(

)

(

)

,
(2.2)

(

)

where,

is the total human population at time t.

Total human host population ( ) is subdivided into nine compartments namely
susceptible ( ), infected type-I ( ), infected type-II ( ), recovered type-I (
),
recovered type-II (
), secondary infected type-I (
), secondary infected type-II (
),
severe infected ( ), and completely recovered from two strain ( ). Susceptible
population increased by recruitment of all new born population at a rate
= ×
(0).
Reduction in susceptible population is due to natural deaths at a rate
and getting an
infection in contact with two types of infected mosquitoes (type-I and type-II). In dengue
infection the biting rate of mosquitoes b(t) is assumed to be temperature dependent [31,
42]. However, the temperature has a periodic relationship with time, therefore, we can
( )
assume that biting rate varies periodically with time. Therefore, at any time t,
be the
( )
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number of bites that a human receives from each mosquito. Therefore, force of infection of
susceptible human due to type-I and type-II infected mosquitoes are
( )
( )

respectively.

and

( )

( )

and

are two transmission probabilities from infected

mosquitoes (type-I and type-II) to human respectively. Primary type-I and type-II infected
compartments increased by the inflow of infected from susceptible compartment. These
two compartments decreased due to natural death and natural recovery from one strain.
Those persons who recovered from DENV strain-I will have permanent immunity to this
strain and moved to recover type-I compartment (
) at a rate .
compartment
decreased due to secondary infection in contact with type-II mosquitoes and natural deaths
at a rate . Similarly, recovered type-II (
) compartment increased those person who
have complete immunity to strain-II by recovering dengue infection from DENV strain-II
virus at a rate .
compartment decreased due to secondary infection in contact with
mosquito carrying type-I infection and natural deaths at a rate
. The q proportion of
those who getting infection in
compartment in contact with mosquito carrying type-II
infection moved to secondary infected type-II compartment and this compartment
decreases due to natural recovery from all strains at a rate and natural death at a rate .
Similarly, a q proportion of those people in
compartment who getting an infection in
contact with mosquito carrying type-I infection moved to secondary type-I compartment
and this compartment decreases due to recover from all strain at a rate
and natural
death rate . Remaining proportion (1 − q) of the infected from the compartment
and
are become severely infected (DSS or DHS). θ proportion of the severely infected
compartment getting treatment and their recovery becomes faster with a relative increase
in natural recovery by ψ. Severely infected population also reduced by natural death at a
rate
and dengue related death at a rate .
compartment increases due to influx of
recovered persons from three secondary infected compartments and decrease due to
natural death at a rate
. Therefore, based on the above assumptions dynamics of the
human host population can be written as following system of equations:
( )

( )

5

( )

( )

( )

(2.3)

( )
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( )

( )

(

)0

( )

( )

,

1
(

,

(

)

-

) -

where,
( ) is the recruitment rate of human population,
is the birth rate of
human in Sri-Lanka and
( ), is the total human population size on the onset of the
epidemic. We assume that the biting rate of the mosquito population varies periodically
with different temperatures and therefore, varies periodically with time with period 12
months. We assume the biting rate to be following form:
( )

0

.

/1

where,
is the average biting rate of mosquitoes and
fluctuations.

(2.4)
is the amplitude of seasonal

The flow diagram of different human and mosquito compartment is given in Figure 1. For
biological feasibility we assume all parameters of the dengue model (2.1, 2.2, and 2.3) are
positive. Description of the model parameters and their ranges is given in the Table 1.

Demographic parameters of human and mosquitoes
Human population demographic data for each district under study is collected according to
the 2012 population census of Sri Lanka [4]. For each district, during the estimation of
model parameters, we fixed the initial susceptible population ( ), which we consider as

6
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97% of the total human population
( ) of the district on the onset of data collection.
Initial populations of the remaining human compartments are considered as unknown
parameters of the model (2.1, 2.2, and 2.3) which are estimated from the data. However, we
have bounded these unknown parameters during estimation with lower bound is taken as
zero. Upper bound of the first infected population in both human infected compartments
( ( ) and
( )) are assumed as 25% of the total number of notified cases at the onset.
As the outbreak begins much earlier than our data collection therefore it can be assumed
that there are enough recovered humans in the population at the onset. We assume that
( ) and
upper bound of the initial values of type-I immune
( ), type-II immune
immune to all dengue stain ( ) to be taken as 1% of of the total initial human population
size
( ), respectively. During estimation of parameters, we assume 15% of the total
number of notified cases at the beginning be the upper bound of the secondary dengue
infected (
( ) and
( )) population [7]. Following [7], we assume the upper bound of
the initial severe infected human ( ) to be 20% of the total number of notified cases at
the onset of the data collection.
Following [6], the carrying capacity C of the aquatic/immature mosquito population (A) is
taken to be a multiple of the total human population at the beginning i.e.
( ),
where
is the total number of immature mosquitoes per human. We estimated
from
the dengue data from two provinces and during estimation, we bound this parameter
within the range (0, 10) [28, 21].
Similar to the aquatic population, following [6, 5], initial adult mosquito abundance taken
( )
to be dependent on the total human population at the beginning i.e. ( )
,
( )
( )
( ),
( ) and
( ). We will estimate , , and
from
data and bounding this parameters within the range (0, 10) [28].
In Table 2, we summarize the demographic known and unknown parameters of the dengue
model (2.1, 2.2, and 2.3).
Next section we shall discuss the model calibration procedure in details.

