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Coincidence point and common Pxed point results with the concept of generalized altering
distance functions in complete ordered metric spaces are derived. These results generalize the
existing Pxed point results in the literature. To illustrate our results and to distinguish them from
the existing ones, we equip the paper with examples. As an application, we study the existence of
a common solution to a system of integral equations.

1. Introduction and Preliminaries

The study of common Pxed points of mappings satisfying certain contractive conditions
has been researched extensively by many mathematicians since bxed point theory plays a
major role in mathematics and applied sciences see 140 and others . A new category
of contractive Pxed point problems was addressed by Khan et al. 1. In this work, they
introduced the notion of an altering distance function, which is a control function that alters
distance between two points in a metric space.

De nition 1.1 see 1 . A function .0, 0, is called an altering distance
function if and only if
i iscontinuous,
il is nondecreasing,
iii t 0 t O
Khan etal. 1 proved the following result.



2 International Journal of Mathematics and Mathematical Sciences

Theorem 1.2 see 1 . Let X,d be a complete metric space; O, 0, an altering
distance function, and : X X a self-mapping which satis es the following inequality:

d Tx, Ty c dxy 1.1

forallx,y X andforsom@ < c < 1. ThenT has a unique xed point.

Putting t t in Theorem 1.2 we retrieve immediately the Banach contraction
principle.

In 1997, Alber and Guerre-Delabriere 2 introduced the concept of weak contractions
in Hilbert spaces.

This concept was extended to metric spaces by Rhoades in 3 .

De nition 1.3. A mapping T : X X, where X,d is a metric space, is said to be weakly
contractive if and only if

dTx,Ty dxy S dxy , xy X 1.2

where : 0, (0} is an altering distance function.

Theorem 1.4 see 3 . Let X,d be a complete metric space dhdX X a weakly contractive
map. ThenT admits a unique xed point.

Weak inequalities of the above type have been used to establish Pxed point results
in a number of subsequent works, some of which are noted in 467,20 . In 5, Choudhury
introduced the concept of a generalized altering distance function for three variables.

De nition 1.5 see 5 . Afunction : 0, x 0, x 0, 0, is said to be a

generalized altering distance function if and only if
i iscontinuous,
i isnondecreasing in all the three variables,
iii XY,z 0 x y z 0.

In 5, Choudhury proved the following common bxed point theorem using altering
distances for three variables.

Theorem 1.6 see 5 . Let X,d be a complete metric space &d : X X two self mappings
such that the following inequality is satis ed:

1 d Sx, Ty 1dxy ,dx,Sx,dy, Ty S ,dxy ,dx,Sx,dy,Ty 1.3

forallx,y X,where ;and ;are generalized altering distance functions andx 1 X, X, X .
ThenS andT have a common xed point.

In 31, Rao et al. generalizedTheorem 1.6for four mappings satisfying a generalized
contractive condition and used the following generalized altering distance function for four
variables.
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De nition 1.7 see 31 . Afunction : O, x 0, x 0, x 0, 0, is said
to be a generalized altering distance function if and only if

i iscontinuous,
il is nondecreasing in all the three variables,
il 1y, 1o, 13,14 0 t; t, tz3 tg O.

Let 4, denote the set of all functions  satisfying i Biii in DePnition 1.7.

Recently, there have been so many exciting developments in the beld of existence
of bxed point in partially ordered sets see 8B19, 21E86 and the references cited therein .
The brst result in this direction was given by Turinici 36 , where he extended the Banach
contraction principle in partially ordered sets. Ran and Reurings 33 presented some
applications of TuriniciOs theorem to matrix equations. The obtained result by Turinici
was further extended and rebned in 28EB2. Subsequently, Harjani and Sadarangani

19 generalized their own results 18 by considering pair of altering functions
Nashine and Altun 21 and Nashine and Altun 22 generalized the results of Harjani
and Sadarangani 18 19 . Also, Nashine and Altun 22 and Shatanawi and Samet 41
worked for a pair T,S of weakly increasing mappings with respect to a third mapping R.
In another paper, Nashine etal. 24 prove coincidence point and common bxed point results
for mappings satisfying a contractive inequality which involves two generalized altering
distance functions for three variables in ordered complete metric spaces. As application, they
studied the existence of a common solution to a system of integral equations.

