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Using the setting of partial metric spaces, we prove some coupled fixed point results. Our results
generalize several well-known comparable results of H. Aydi (2011). Also, we introduce an
example to support our results.

1. Introduction and Preliminaries

The notion of coupled fixed point of a mapping F : X x X — X was introduced by
Gnana Bhaskar and Lakshmikantham in [1]. Later on, many authors investigated many
coupled fixed point results in different spaces such as usual metric spaces, fuzzy metric
spaces, generalized metric spaces, partial metric spaces, and partially ordered metric spaces
(see [1-20]).

Definition 1.1 (see [1]). Anelement (x,y) € X x X is called a coupled fixed point of a mapping
F:XxX — Xif

1 [
X,y =

IID

1
Fxy =x, Fyx =y. (1.1)

Matthews [21] in 1994 introduced the notion of partial metric spaces in such
a way that each object does not necessarily have to have a zero distance from itself.
Consistent with Matthews [21], the following definitions and results will be needed in the
sequel.
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Definition 1.2 (see [21]). A partial metric on a nonempty set X is a functionp : X x X — R*
such that for all x, v, z € X:

(p) x =y e plx,x)=pxy) =ply,y),

(p2) p(x,x) <p(x,y),

(P3) p(x,y) = p(y, x),

(py) P(x,y) <p(x,2) +p(z,y) - p(22).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.

Each partial metric p on X generates a Ty topology 7, on X. The set { B,(x,¢) : x € X, & >
0}, where B, (x,¢) = {y € X : p(x,y) <p(x,x)+¢} forall x € X and ¢ > 0, forms the base of 7,.
If p is a partial metric on X, then the function p® : X x X — R* given by

i I e I e B 1
PP xy =2p x,y —-p(x,x)-p Y,y (1.2)

is a metric on X.

Definition 1.3 (see [21]). Let (X, p) be a partial metric space. Then:

(1) a sequence (x,) in a partial metric space (X, p) converges, with respect to 7,, to a
point x € X if and only if p(x, x) = lim,, o p(x, x,),

(2) a sequence (x,) in a partial metric space (X, p) is called a Cauchy sequence if there
exists (and is finite) limy, ;;— o P(Xn, Xm),

(3) A partial metric space (X,p) is said to be complete if every Cauchy sequence
(xy) in X converges, with respect to 7,, to a point x € X such that p(x,x) =
hmn,m—wop(xnr xm)-

Lemma 1.4 (see [21]). Let (X, p) be a partial metric space.

(1) (x,) isa Cauchy sequence in (X, p) ifand only if it is a Cauchy sequence in the metric space
(X, p).

(2) A partial metric space (X, p) is complete if and only if the metric space (X, p®) is complete.
Furthermore, lim,, _, ,p® (x,, x) = 0 if and only if

px,x) = lim p(xy, x) = lim_p(xa, Xm). (1.3)

Abdeljawad et al. [22-24], Altun et al. [25], Karapinar and Erhan [26-28], Oltra and
Valero [29] and Romaguera [30] studied fixed point theorems in partial metric spaces. For
more works in partial metric spaces, we refer the reader to [31-40].

Aydi [2] proved the following coupled fixed point theorems in partial metric spaces.

Theorem 1.5. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x, y, u, v € X:

I O | [ 0
p Fxy Fuv) <kp(x,u)+ilp y,v, (1.4)

where k, [ are nonnegative constants with k + I < 1. Then F has a unique coupled fixed point.
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Theorem 1.6. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x, v, u, v € X:

I A O &
p Fxvy , Fuv) <kp F x,y ,x +Ip(F(u,v),u), (1.5)

where k, [ are nonnegative constants with k + I < 1. Then F has a unique coupled fixed point.

In this paper, we prove some coupled fixed point results. Our results generalize
Theorems 1.5 and 1.6. Also, we introduce an example to support our results.

2. The Main Result

Theorem 2.1. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies

I O | [ 1] O | Y I Y 1
p F x,y ,F(u,v) <rmax p(x,u),p y,v ,p F x,y ,x ,p(F(u,v),u) , (2.1)
forall x,y,u,v € X. If r € [0,1), then F has a unique coupled fixed point.

Proof. Choose xp, yo € X. Let x; = F(x0,¥0) and y1 = F(yo, o). Again let x, = F(x1,11) and
y2 = F(y1,x1). By continuing in the same way, we construct two sequences (x,) and (y,) in
X such that

[ 1]
xn+1:F xn/]/n 7 n:0/1/2/3/"'/
1 O (2.2)

yn+1=F YnrXn n=0,1,273,....