Model calibration
Assume that ̃
, contains all the unknown parameter’s of the model (2.1, 2.2, and 2.3)
(see Table 1 and Table 2). Let, P(t, ̃ ) be the number of new notified dengue cases
(DF+DHF+DSS) from the model (2.1, 2.2, and 2.3) at
month. P(t, ̃ ) has the following
form:
( ̃)

∫
2

0

( )

( )

( )

( )

7

(2.5)
3

)2

(

( )

( )

31ds,

and P(0) = C(0) (number of new notified cases at the first time point of the data).
We have an R independent observation from data, representing number of new notified
cases at
month, where i = 1, . . . , R. Let be the error of fit, which follows the additive
independent Gaussian distribution having an unknown variance .
̃) + ,
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(

(

).

An independent Gaussian prior specification is assumed for the unknown parameters ̃ of
(
), where, j = 1, 2...,N. We also assume that the
the model (2.1, 2.2, and 2.3) i.e.
inverse of the error variance follows a gamma distribution as prior with the following form:
(
where,

and

)

.

/,

are the prior mean and prior accuracy of

, respectively.

The sum of squares function defined as:
( ̃)

∑

[

(

̃ )]

(2.6)

Using conditional conjugacy property of Gamma distribution [9], the conditional
̃ ) is also a Gamma distribution with
distribution (
(

̃)

( ̃)
5

4

This conditional conjugacy property makes it possible to sample and update
each Metropolis-Hastings simulation step for the other parameters.

within

Since, we assume independent Gaussian prior specification for ̃ , therefore we can now
calculate the prior sum-of-squares for the given ̃ as [15]:
( ̃)
Then, for a fixed value of

∑[

]

, the posterior distribution of ̃ is given as follows[15]:

8

(̃

)

( ̃)

(

*

( ̃))+

and the posterior ratio needed in the Metropolis-Hastings acceptance probability can be
written as [15]:
(̃
(̃

)
)

6

( ̃)

4

(̃)
5

(̃)

.

( ̃ )/7
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The following algorithm is used to draw chain form the posterior distribution in Adaptive
Metropolis-Hastings steps:
Step 1 Start from an initial value
and initial proposal covariance C. Select a covariance
scaling factor s, a small number ε for regularizing the covariance.
Step 2 Assume θ be the current position of the chain. Generate
from the Gaussian
( ). The
distribution N(θ,C), calculate sum of square SS( ), and prior sum of square
( )

Step 3 Update

( )

( )
( )/1, where ρ
/
.
is the current value of error variance.

0 .
new value accepted if
generated from U(0, 1) distribution and

in each step from the conditional distribution (

̃).

Step 4 After an initial period of simulation,
, adapt the proposal covariance matrix
(
)
using the chain generated so far by
. Adapt from the beginning of
the chain or with an increasing sequence of values.
Step 5 Return to Step-2 until enough values of ̃ have been sampled.
The convergence of the chain is measured using chain panel plot and the Geweke’s Z-scores
[10].

Primary reproduction numbers in periodic environments
The dengue model (2.1, 2.2, and 2.3) has an unique disease-free equilibrium given by
̅ ̅̅̅̅

.

/

(2.7)

where ̅, and ̅̅̅̅ are defined as follows:
̅

.

/

9

(2.8)

and
̅

̅̅̅̅

(2.9)

The threshold quantity RM in the equation (2.8) is defined as the “basic offspring” of the
mosquito population [26] and it’s expression is given as follows:
(

(2.10)

)
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The necessary condition for persistent of the mosquito population is
Following [37, 30], we assume

( )

[

(

)

] and

( )

[

(

)

[26].
] be the matrix of new

infection and the transmission matrix respectively, where, i, j = 1, 2, ....,m and m is the
number of infection compartments in the model (2.1, 2.2, and 2.3) and
is the diseasefree equilibrium given in equation (2.7). The matrices F(t) and V (t) are sparse matrices,
therefore, the nonzero entries (computed at ) are given as follows:
( )

( )

( )

.