The aim of this paper is to generalize the results of Nashine et al. 24 in the sense of
four variables. We obtain coincidence point and common bxed point theorems in complete
ordered metric spaces for mappings satisfying a contractive condition which involves two
generalized altering distance functions in four variables. Presented theorems are ordered
version of Theorem 2.1 of Rao et al. 31 for three mappings. In addition, an application to
the study of the existence of a common solution to a system of integral equations is given.

2. Main Results

First we introduce some notations and debnitions that will be used later.

2.1. Notations and DePnitions
The following debnition was introduced by Jungck in 37 .

De nition 2.1 see 37 . Let X,d be a metric space andf,g : X X.Ifw  fx gx,
for some x X, then x is called a coincidence point of f and g, and w is called a
point of coincidence of f and g. The pair {f,g} is said to be compatible if and only if
limp d fgx n,gfxq 0, whenever {x,} is a sequence inX such that lim X n
limp gx, tforsomet X.

_ Let X be anonempty setandR : X X a given mapping. For every x X, we denote
by RS! x the subset of X dePned by

R x : {u X|Ru x}. 2.1
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De nition 2.2 see 23 . Let X, be a partially ordered setand T,S,R: X X are given
mappings such that TX RX and SX RX.We say thatS and T are weakly increasing with
respect toR if and only if, forall x X, we have

Tx Sy, y RTx,
) 2.2
Sx Ty, y R%sx.

Remark 2.3If R : X X is the identity mapping Rx x forall x X ,thenSand T
are weakly increasing with respect to R which implies that S and T are weakly increasing
mappings. Note that the notion of weakly increasing mappings was introduced in 9 also
see 17,38 .

Example 2.4Let X {1,2,3} be endowed with the partial order  given by

{11, 22,33,23,31, 21}. 2.3
Debne the mappings T, S,R: X X by

T1 T3 1, T2 3,
S1 S2 S3 1, 2.4
R1 1, R2 R3 2

We will show that the mappings S and T are weakly increasing with respect to R.

Let x,y X suchthaty RS! Tx . By the debnition of S, we have Sy 1. On the
otherhand, Tx {1,3}and 1,1, 3,1 . Thus, we have Tx Sy forall y RSl Tx .

Letx,y X suchthaty RS Sx . By the debnitions of S and R, we have RS sx
RS 1 {1}. Thenwe havey 1.Ontheotherhand,1 Sx Ty T1 1.Then,Sx Ty
forally RS! Sx.

Thus, we proved that S and T are weakly increasing with respectto R.

De nition 2.5. Let X be anonempty set. Then X,d, is called an ordered metric space if and
only if:

i X,d isametric space,

i X, Iisapartially ordered set.

2.2. Results

Our prst result is the following.
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Theorem 2.6. Let X,d, be an ordered complete metric space.TL& R : X X be given
mappings satisfying for every paik,y X x X such thatRx andRy are comparable,

1 d Sx, Ty 1 d Rx,Ry ,d Rx,Sx ,d Ry, Ty % d Rx, Ty d Ry,Sx

S , d Rx,Ry ,d Rx,Sx ,d Ry, Ty % d Rx,Ty d Ry,Sx
2.5

where ;and , are generalized altering distance functions (i) and ; X 1 %,X,X,X .0ne
assumes the following hypotheses:

i T,S,andR are continuous,
i TX RX,SX RX,
iii T andS are weakly increasing with respectRo

iv the pairs{T,R} and{S, R} are compatible.
Then,T, S, andR have a coincidence point, that is, there existsX such thatRu Tu Su.