Then by (2.1), we have

| o R o [ [
P(Xn1, Xne2) =P F Xn,Yn , F Xps1, Ynn
1 (| 1 Y o Y
<rmax p(Xn, Xn1),P Y Ynl P F Xn,Yn 1 Xn
[ 1

P F Xpi1, Ynet , Xna1

1
<rmax p(Xn, Xn1),P Yns Yns1 »P(Xns1, Xn), P(Xna2, Xni1)
1 [l
<rmax p(Xn, Xp+1),P Yns Ynsl
1 o R e (Tl (2.3)
P Ynei,Yne2o =P F Yn, Xn ,F Yn+l, Xnt1
11
<rmax p Yu, Ynsl ,P(Xn, Xni1),
Y o Y o | o | 0
P Fywxn ,Yu ;P F Ynet, Xt s Yne1 )
11 (| | 101 [l
Srmax p Yu, Ynil P(Xn, Xn1), P Ynet, Yn P Yns2s Ynsl
11 (| |
<rmax p Yu, Ynsl P (Xn, Xni1) -
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Thus from (2.3), we have

[ 1 HEN| ] 1 NN
max p(Xn, Xn+1),P Y, Yne1 < rmax p(Xp-1,Xn),P Yn-1,Yn - (2.4)

By repeating (2.4) n-times, we get that

1 ] [T ] [T
max p(Xn, Xn41),P Yn, Yne1 < TMAX P(Xp1,Xn), P Yn-1,Yn
, ] [
<rimax p(xp-2,Xn-1),P Yn-2,Yn-1
(2.5)
= o
< r’max p(x()/xl)/p Yo, Y1
Letting n — +oo in (2.5), we get that
, - - [
n1—1>r£100 max P(xnz xn+1)/ P Yn,Yn+1 = 0. (2.6)
Therefore, we have
Jim p(xn, Xpa1) =0,
= ] (2.7)
Jim poyn Y = 0.
For n,m € N with m > n, we have
P(Xn, Xm) < p(Xn, Xni1) + P(Xns1, Xm) = P(Xns1, Xns1)
S p(xn, Xpi1) + P(Xns1, Xni2) + P(Xns2, Xim)
= p(Xn+1, Xnt1) = P(Xns2, Xni2)
(2.8)
mEl ] mEZ ]
< plxi,xi) = p(Xie1, Xig1)
i=n i=n
mEl ]

< p(xi Xiv1)-
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By (2.5) and (2.8), we have

(S 1 [
p(xXn, x,) < r'max p(xo,x1),p Yo, Y1

i=n

+E1' 1 O (2.9)

< r'max p(xo,x1),p Yo, V1 '
1 111

x1),P Yo, Y1

1=
Letting n,m — +o0in (2.9), we get that

lim p(xp, Xm) = (2.10)

n,m-— oo

Thus limy, ;- o p(Xn, Xm) exists and is finite. Hence (x,) is a Cauchy sequence in (X, p).
Similarly, we may show that

O O
lim p yu,ym =0, (2.11)

n,m— oo

and hence (y,) is a Cauchy sequence in (X, p). By Lemma 1.4 there exist x, y € X such that
limy, —, o p*(xn, x) = 0 (resp., lim, —, o, p°(Yn, y) = 0) if and only if

p(x,x) = limp(x,, x) = lim p(x,, x,) =0,
I - I:I - I:I O O —1 (2.12)
resp., p Y,y hmp Yo,y = im p vy, ym =0 .

n,m— oo

Now, we prove that x = F(x,y). By (2.1), we have

e e s e Y s R
pFxy,x <pF xy,xp1 +p(Xne1,X) = p(Xns1, Xn41)
[ O o R
Sp F X, Y, Xn+l +p(xn+lrx)
|:||:| 101 [
<pF y F Xu,yn +p(Xns1, %)
R o Ell:ll:ll:l 1 oo
< rmax p(x,xn) PYYn P Fxy,x,pF xXpYyn ,Xn +p(Xns1,x)
| |:||:||:| 1 (|
= r max P(x X )P YoYn P F X,y ,X ,p(Xps1,Xn) +p(Xni1, X).
(2.13)

Letting n — oo in the above inequality and using (2.12), we get that

OO OO o0 O
pFxy,x <rp F x,y ,x. (2.14)
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Since r € [0,1), we conclude that p(F(x,y), x) = 0. By (p;) and (p,), we have F(x,y) =
x. Similarly, we may show that F(y, x) = y. Thus (x, y) is a coupled fixed point of F. To prove
the uniqueness of the fixed point, we let (1, v) be a coupled fixed point of F. We will show
that x = w and y = v. By (2.1), we have

Ny | (|
p(x,u)=p F x, y ,F(u,v)
] ol (|
< rmax p(x u),p F x, y ,X ,p Y, ,p(P(u,v),u) (2.15)

[ 1
= r max p(x,u),p Y,0 ,p(x,x),p(u,u) .