( )

(

( )

( )

/
)

.

.

.

( )

/

.

( )(

/

/

)

(

(i = 1, 2, 3, 4),

/

(

)

.

/

)

(i = 6, 7).
Let, Y (t, s), t ≥ s be the evolution operator of the linear ω-periodic system
( )
That is, for each
(

(2.11)

, the 7 × 7 matrix Y (t, s) satisfies
)

( ) (

)

for all t ≥ s and Y (s, s) = I, where I is the 7 × 7 identity matrix.

10

Let ̅ be the ordered Banach space of all ω-periodic functions from
equipped with maximum norm
and the positive cone
+. Consider the following linear operator
by
(

)( )

∫

(

) (

) (

*

to

)

which is
( )

(2.12)

Following [37, 30], we call L the next infection operator, and define the basic reproduction
number ( ) as:
( )

(2.13)
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where ( ) is the spectral radius of the operator L defined in Equation (2.12).
Now, consider a population of completely susceptible individuals, the only primary strain-I
infection is introduced. The reproductive potential of this primary strain can now be
measured by the reproduction number
, called as the basic reproduction number with
only primary strain-I is present. Following [37, 30], let us assume that ( ) and ( ) be
the matrix of new infection and the transmission matrix, respectively, for the primary
stain-I. ( ) and ( ) is given as follows:
( )
( )

*

( )

(

)

+

and
( )

[

(

)

]

Following similar procedure as in case of the basic reproduction number (
reproduction number with only strain-I is defined as:
( ),
where,

), the primary
(2.14)

defined similarly as in equation (2.12).

Similarly, we can defined the basic reproduction number with only the primary strain-II is
present in the population as follows:
( ),
where,

(2.15)

defined similarly as in equation (2.12).

By close observation, we can easily establish the following:

11

(

),

(2.16)

Using Lemma 1 (Appendix S1) in [30], we can numerically estimate two primary
reproduction numbers
and
, respectively, and the basic reproduction number ( )
in periodic environments.
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Type-reproduction numbers
Now we are interested in a new threshold parameter known as a type-reproduction
number introduce by Roberts and Heesterbeek [27]. This parameter is defined as the
expected number of cases in individual of type I caused by one infected individual of type I
in a completely susceptible population, either directly or through chains of infection
passing through any sequence of the other types. This parameter is related to
, but
singles out the control effort needed when control is targeted at the particular host type
rather than at the population as a whole.
Model (2.1, 2.2, and 2.3) is a non-autonomous model, for this kind of model no present
method exists to determine Type-reproduction numbers in periodic environment.
However, if we consider the time average value of the explicit time dependent biting rate
b(t), we can easily estimate different time average type-reproduction numbers from the
model (2.1, 2.2, and 2.3). The time average value of the biting rate b(t) is given as follows:
̅

∫

( )

(2.17)

where, T is the time period of the temperature dependent parameter b(t).
Replacing b(t) by its average value ¯b into the dengue model (2.1, 2.2, and 2.3), dengue
model becomes an autonomous model. Now, we can determine two serotype free
equilibriums as follows.
(
) be the positive serotype-II free
Let,
equilibrium of the dengue system (2.1, 2.2, and 2.3). Further assume that
̅

̅

,
(2.18)
.

be the forces of type-I infection of human and vectors at the steady states, respectively.
Therefore, solving the dengue system (2.1, 2.2, and 2.3) at serotype-II free equilibrium we
get:
(

12

)(

)

,

(

(

)(

0

)

)

1

(

Also,

)

.
(2.19)

Putting the expressions in equation (2.19) in the equation (2.18) we get,
̅
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(

)

(

),
(2.20)

̅
(
Putting the expression of

)(

)

in equation (2.20) in the expression of

[ ̅̅̅̅

(
[

(

)

(

) ̅

]

, we get the following:

)]

(2.21)

Putting and in the expression of
the serotype-II free equilibrium .

in equation (2.19), we get

(
) be the positive serotype-I free
Similarly, let,
equilibrium of the dengue system (2.1, 2.2, and 2.3). Further assume that
̅

̅

,
(2.22)
.

be the forces of type-II infection of human and vectors at the steady states, respectively.
Therefore, solving the dengue system (2.1, 2.2, and 2.3) at serotype-I free equilibrium we
get:
(

(

(

)(

0

)

)

1

(

13

)

)(

)

Also,

.
(2.23)

Putting the expressions in equation (2.23) in the equation (2.22) we get,
̅
(

)

(

),
(2.24)

̅
(
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Putting the expression of

)(

)

in equation (2.24) in the expression of

[ ̅̅̅̅

(
[

(

)

(

) ̅

]

Putting and
in the expression of
the serotype-I free equilibrium .