Proof.Let xo X be an arbitrary point. Since TX RX, there existsx; X such that Rx;
TXp. SinceSX  RX, there existsx, X such that Rx,  Sx;. Continuing this process, we can
construct a sequence{Rx,} in X debned by

RXon 1 TXon, RXon 2 SXon 1, n N. 2.6
We claim that

Rxn, RXp 1, n N. 2.7

To this aim, we will use the increasing property of the mappings S and T with respect to R.
From 2.6, we have

Rx; Txo Sy, y R Txe. 2.8
SinceRx; TXg, then x; RS! TXp , and we get
Rx; TxXg Sx; RXo,. 2.9
Again,

Rx, Sxi Ty, y RSsSx . 2.10
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Sincex, RS! Sx; , we get

Rx, Sx; Tx2 RXs. 2.11

Hence, by induction, 2.7 holds.
Without loss of the generality, we can assume that

Rxn/ RXp 1, n N. 212

Now, we will prove our result on three steps.
Step 1 We claim that

nIim d Rx, 1,Rx, 2 0. 2.13

Putting x Xgn 1andy  Xgn, from 2.7 and the considered contraction 2.5, we have
1 d RXon 2, RXon 1 1 d SXon 1, TXon

1 d RXon 1,RX2n ,d RX2n 1,SXon 1,0 RXon, TXon
1
> d RX2n 1, TXon  d RXon, SXon 1
S 2 d RXzn 1,RXan ,d RXzn 1,SXon 1,0 RXan, TXan
1
> d Rxon 1, TXon  d RXon, SXon 1 214
1 d RXon 1,RXon ,d RX2n 1, RX2n 2 ,d RXon, RXon 1,
1
éd RX2n, RX2n 2

S 2 d RXzn 1,RXzn ,d RXzn 1,RX2n 2 ,d RXon, RXon 1,

1
Ed RX2n, RX2n 2

Suppose, forsomen N, that

d Rxon 1, RXon 2 >d RXon, RXon 1 . 2.15

Using 2.15 and a triangular inequality, we have

1 1
Ed RX2n, RXon 2 > d Rxon,RX2n 1 d RXon 1,RX2n 2 <d RX2n 1, RX2n 2 . 2.16
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Using thisand 2.15 together with a property of the generalized altering function 3, we get

1
1 d Rxzn 1,RXon ,d RX2q 1, RX2n 2 ,d RXon, RXon 1 ’Ed RXon, RX2n 2

2.17
1 d RXon 2, RXon 1
Hence, we obtain
1 d RXon 2, RXon 1
1 d RXon 2, RXon 1

. 1

S 2 d Rxon 1,RXon ,d RXon 1, RX2n 2 ,d RXon, RXon 1 'ﬁd RX2n, RXon 2
2.18

This implies that

1
2 d Rxon 1,RXon ,d RXon 1, RX2n 2 ,d RXan, RX2n 1 ’Ed RX2n, RXon 2 0, 2.19

which yields that

d RXon 1, RX2n 0. 2.20

Hence, we obtain a contradiction with  2.12 . We deduce that

d RXon 1, RXon 2 d RXon, RXon 1, n N. 2.21

Similarly, putting X Xzn 1andy X, 2, from 2.7 and the considered contraction 2.5, we
have

1 d RXon 2, RXon 3

1
1 d RXzn 1,RXon 2 ,d RXon 1,RX2n 2 ,d RXon 2,RXon 3 ’Ed RXon 1, RXon 3

L 1
S 5 d RXon 1,RXon 2 ,d RXon 1, RX2n 2 ,d RX2n 2,RXon 3 'Ed RX2n 1, RX2n 3

2.22

Suppose, for somen N, that

d RXon 2, RXon 3 >d RXon 1, RXon 2 . 2.23
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Then, by a triangular inequality, we have
1 1
Ed RX2n 1, RX2n 3 > d RX2n 1,RX2n 2 d RX2n 2,RX2n 3 <d RXon 2,RXon 3. 2.24

Hence, from this, 2.22,and 2.23, we obtain

1 d RXon 2, RXon 3

1 d RXon 2, RX2n 3

L 1
S 2 d RXzn 1,RXon 2 ,d RXon 1, RX2n 2 ,d RX2n 2, RXon 3 ,Ed RX2n 1, RX2n 3

2.25

This implies that

1
2 d RXon 1,RX2n 2 ,d RX2n 1, RXon 2 ,d RXon 2, RX2n 3 ’ﬁd RX2n 1, RX2n 3 0,

2.26
which leads to
d RXzn 1,RXon 2 0. 2.27
Hence, we obtain a contradiction with  2.12 . We deduce that
d RXon 1,RXon 2 d RXop 2, RXon 3, n N. 2.28
Combining 2.21 and 2.28, we obtain
d Rxp, 1,RXn, 2 d Rxp 2,RXp 3, n N. 2.29