Since p(x, x) < p(x,u) and p(u, u) < p(x,u), we have

] 1 M
p(x,u) <rmax p(x,u),p y,v . (2.16)
Also, from (2.1), we have
1 1
pYyov =p F y,x F(v u)
I N I I I O 1]
<rmax p y,v ,p F y,x ,y ,p(x,u),p(F(v,u),v) (2.17)

1] 0 O 1
=rmax p(x,u),p y,v ,p ¥,y ,p(v,v) .

Since p(y,vy) < p(y,v) and p(v,v) < p(y,v), we have

[ Ry | | 0 O
p y,v <rmax p(x,u),p y,v . (2.18)
From (2.16) and (2.18), we have
= O OO = O O
max p(x,u),p y,v <rmax p(x,u),p y,v . (2.19)

Since r < 1, we have max{p(x,u),p(y,v)} = 0. Hence p(x,u) = 0 and p(y,v) = 0. By (p,) and
(p,), wehavex =uand y = v. O

Corollary 2.2. Let (X, p) be a complete partial metric space. Suppose that there are a, b, c,d € [0,1)
with a + b + ¢ + d < 1 such that the mapping F : X x X — X satisfies

i ] I I:II:I d
p Fxy Fluv) <ap(x,u)+bp y,v +cp F x,y ,x +dp(F(u,v),u) (2.20)

forall x,y,u,v € X. Then F has a unique coupled fixed point.
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Proof. The proof follows from Theorem 2.1 by noting that:

] 0 OO .o
ap(x,u)+bp y,v +cp F x,y ,x +dp(F(u,v),u)

. 1 o ol 1 (2.21)
<(a+b+c+d)max p(x,u),p y,vo ,p F x,y ,x ,p(F(u,v),u) .

Remarks.

(1) Theorem 1.5 [2, Theorem 2.1] is a special case of Corollary 2.2.
(2
(€]
(4) [2, Corollary 2.6] is a special case of Corollary 2.2.

[2, Corollary 2.2] is a special case of Corollary 2.2.
Theorem 1.6 [2, Theorem 2.4] is a special case of Corollary 2.2.

)
)
)
)

Now, we introduce an example satisfying the hypotheses of Theorem 2.1 but not the hypo-
theses of Theorems 2.1 and 2.4 of [2].

Example 2.3. Define p : [0,1] x [0,1] — [0,1] by p(x,y) = max{x,y}. Then ([0,1],p) is a
complete partial metric space. Let F : [0,1] x [0,1] — [0, 1] be the mapping defined by

0,0 8-H

y = (2.22)

F

Then,
(@) p(F(x,y),F(u,v)) < (1/2)max{p(x,u),p(y,v),p(F(x,y),x),p(F(u,v),u)} for all
x,y,u,v € [0,1],

(b) there are no a,b € [0,1) with a + b < 1 such that p(F(x,v), F(u,v)) < ap(x,u) +
bp(y,v) forall x,y,u,v € [0,1].

(c) thereareno a,b € [0,1) with a+b < 1such that p(F(x,y), F(u,v)) < ap(F(x,y), x)+
bp(F(u,v),u) forall x,y,u,v € [0,1].

Proof. To prove part (a), given x,y, v, u € [0,1]. Then:

1
i ] Ea—thu—m
2 2

p F x,y ,F(u,v) =max
yE’u vl

(| 1
max Xx-Y,Yy—X,Uu—-0,0-u

I\)l»—\
3
1S}
><

(2.23)

(| 1
ax x,y,u,v

IA
=t

[
max p(x,u) P Yo

. I:II:II:I - (-
max p(x,u) pyv,p Fxy,x,p(F(uo),u) .

N — I\)I’—\ Nl—= N

IN
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To prove part (b), suppose that there are a,b € [0,1) with a + b < 1 such that p(F(x,y),
F(u,v)) < ap(x,u) +bp(y,v) forall x,y,u,v € [0,1].
Since
1
p(F(1,0),F(0,0)) =p E'O =
1
p(F(0,1),F(0,0)) =p 5,0 =

<ap(1,0) +bp(0,0) = a,
(2.24)
<ap(0,0) +bp(1,0) =b,

NI~ N =

we have a + b > 1, which is a contradiction.
To prove part (c), suppose that there are a,b € [0,1) with a + b < 1 such that
p(F(x,y), F(1,0)) < ap(F(x,y),x) + bp(F(u,0),u) for all x,y,u,v € [0,1].

Since
e
p(F(1,0),F(0,0)) =p S50 =5

<ap(F(1,0),1) + bp(F(0,0),0)
—1
=ap 5,1 +bp(0,0)

=a
|:|1 1 (2.25)

p(F(0,0),F(1,0)=p 0,5 =

N =

< ap(F(0,0),0) + bp(F(1,0),1)
1
=ap(0,0) + bp 5,1

-b,

we have a + b > 1, which is a contradiction. O

Thus by Theorem 2.1, F has a unique coupled fixed point. Here, (0,0) is the unique
fixed point of F.
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