)]

, we get the following:
(2.25)

in equation (2.23), we get

Now, we derived the expression of different Type reproduction numbers from the model
(2.1, 2.2, and 2.3). We refer to the quantity as T when single type is targeted [27]. When we
have n types of epidemiologically distinct host types, we define precisely the typereproduction number T as
,

(

) -

,

where
is the next-generation matrix,
is the identity matrix,
is the vector (1, 0, ...,
0),
is transpose e and
is the projection matrix on type I (i.e.
= 1, and
= 0 for all
other entries). Let X = [ ,
,
,
, ,
,
] be infection-related compartments
vector. The next generation matrix K =
for the system (2.1, 2.2, and 2.3) is given by

14

̅
̅
̅
̅
)̅

(
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̅
)

(

̅
[

̅

̅

(

)

,

̅

(

)

(

(

)

)̅

(

,

(
(
)̅
(

)
)
(
)

)
-

]

Here
is the expected number of secondary cases in type i that would arise from typical
primary case in type j in a susceptible population. In this matrix K the humans cannot infect
humans and mosquitoes cannot infect mosquitoes, hence
, for i, j ∈ 1, 2, 3, 4, 5 and
, for m, n ∈ 6, 7. The entry
,
,
,
,
, and
are defined as the expected
number of humans that are infected by a single mosquito, and
,
,
,
,
, and
, are defined as the expected number of mosquitoes infected by a single human. In Table
3, we determine different type reproductive numbers ( ) for model (2.1, 2.2, and 2.3),
using the next generation matrix K:
Using the expression of the primary type reproduction numbers and (see Table 3), the
expression of and , defined in (2.21) and (2.25), respectively become:
(
[

)(
) ̅

(

)

(2.26)

]

and
(
[

(

) ̅

)
]

(2.27)

Therefore, the secondary reproduction numbers , , and exist respectively if and only
if > 1, > 1, and both , > 1, respectively. Thus, the secondary infection can occur in
the population if and only if the primary infection invade the population.
In the next section, we shall derive the basic reproduction number (
rate of mosquitoes is temperature dependent.

15

) when the mortality

Reproduction number with temperature dependent mortality rate of
mosquitoes
Apart from biting rate another important parameter that depends on seasonal factor is
adult mosquito mortality rate
. Temperature have maximum effect on mosquito
mortality rate
. Yang et al. [42] perform a temperature control experiment on adult
female Aedes aegypti population to derive following relationship between mortality rate of
adult mosquitoes and temperature:
( )
where,
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(

(2.28)

(
) ,
) , and

(
(

) ,
) .

(

) ,

Using data from Sri Lanka, National Water Development Report [12], the mean annual
temperature in Colombo, Kandy and Nuwara Eliya are
,
, and
,
respectively. Annual mean temperature data for Gampaha, Kalutara and Matale district are
not available. However, Gampaha and Kalutara are in Western province and Matale is in
Central province. Therefore, for Gampaha and Kalutara, we use Colombo temperature
station data and for Matale, we use Kandy temperature station data. Using equation (2.28),
we derived the temperature dependent mortality rates of mosquitoes for these districts.
Finally, we estimate basic reproduction number ( ), using the temperature dependent
mortality rates for these districts. The estimated values of the temperature dependent
reproduction numbers ( ,
and ) are given in Table 7.