Then, {d Rx, 1,RXp 2 } is a nonincreasing sequence of positive real numbers. This implies
that there existsr 0 such that

lim d Rx, ,Rxq 2 1. 2.30
n
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By 2.14, we have

1 d RXon 2, RXon 1 1 d RXon 1,RX2n ,d RX2n 1, RX2n 2 ,d RXon, RXon 1,
1
=d RX2n, RXon 2
2
S 2 d Rxzn 1,RXzn ,d RXzn 1,RXzn 2 ,d RXzn, RXon 1,

1
59 RXan, RXan 2 2131

1 d RXon 1, RXon ,d RXon, RXon 1 ,d RXon, RXon 1,
d RXgn, RXon 1
S 5 d RxXzn 1,RX2n ,d RX2q 1, RX2n 2 ,d RXon, RXon 1,0
1 d RXon, RX2n 1

S 2d Rxzn 1,RXzn ,d RXzn 1, RX2n 2 ,d RXzn, RX2n 1,0 .

Letting n in 2.31 and using the continuities of ;and ,, we obtain

i r 1r'S o0, 2.32

which impliesthat 5 r,r,r,0 0,sor 0.Hence

nIim d RX, 1,RXp 2 0. 2.33

Hence, 2.13 is proved.
Step 2 We claim that {Rx,} is a Cauchy sequence.

From 2.13,itwillbesu cientto prove that { Rx»,} is a Cauchy sequence. We proceed
by negation and suppose that { Rx»,} is not a Cauchy sequence. Then, there exists > 0 for
which we can bnd two sequences of positive integers {m i } and {n i } such that, for all
positive integer i,

nNi >mi >i, d RXomi,RXoni , d RxXomi ,RXonige <. 2.34
From 2.34 and using a triangular inequality, we get

d RX2m i 1RX2I"I i
d RXomi ,Rxonige d RXonig,RXonist  d RXoni g1, RXon i 2.35

< d RxXonig Rxonigs d RXonig, RXoni
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Letting i in the previous inequality and using 2.13, we obtain

lim d Rxomi ,RXon i . 2.36

Again, a triangular inequality gives us

d Rxzni ,RXomi g1 Sd RXani, RXomi d RXomi 81, RXomi - 2.37
Letting i in the above inequality and using 2.13 and 2.36, we get
i|im d RXzni ,Rxomist . 2.38

On the other hand, we have

d Rxzni ,RXom i d RXoni,Rx2ni 1 d RXoni 1, RXom 5 39
d Rxoni,Rxoni 1 d TXoni,SXomi st -
Then, from 2.13, 2.36, and the continuity of 1, we get by letting i in the above
inequality
1 i|im 1 d SXomisy, TXoni - 2.40

Now, using the considered contractive condition 2.5 for x Xonmijg andy Xoni, we have

1 d SXomi s, TXoni 1 d RXomi &, RXoni ,d RXomi g1, RXomi

d Rxoni,Rxoni 1,

1
> d Rxomist, RXoni 1 d RXoni, RXom i
2.41
S 2 d RXomis, RXoni ,d RXomi a1, RXomi
d RXoni,RXoni 1,
1
> d Rxomist, RXoni 1 d RXoni, RXom i
Then, from 2.13, 2.38, and the continuities of ; and »,, we get by letting i in the

above inequality

Ilm 1 d SXZI’T\ i élvszni 1 0101 é 2 0101 1 S 2 0101 . 242
I
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Now, combining 2.40 with the previous inequality, we get

1 1 S 2,00 |, 2.43

which implies that , , 0,0, 0, that is a contradiction since > 0. We deduce that{Rx,}
is a Cauchy sequence.
Step 3 We claim existence of a coincidence point.