3 Results & Discussion
Observing the estimated initial values of different infected human compartments (see
Table 5) in the two provinces indicating the fact the epidemic is already spread within the
population at the time of the recorded data (April, 2013). The number of initial infective in
the western province is much higher compared to the central province. The estimated
number of initial recovered individuals in different compartments (see Table 5) in the two
provinces implies that there was a dengue outbreak occurred previously within the
population. This result agrees with the fact that the dengue outbreak began in Sri Lanka in
2006 and cases being notified monthly from 2010 onwards [8]. Initial immune individuals
from different strains (I or II) is much higher in the western province in compared to the
central province. This is due to the fact that the Western province of Sri Lanka is most
affected by the dengue epidemic throughout the last decade [11].
Parameter estimates of the model (2.1, 2.2, and 2.3) suggests that on average 3.5 immature
female mosquitoes per human exist initially, which is uniform for all the provinces (see
Table 4). This finding is in agreeing with the result of a pupal survey conducted in a dengue
endemic region of Cambodia during the months August to October [32]. The ratio of initial
16
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susceptible mosquitoes versus the total human population is estimated to be on average
1.4(95 %C.I.[0.086, 3.78]) (see Table 4). This result is in agreement with the survey
conducted in a typical village in Southeast Asia [13, 14]. Thus, in these two provinces
(Western and Central) of Sri Lanka, there is on average two susceptible mosquitoes per
human is distributed. The estimated value of the ratios of the mosquitoes carrying a virus
strain-I and strain-II versus the total human population is uniform for the two provinces
with means 5.36 · E − 5 and 4.76 · E − 5, respectively (see Table 4). This result suggests that
at the beginning of the epidemic the force of infection from a strain-I or stain-II is almost
same for the Western and Central provinces.
Our model fitting procedure estimated that the mean and the amplitude of the monthly
mosquito biting rate in the western province is found to be on average 9.92(95 %C.I.[9.037,
11.64]) and 0.038(95 %C.I.[0.0037, 0.092]), respectively (see Table 4). However, the
estimated values of the mean and the amplitude of the monthly mosquito biting rate in the
central province is found to be on average 10.057(95 %C.I.[9.04, 12.057]) and 0.072(95
%C.I.[0.02, 0.147]), respectively (see Table 4). Thus average biting rate is found to be
higher in central province in compare to western province. The estimated value of two
transmission probabilities measuring human susceptibility to infection is found to be on
average 0.137(95 %C.I.[0.102, 0.2]) and 0.151(95 %C.I.[0.108, 0.225]), respectively for the
western province (see Table 4). However, for the central province the estimated values of
these two probabilities are found as 0.128(95 %C.I.[0.1, 0.178]) and 0.138(95 %C.I.[0.102,
0.194]), respectively (see Table 4). Thus in western province average values of the two
transmission probabilities is found to be higher than the central province. Model (2.1, 2.2,
and 2.3) fitting to monthly dengue cases (DF + DHF + DSS) from two provinces (western
and central) of Sri Lanka is depicted in Figure 3.
The estimated values of two primary reproduction numbers (
and
) in periodic
environment for two provinces of Sri Lanka is given in the Table 6. In the district Colombo
in Western province the estimated value of primary type-I reproduction number
is
found to be higher than the primary type-II reproduction number
and these two values
are estimated as 1.1868(95%C.I.[1.0572, 1.2162]) and 1.1104(95 %C.I.[0.9233, 1.2156]),
respectively. However, in other two districts (Gampaha and Kalutara) in Western province
opposite trends is observed i.e. primary type-II reproduction number ( ) in periodic
environment is higher than the primary type-I reproduction number. In Matale district
(Central province) similar trend as Colombo district is observed for two primary
reproduction number in periodic environment and their values is estimated as 1.1810(95
%C.I.[1.0937, 1.2160]) and 1.1165(95 %C.I.[0.9323, 1.2121]), respectively. For other two
districts (Kandy and Nuwara Eliya) in Central province opposite trend in primary
reproduction numbers (
and
) is observed (see Table 6). Therefore, strain-I is
dominating in Colombo and Matale districts and in other districts strain-II is the
dominating strain. The basic reproduction number in periodic environment is the
maximum among two primary reproduction numbers and value of
is given in Table 6.
To justify whether temperature has any effect on the basic reproduction number, we
consider the mosquito mortality rate to be temperature dependent parameter. Following
Yang et al. [42], the relationship between temperature and mosquito mortality rate have
17
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been used to derive the temperature dependent basic reproduction number. We find that
almost 200% increase in reproduction number when the mortality rate of mosquito is
temperature dependent. We conclude that dengue transmission is very sensitive to
temperature fluctuations. However, we have used the mean temperature over the season to
calculate the basic reproduction number ( ) when mortality rate of mosquitoes is
temperature dependent. Therefore, may be temperature difference between maximum and
minimum temperature can give a proper estimate of .
The estimated time average type reproduction numbers for the two provinces of Sri Lanka
is given in Table 8. Our estimation suggest that except for the first two primary type
reproduction numbers ( and ), all other type reproduction number representing
second kind is found to be less than one for two provinces (see Table 8). Type reproduction
number has the same threshold property as , but its main focus is on a particular host
rather than averaging over all types. Thus, the type reproduction number provides an
useful guidelines to eradicate disease caused by a particular host type. Following [27], if the
vaccinated proportion of the population of hosts of type-I is grater than .
/, the
infection from type-I strain can be eliminated from the population. Similar measure can be
taken for the type-II strain.
We conducted a sensitivity analysis for the time-average reproduction number (̅̅̅) with
respect to different model (2.1, 2.2, and 2.3) parameters for two districts (Colombo and
Kandy) of Sri Lanka, one from western province and other one from central province. The
result of the univariate sensitivity analysis for this two districts is depicted in Figure 4 and
Figure 5. For the district Colombo, the model parameter which has greatest influence on ̅̅̅
is the adult mosquito death rate ( ). A 20% decrease in
yielding an estimate of ̅̅̅ =
2.32 from its base value 1.48. Similarly, a 20% increase in
yields an estimate of ̅̅̅ =
1.09. Thus increasing mosquito life span will increase ̅̅̅ to a certain extent. Next
parameter which influence ̅̅̅ is probability of human susceptibility to infection from typeI strain ( ), a 20% increase of this parameter will yields ̅̅̅ = 2.18 from its base value and
20% decrease will reduce ̅̅̅ below unity. Aquatic carrying capacity have an influence on
̅̅̅, reducing 20% of the aquatic carrying capacity will increase ̅̅̅ = 1.91 from its base
value 1.48. This implies that loss of natural habitat of mosquito will increase dengue
transmission. Similar result hold for the district Kandy in Central province. However, in
Kandy human recovery rate and probability of mosquito susceptibility to infection from
stain-I (
) found to be much influence on ̅̅̅ than in Colombo district in Western
province.
The estimations of the basic reproduction number ( ) for these provinces are important
as
carries information about the persistence of a disease. It also provide an information
about the mean age of first infection; greater it is shorter the generation time, and severity
of the disease spreading increases. The estimation of the type reproduction number is of
particular interest as it provides an information on the control effort required to eliminate
dengue when control is applied to a specific subpopulation of hosts and vectors, but taking
into account the fact that the infection will pass through another subpopulation of hosts
and vectors. The present investigation has some limitations and may be extended from
18
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different perspectives. In this paper, we have incorporated seasonality in mosquito biting
rate as time-dependent parameter. However, biting rate of mosquito is mainly influenced
by the temperature of a region and therefore, is a temperature-dependent parameter. As
we do not have the access of the meteorological data of Sri Lanka, therefore, we prefer to
use an implicit relationship between time and temperature to incorporate seasonality in
our model. However, this is our first attempt to estimate basic and type reproduction
number for Sri Lanka dengue data. In a future study, we will try to access different climatic
variables data of Sri Lanka and try to analyze an explicit temperature and rainfall
dependent multi-strain model of dengue.
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Table 1: Description of model (2.1, 2.2, and 2.3) parameters and their ranges.
Parameter
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( )