Since {Rx,} is a Cauchy sequence in the complete metric space X,d , there exists
u X such that

nIim Rx, u. 2.44

From 2.44 and the continuity of R, we get

im RRx, Ru. 2.45
n
By the triangular inequality, we have
d Ru,Tu d Ru,RRxy 1 dR Txon , T RXon dTRxo, ,Tu. 2.46
On the other hand, we have
Rxzn S U, Tx;nS u asn : 2.47

SinceR and T are compatible mappings, this implies that

lim d R Txon , T RXop 0. 2.48
n

Now, from the continuity of T and 2.44, we have

nIim dTRxo ,Tu O 2.49
Combining 2.45, 2.48,and 2.49 and letting n in 2.46, we obtain
d Ru,Tu 0, 2.50
that is,
Ru Tu. 251

Again, by a triangular inequality, we have

d Ru,Su d Ru,R Rx2 2 d R SXon 1,S RXon 1 d SRxz, 1,Su. 2.52
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On the other hand, we have

Rxon 1S U, Sxon 1S u asn$S . 2.53

SinceR and S are compatible mappings, this implies that

nIim d R SXon 1,S RXon 1 0. 254

Now, from the continuity of Sand 2.44, we have

nIim d SRxz,1,Su 0. 2.55
Combining 2.45, 2.54,and 2.55 and letting n in 2.52, we obtain
d Ru,Su 0, 2.56
that is,
Ru Su. 2.57

Finally, from 2.51 and 2.57, we have

Tu Ru Su, 2.58

that is, u is a coincidence point of T, S, and R. This makes end to the proof. O
In the next theorem, we omit the continuity hypotheses satisped by T, S, and R.

De nition 2.7. Let X,d, be a partially ordered metric space. We say that X is regular if and
only if the following hypothesis holds: if {z,} is a nondecreasing sequence inX with respect
to such that z, Z X asn ,thenz, zforall n N.

Now, our second result is the following.

Theorem 2.8. Let X,d, be an ordered complete metric space.TL& R : X X be given
mappings satisfying for every paik,y X x X such thatRx andRy are comparable,

1 d Sx, Ty 1 d Rx,Ry ,d Rx,Sx ,d Ry, Ty % d Rx, Ty d Ry,Sx

S , d Rx,Ry ,d Rx,Sx ,d Ry, Ty % d Rx,Ty d Ry,Sx
2.59
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where ; and , are generalized altering distance functions ang x 1 XX, X, X . We assume
the following hypotheses:

i X isregular,
i T andS are weakly increasing with respectRy
i RX is a complete subspace ¥fd ,

iv TX RX,SX RX.
Then,T, S, andR have a coincidence point.

Proof. Following the proof of Theorem 2.6, we have {Rxy} is a Cauchy sequence in RX,d .
SinceRX is a complete, there existsu Rv,v X such that

im Rx, u Ruv. 2.60

n

Since{Rx,} is a nondecreasing sequence andX is regular, it follows from 2.60 that Rx, Rv
forall n N.Hence, we can apply the contractive condition 2.5.Then,forx vandy Xan,
we obtain

1 d Sv, RXon 1 1 d Sv, TXon

1 d Rv,Rx2, ,d Rv,Sv ,d RXon, RX2n 1,

1
> d Rv,Txs, d RXgp, Sv

2.61
S 5, d RV,Rxz, ,d Rv,Sv ,d Rxon, RXon 1,
1
> d Rv,Txss d Rxpn, Sv
Letting n in the above inequality and using 2.13, 2.60, and the properties of 1 and
>, we obtain
1 ~ 1
1 d Sv,Rv 1 0,d Rv,Sv ’O’Ed Rv,Sv S , 0,d Rv,Sv ’O’Ed Rv, Sv
2.62

L 1
1dSv,Rv S >, 0,dRv,Sv ’O’Ed Rv, Sv

This implies that , 0,d Rv,Sv ,0, 1/ 2 d Rv, Sv 0, which gives us that d Rv,Sv 0,
that is,

Rv Sv. 2.63
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Similarly, for x Xz, andy v, we obtain

1 d Rxon 2, TV 1 d Sxon 1, TV

1 d Rxzn 2,RV ,d RX2, 1, RX2n 2 ,d Ry, Tv

1
> d Rxon 1, TV d Rv,Sxo, 1

2.64
S 2 d RX2n Z,RV ,d RX2n 1,RX2n 2 ,d Rv,Tv ,
1
E d Rxon 1, TV d Ry, SXon 1
Letting n in the above inequality, we get
1 ~ 1
1dRv,Tv 1 0,0,d Rv,Tv ’Ed Rv,Tv. S > 0,0,d Rv,Tv ’Ed Rv, Tv
L 2.65
1dRy,Tv. S , 0,0,dRv,Tv 50 RV, Tv
This impliesthat , 0,0,d Rv,Tv, /2d Rv,Tv 0, and then,
Rv  Tv. 2.66
Now, combining 2.63 and 2.66, we obtain
Rv Tv Sv. 2.67
Hence, v is a coincidence point of T, S, and R. This makes end to the proof. O

Now, we give a su cient condition that assures the uniqueness of the common
coincidence point of {T, R} and {S, R}.

Theorem 2.9. Under the hypotheses ®heorem 2.Gresp.,Theorem 2.8and suppose thatSX,
is a totally ordered set anfl is one-to-one mapping, then one obtains a unique common coincidence
point of{ T, R} and{S, R}.

Proof. Following the proof of Theorem 2.6 resp., Theorem 2.8, the set of common
coincidence points of {T, R} and {S, R} is nonempty. Let 4, X be two common coincidence
points of {T,R} and {S, R}, that is,

T Rp Sy, T R S. 2.68
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This implies that Ry, R SX, and then, Ruand R are comparable with respectto . Then,
we can apply the contractive condition 2.5 . We have

1 d Sy, T 1 d RL,R ,d Ry, Sp ,dR,T ,%dRu,T d R,Sp

S , dR,R ,d Ry,Sp,dR,T ,%dRu,T d R,Su

1dSuT ,00dSyT S ,dsSyT ,00dSuT

1dSy,,T S 5dSu,T ,00dSyT
2.69

This implies that , d Sy, T ,0,0,d Sy, T, which gives us that d Sp, T 0, that is,
Sp T .From 2.68,wegetSp S . SinceSis one-to-one, we have u . This makes end
to the proof. O

Now, it is easy to state a corollary of Theorem 2.6 or Theorem 2.8 involving
contractions of integral type.

Corollary 2.10. LetR,S and T satisfy the conditions ofheorem 2.6r Theorem 2.8except that
condition 2.5 is replaced by the following: there exists a positive Lebesgue integrable function
R suchthat ju t dt> Ofor each > 0and that

1 d Sx,Ty 1 d Rx,Ry ,d Rx,Sx ,d Ry,Ty , /2 d Rx,Ty d Ry,Sx

utdt utdt

0 0
2.70
2 d Rx,Ry ,d Rx,Sx ,d Ry,Ty , /2 d Rx,Ty d Ry,Sx

S ut dt
0

Then,T, S, andR have a coincidence point.

If R: X X is the identity mapping, we can deduce easily the following common
Pxed point results.
The next result is an immediate consequence of Theorem 2.6.

Corollary 2.11. Let X,d, be an ordered complete metric space.TL.& : X X be given
mappings satisfying for every paik,y =~ X x X such thatx andy are comparable,

1 d Sx, Ty 1 dxy ,dx,Sx ,dy,Ty ,%dx,Ty d vy, Sx
271
S , dxy ,dx,Sx,dy,Ty ,%dx,Ty dy,Sx



16 International Journal of Mathematics and Mathematical Sciences
where 1 and ; are generalized altering distance functions andx 1 %, X, X, X .0Oneassumes
the following hypotheses:

i T andS are continuous,

i T andS are weakly increasing.

Then,T andS have a common xed point, that is, there exists X suchthatu Tu Su.
The following result is an immediate consequence of Theorem 2.8

Corollary 2.12. Let X,d, be an ordered complete metric space. T.& : X X be given
mappings satisfying for every paik,y X x X such thatx andy are comparable,

1 d Sx, Ty 1 dxy ,dx,Sx,dyTy ,%dx,Ty d vy, Sx
2.72
S , dxy ,dxSx,d y,Ty,%dx,Ty dy,Sx

where ; and , are generalized altering distance functions andx 1 X, X,X,X .0Oneassume
the following hypotheses:

i X isregular,

i T andS are weakly increasing.

Then,T andS have a common xed point.
Now, we give some examples to support our results.