q

k

Biological meaning
Crude birth rate of human
in Sri Lanka
Average recruitment rate of
human population
Crude death rate of human
in Sri Lanka
Average bite per mosquito
per month
Amplitude
of
seasonal
fluctuations in mosquito
biting rate
Transmission probability
from type I infected vector
to human
Transmission probability
from type II infected vector
to human
Transmission probability
from type I human infected
to vector
Transmission probability
from type II human infected
to vector
Transmission probability
from severe human infected
to vector
Recovery rate of human
Fraction of
population
getting secondary dengue
infection
Proportion of hospitalized
severe infected
Relative
increase
in
recovery rate by using
treatment
of
severely
infected dengue cases
Severe
dengue related
deaths rates
Average oviposition rate of
mosquitoes
Fraction of eggs hatched to
female mosquitoes
Average aquatic transition
rate
Average aquatic mortality
rates of mosquitoes
Average adult mosquito
mortality rates
Proportion of mosquito
become type I infected in
contact with severe infected
human

Range of values
0.00146

Reference
[18]

0.001

[18]

(9-30)

( )

[26, 23, 1]

(0-1)(*)

[25]

(0.1-1)(*)

[1, 2, 23, 29, 38]

(0.1-1)(*)

[1, 2, 23, 29, 38]

0.6

[21, 36, 28]

0.6

[21, 36, 28]

0.6

[21, 36, 28]

7.5
0.95

[28]
[34]

0.3

[7]

2.3

Assumed

0.0021

[41]

300

[28]

0.5

[43]

2.4

[21]

1.8

[21]

3

[16, 17, 35, 22]

0.5

Assumed

*-- denote the parameters which are estimated from the data.
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Table 2: Demographic parameters of the model (2.1, 2.2, and 2.3).
Demographic Parameter
( )
( )
( )
( )
( )
( )

Downloaded by [Tufts University] at 23:50 08 December 2015

( )
( )
( )

Biological Description
Initial susceptible human
population
Initial
type-I
primary
infected human population
Initial
type-II
primary
infected human population
Initial size of the type-I
immune population
Initial size of the type-II
immune population
Initial size of the secondary
infected
with
type-II
infected strain
Initial size of the secondary
infected with type-I infected
strain
Initial
size
of
the
sever/hospitalized human
population
Initial size of human
population
who
are
immune to two dengue
strain
Number
of
immature
mosquitoes per human
Number of susceptible
mosquitoes per human
Number of infected type-I
mosquitoes per human
Number of infected type-II
mosquitoes per human