Example 2.13Let X  {4,5,6} be endowed with the usual metric d x,y |x Sy]| for all
x,y X,and : { 44,55, 66, 6,4}.Consider the mappings
456 456
S T 464" R 456" 2.73
We dePne the functions 1, ,: 0, ¢ 0, by

11,00, 13, 14
2.74

2 11,10,13,14

Clearly, 1t t forall t 0. Now, we will check that all the hypotheses required by
Theorem 2.8are satisbed.

i X isregular.

Let {z,} be a nondecreasing sequence inX with respectto  such that z, z Xas
n .We havez, z,foralln N.

a Ifzg 4,thenzy 4 z;. From the debnition of , we havez; 4. By induction,
wegetz, 4foraln Nandz 4.Then,z, zforalln N.
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b If zg 5,thenzyg 5 z;. From the debnition of , we havez; 5. By induction,
wegetz, 5foralln Nandz 5.Then,z, zforalln N.

c If zg 6, thenzg 6  z;. From the debnition of , we have z; { 6,4}. By
induction, we get z, { 6,4} forall n N. Suppose that there existsp 1 such that
z, 4. From the debnition of ,wegetz, z, 4foralln p.Thus, we have
z 4dandz, zforall n N.Now, supposethat z, 6forall n N.In this case,
wegetz 6andz, zforal n N.

Thus, we proved that, in all cases, we have z, zforall n N. Then, X is regular.
i T and S are weakly increasing.

SinceS T, we havetocheckthatTx T Tx forall x X.

Forx 4, we have

T4 4 TT4 T4 A4 2.75
Forx 5, we have

5 6 TTS5 T6 4. 2.76
Forx 6, we have

T6 4 TT6 T4 A4 2.77

Thus, we proved that T and S are weakly increasing.

On the other hand, it is very easy to show that 2.5 is satisbed for all x,y X such
that Rx Ry.

Now, all the hypotheses of Theorem 2.8 are satisbed. ThenR, S, and T have a
coincidence point u 4.

Note that inequality 2.5 is not satisped forx 4andy 5. Indeed,

1 d R4,R5,d R4,$4 ,d R5,T5,% d R4, T5 d R5 $4

S , d R4,R5,d R4,S4 ,d R5,T5,%d R4,T5 d R5$4

3 & 3 2.78
10,1, - 1,01, -
1 101 ] 2 S 2 101 ’ 2
21
32

< 1d S4,T5 12 2.

Then, Theorem 2.1 of Rao et al. 31 cannot be applied for three maps in this case.

Example 2.14Let X {01, 1,0, 1,1} R? with the Euclidean distance d,. X, d,
is, obviously, a complete metric space. Moreover, we consider the order in X given by
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R {x,x ,x X}. Notice that the elements in X are only comparable to themselves, so
X, isregular. Also we consider R, S, T: X X given by

T1,0 S10 R10 1,0,
TO0O1 S0O1 1,0, RO1 0,1, 2.79
T131 S11 R1L1 1,1.

Itis easy that, forall x X,TSx Sx,and STx Tx, so the pair {S, T} is weakly increasing.
Debne 1, ,: 0, % 0 by

1t to,t3, s max{ty, ty, ta, ta},

1 2.80
2 tl!t21t31t4 E max{tl!t21t3!t4}-

Then, 1t tforallt O.

As the elements in X are only comparable to themselves, condition 2.5 appearing
in Theorem 2.8is, obviously, satisPed. Now, all the hypotheses of Theorem 2.8 are satisbed.
1,1 and 1,0 are the coincidence points of the mappings R, S, and T.

On the other hand, the inequality 2.5 is not satisbed for x 1,0 andy 1,1.
Indeed,

; d& R13,0,RL41 ,d,R10,S10 ,d, R1,1,T11,
1
Edle,O,T 1,1 d»R14,1,S10

S, dR10,R11 ,d,R10,5S10 ,d,R1,1,T1,1 ,

1 281
édle,O,T 1,1 d»R14,1,S10

110018 ,1,001
1
2

< 10d,S10,T11 11 L

Then, again Theorem 2.1 of Rao et al. 31 cannot be applied for three maps in this case.
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A number of bxed point results may be obtained by assuming di  erent forms for the
functions 1 and . In particular, Pxed point results under various contractive conditions
may be derived from the above theorems. For example, if we consider

1%Y,Z,t kxS koyS  ksz®  kat?
) 2.82
2 X,Y,2,t 1Sk kix® koyS ksz® kat*,

wheres>0and0<k k; kx ks kys<1,we obtainthe following results.
The next result is an immediate consequence of Corollaries 2.11and 2.12

Corollary 2.15. Let X,d, be an ordered complete metric space. TL.& : X X be given
mappings satisfying for every paik,y X x X such thatx andy are comparable,

S

dSx, Ty ° kidxy ° kpodx,Sx % ksdyTy ° k4%dx,Ty dySx
2.83

wheres >0andO0<k ki k, ks k<1 Oneassumes the following hypotheses:

i T andS are continuous oK is regular,

i T andS are weakly increasing.
Then,T andS have a common xed point, that is, there exists X suchthatu Tu Su.

Remark 2.16 Other bxed point results may also be obtained under specibc choices of ; and
2.

3. Application

Consider the integral equations:

N
ut Kyt,s,sus ds gt, t 0T,

0
3.1
T

ut Kots,us ds gt, t 0T,
0

where T > 0.
The purpose of this section is to give an existence theorem for common solution of
3.1 using Corollary 2.15. This application is inspired by 9 .
Previously, we consider the spaceX C 1 | 0, T of continuous functions debPned
on | . Obviously, this space with the metric given by

dxy supxtSyt, xy CI, 3.2
tl
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is a complete metric space.C | can also be equipped with the partial order  given by

x,y CI1, Xy xt yt, t 3.3

Moreover, in 28 ,itis provedthat C | , isregular.
Now, we will prove the following result.

Theorem 3.1. Suppose that the following hypotheses hold:
i K, Kol x| xR Randg :R R are continuous,
i forallt,s I,

T
Kitsut K, t,s, Kis, ,u d gs ,
0

3.4
T
Kot s,ut Ky ts, Kss, ,u d gs ,
0
iii there exiskq, ko, ks 0 such that
Gxt SFyt  kiytSxt kpxtSGetSgt ksytSF, tSgt, 35
where
T T
Fy t Kits,xs ds, t |, Gy t Kyts,xs ds, t I, 3.6
0 0
andk; k, kz<1, foreveryx,y X andx yandt I.
Then, the integral equation8.1 have a solutiom C | .
Proof.DebneT,S: C | Cl by
Txt Ft gt, t I,
3.7
Sxt Gyt gt, t L
Now, we will prove that T and S are weakly increasing. From ii ,forallt |, we have
T
Tx t Kits,xs ds gt
0
T T
Ko t,s, Kis, ,X d gs ds gt
0 0 3.8

T

Kyts,Txs ds gt
0

STxt.
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Similarly,

T

Sx t Kots,xs ds gt
0
T T
Ki ts, Kss, ,X d gs ds gt
0 0 3.9

T
Kits,Sxs ds gt
0

TSxt.

Then,we have Tx STxand Sx TSxforall x C | .Thisimpliesthat T and S are weakly
increasing.
Now, forall x,y C | suchthatx vy, by iii ,we have

Sxt STy t Gxt SFy t
3.10

kiyt Sxt koxtSGet Sgt ksyt SF, t Sgt

Hence

d Sx,Ty sup Sxt STyt
t 0T

kisup xt Syt kpsup xt SGxt Sgt kssup yt SFy t Sg't
t 0T t 0T t 0T

kisup xt Syt kysup|xt SSxt| kssup yt STyt

t OT t OT t 0T
3.11
Then
d Sx, Ty kid X,y kod x,Sx  ksad y, Ty 3.12
forall x,y X suchthaty x.
This implies that, forall x,y C 1 suchthatx vy,
d Sx, Ty kid x,y  kod x,Sx  ksd y, Ty . 3.13

Hence the contractive condition required by Corollary 2.15 is satisbed with s 1,k; 0, and
kl k2 k3 < 1.

Now, all the required hypotheses of Corollary 2.15 are satisbed. Then, there existau
C | ,acommon bxed pointof T and S, thatis, u is asolutionto 3.1. O
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