Lower bound
0.97
( )

Upper bound
( )
0.97

0

0.25

( )

0

0.25

( )

0

0.01

( )

0

0.01

( )

0

0.15

( )

0

0.15

( )

0

0.2

0

0.01

0

10

0

10

0

10

0

10

( )
( )

*-- denote the parameters which are estimated from the data.
( ) is the initial total
human population size. C(0) is the number of notified dengue cases in different districts
under study at beginning.
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Table 3: The expression of time-average type-reproduction number for model (2.1, 2.2,
and 2.3).
Related Infection
(
)
First infection of host with serotype I (
First infection of host with serotype II (

)
(

)

(

)

(

)

(

)
)

)

Secondary infection of host with serotype I (

(

)

(

)

)

Secondary infection of host with serotype II (

)

Severe infection of host with serotype I or II (

)

(
,

)̅̅̅
(

(
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(
(

)(

)

(

)(

and (2.25) respectively.
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)

where

)

(

)

)

-

[

Here,

(

and

(

)

]

)

are defined in (2.21)

Table 4: Estimated parameter values of the model (2.1, 2.2, and 2.3). All data are given in
the format [estimate (95% CI)].
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District

b0(month-1)

δ1

k1

k2

k3

k4

Colombo

10.15
(9.04−12.62)

0.031
(0.002−0.082)

0.148
(0.103−0.217)

1.52
(0.102−3.54)

6.21 · E − 5
(1.139−16.21)·E−5

6.20 · E − 5
(1.16−14.99)·E−5

Gampaha

9.61
(9.04−10.41)

0.039
(0.007−0.074)

0.125
(0.101−0.166)

0.158
(0.119−0.193)

3.57
(2.89−4.49)

1.36
(0.073−3.27)

7.55 · E − 5
(1.2−20.6)·E−5

6.50 · E − 5
(1.48−13.35)·E−5

Kalutara

10.01
(9.03−11.89)

0.043
(0.002−0.12)

0.137
(0.101−0.208)

0.164
(0.104−0.274)

3.14
(1.99−4.93)

1.6
(0.116−4.07)

7.84 · E − 5
(1.27−20.1)·E−5

4.47 · E − 5
(1.14−9.93)·E−5

Kandy

9.88
(9.04−11.56)

0.11
(0.051−0.179)

0.123
(0.101−0.169)

Central Province
0.148
3.57
(0.103−0.202)
(2.52−5.2)

1.46
(0.125−3.90)

4.60 · E − 5
(0.29−10.1)·E−5

3.80 · E − 5
(0.2−10.8)·E−5

Matale

10.11
(9.06−11.88)

0.066
(0.006−0.154)

0.141
(0.101−0.197)

0.126
(0.101−0.187)

3.55
(2.09−5.09)

1.35
(0.06−4.06)

3.71 · E − 5
(1.27−8.87)·E−5

3.98 · E − 5
(1.32−9.48)·E−5

Nuwara
Eliya

10.18
(9.03−12.73)

0.041
(0.003−0.107)

0.121
(0.10−0.169)

0.14
(0.103−0.192)

3.48
(1.88−4.77)

1.1
(0.038−3.86)

2.27 · E − 5
(1.23−4.84)·E−5

2.77 · E − 5
(1.29−5.14)·E−5

Western Province
0.132
3.37
(0.1−0.207)
(2.13−5.19)

27

Table 5: Estimated demographic parameters of the model (2.1, 2.2, and 2.3). All data are
given in the format [estimate (95% CI)].
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District

( )

( )

( )

( )

( )

( )

DS (0)

RH (0)

47.2
(2.4−89.8)

22.7
(1.21−55.2)

45535
(2705−80289)

Colombo

77.2
(5.9−148.7)

69.7
(5.3−145.7)

Western Province
37597
43048
(2497−79665) (4156−80058)

Gampaha

27
(2.7−50.2)

26.8
(1.6−51.8)

11449
(782−22400)

14919
(2117−22627)

15.6
(0.68−31.2)

12.6
(1.08−30.3)

21.09
(1.49−41.05)

13365
(876−22628)

Kalutara

10.09
(1.26−23.95)

9.89
(0.57−24.58)

6201
(404−11841)

5971
(279−11694)

10.96
(2.15−16.85)

5.63
(0.19−14.4)

13.23
(1.79−22.44)

5605
(448−11781)

Kandy

12.18
(1.65−20.57)

7.24
(0.39−17.77)

61.89
(12.14−116)

Central Province
70.06
(3.04−180)

5.56
(0.3−11.43)

6.75
(0.49−11.82)

8.71
(0.38−16.76)

6441
(331−13192)

Matale

3.76
(0.23−7.76)

3.91
(0.24−7.77)

2279
(124−4682)

2795
(365−4748)

2.41
(0.08−4.87)

2.18
(0.06−4.71)

2.98
(0.26−5.84)

3037
(266−4711)

Nuwara
Eliya

1.03
(0.028−2.83)

1.96
(0.11−3.9)

4668
(675−6984)

3494
(218−6882)

0.68
(0.03−1.75)

0.8
(0.029−1.88)

1.65
(0.079−2.91)

3315
(182−6812)

28

47.3
(5.2−88.5)

Table 6: Estimates of R01, R02 and R0 in periodic environment. All data are given in the
format [estimate (95% CI)].
District

R01

R02

R0= max{R01,R02}

Western Province
Colombo

1.1868
(1.0572−1.2162)

1.1104
(0.9233−1.2156)

1.1868
(1.0572−1.2162)

Gampaha

1.0727
(0.9193−1.2231)

1.2125
(1.1862−1.2272)

1.2125
(1.1862−1.2272)

Kalutara

1.0589
(0.7444−1.2138)

1.1848
(1.0658−1.2188)

1.1848
(1.0658−1.2188)

Kandy

1.0794
(0.9031−1.1982)

1.1864
(1.1392−1.2053)

1.1864
(1.1392−1.2053)

Matale

1.1810
(1.0937−1.2160)

1.1165
(0.9323−1.2121)

1.1810
(1.0937−1.2160)

Nuwara Eliya

1.1208
(0.9318−1.2179)

1.1719
(0.9918−1.2083)

1.1719
(0.9918−1.2179)
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Table 7: Estimates of R01, R02 and R0 in periodic environment and with temperature
dependent mortality rate of mosquitoes. All data are given in the format [estimate (95%
CI)].
District

R01

R02

R0 = max{R01,R02}

Western Province
Colombo

3.0639
(2.7293−3.1396)

2.8668
(2.3838−3.1383)

3.0639
(2.7293−3.1396)

Gampaha

2.7694
(2.3735−3.1573)

3.1306
(3.0623−3.1684)

3.1306
(3.0623−3.1684)

Kalutara

2.7339
(1.9219−3.1336)

3.0594
(2.7514−3.1464)

3.0594
(2.7514−3.1464)

Kandy

2.3284
(1.9471−2.5851)

2.5596
(2.4579−2.5998)

2.5596
(2.4579−2.5998)

Matale

2.5466
(2.3588−2.6216)

2.4078
(2.01−2.6133)

2.5466
(2.3588−2.6216)

Nuwara Eliya

2.2034
(1.8319−2.3940)

2.3041
(1.95−2.3759)

2.3041
(1.95−2.3759)
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Table 8: Estimated time-average type reproduction numbers of the model (2.1, 2.2 and
2.3). All data are given in the format [estimate (95%) CI].

District

T1

T2

̅̅̅= max{T1, T2}

T3

T4

T5

Western Province
Colombo

1.4162
(1.1255-1.4865)

1.2466
(0.8574-1.4813)

1.4162
(1.1255-1.4865)

0.2537
(0-0.4369)

0.3408
(0.1563-0.4360)

0.0076
(0.0214-1.15).E-2

Gampaha

1.1662
(0.8530-1.5036)

1.4796
(1.4113-1.5174)

1.4796
(1.4113-1.5174)

0.3580
(0.2589-0.4526)

0.1918
(0-0.4549)

0.0070
(0.0244-1.19).E-2

Kalutara

1.1490
(0.5597-1.4864)

1.4159
(1.1388-1.4917)

1.4159
(1.1388-1.4917)

0.3101
(0.1590-0.4391)

0.1986
(0-0.4338)

0.0060
(0-0.0115)
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Central Province
Kandy

1.1925
(0.8263-1.4643)

1.4317
(1.3210-1.4734)

1.4317
(1.3210-1.4734)

1.4317
(1.3210-1.4734)

0.2137
(0-0.4117)

0.0071
(0-0.0110)

Matale

1.4110
(1.2154-1.4797)

1.2675
(0.8745-1.4755)

1.4101
(1.2154-1.4797)

0.2672
(0-0.4240)

0.3445
(0.2178-0.4211)

0.0079
(0.0775-1.11).E-2

Nuwara
Eliya

1.2711
(0.8713−1.4908)

1.3850
(0.9912−1.4756)

1.3850
(0.9912−1.4908)

0.3243
(0−0.4265)

0.2618
(0−0.4305)

0.0076
(0.0677−1.13)·E−2
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