
International Journal of Pure and Applied Mathematics

Volume 110 No. 1 2016, 103-124
ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu
doi: 10.12732/ijpam.v110i1.12

PA
ijpam.eu

HOLDER AND INTEGRAL MEANS INEQUALITIES

FOR A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS

BASED ON CAPUTO’S FRACTIONAL OPERATOR

K. Thilagavathi

Department of Mathematics
School of Advanced Sciences

VIT University
Vellore, 632014, INDIA

Abstract: The main purpose of present paper is to investigate Holder and integral means

inequalities for a certain subclass of analytic functions based on Caputo’s fractional opera-

tor. Further we obtain the partial sum results for functions belonging to the new subclass.

Moreover we point out some new or known consequences of our main result.
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1. Introduction

Let A denote the class of functions of the form

f(z) = z +

∞
∑

n=2

anz
n, (1)

which are analytic and univalent in the open disc U = {z : z ∈ C, |z| < 1}.
Also let T be a subclass of A consisting of functions of the form
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f(z) = z −

∞
∑

n=2

anz
n, an ≥ 0, z ∈ U, (2)

We recall the following definitions due to owa [13].

Definition 1. Let the function f(z) be analytic in a simply-connected
region of the z− plane containing the origin. The fractional integral of f of
order µ is defined by

D−µ
z f(z) =

1

Γ(µ)

z
∫

0

f(ξ)

(z − ξ)1−µ
dξ, µ > 0, (3)

where the multiplicity of (z − ξ)1−µ is removed by requiring log(z − ξ) to be
real when z − ξ > 0.

Definition 2. The fractional derivatives of order µ, is defined for a func-
tion f(z), by

Dµ
z f(z) =

1

Γ(1− µ)

d

dz

z
∫

0

f(ξ)

(z − ξ)µ
dξ, 0 ≤ µ < 1, (4)

where the function f(z) is constrained, and the multiplicity of the function
(z − ξ)−µ is removed as in Definition 1.

Definition 3. Under the hypothesis of Definition 2, the fractional deriva-
tive of order n+ µ is defined by

Dn+µ
z f(z) =

dn

dzn
Dµ
z f(z) (0 ≤ µ < 1, n ∈ N0). (5)

With the aid of the above definitions and their known extensions involv-
ing fractional derivative and fractional integrals, the generalization of Salagean
[16] derivative operator and Libera integral operator [8] was given by Owa[13].
Srivastava and owa [22] introduced the operator

Ωδ : A → A,

defined by

Ωδf(z) = Γ(2− δ)zδDδ
zf(z) = z +

∞
∑

n=2

Φ(n, δ)anz
n, (6)
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where

Φ(n, δ) =
Γ(n+ 1)Γ(2 − δ)

Γ(n+ 1− δ)
and δ ∈ R, δ 6= 2, 3, 4.... (7)

For f ∈ A and various choices of δ, we get

Ω0f(z) := f(z) = z +

∞
∑

n=2

anz
n, (8)

Ω1f(z) := zf ′(z) = z +

∞
∑

n=2

nanz
n, (9)

Ωjf(z) := Ω(Ωj−1f(z)) = z +

∞
∑

n=2

njanz
n, (j = 1, 2, 3, ...), (10)

which is known as Salagean operator (Salagean[16]). Also note that

Ω−1f(z) =
2

z

∫ z

0
f(t)dt := z +

∞
∑

n=2

(

2

n+ 1

)

anz
n

and

Ω−jf(z) := Ω−1(Ω−j+1f(z)) := z +

∞
∑

n=2

(

2

n+ 1

)j

anz
n, (j = 1, 2, 3, ...) (11)

called Libera integral operator[8]. We note that the Libera integral operator is
generalized as Bernardi integral operator given by Bernardi [3] is

1 + ν

zν

∫ z

0
tν−1f(t)dt := z +

∞
∑

n=2

(

1 + ν

n+ 1

)

anz
n, (ν = 1, 2, 3, ...).

Further we recall the definition of the fractional-order derivative due to
Caputos[4] given by

Dαf(t) =
1

Γ(n− α)

t
∫

a

f (n)(τ)

(t− τ)α+1−n
, (12)

where n− 1 < ℜ(α) ≤ n, n ∈ N and the parameter α is allowed to be real
or even complex, a is the initial value of the function f .
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Making use of these results and the definition of Caputo’s fractional deriva-
tive [4], recently Salah and Darus in [17], introduced the following operator

Jηµf(z) =
Γ(2 + η − µ)

Γ(η − µ)
zµ−η

∫ z

0

Ωηf(t)

(z − t)µ+1−η
dt, (13)

where η(real number) and (η − 1 < µ < η < 2). That is

Jηµf(z) = z +

∞
∑

n=2

(Γ(n+ 1))2Γ(2 + η − µ)Γ(2− η)

Γ(n+ η − µ+ 1)Γ(n − η + 1)
anz

n, (z ∈ U). (14)

We note that

J0
0f(z) = f(z) and J1

1f(z) = zf ′(z).

we making use of subclass T Jηµ(α, β, γ,A,B) of analytic functions with negative
coefficients involving the operator Jηµ given by (14) and discuss some usual
properties of the geometric function theory.

2. The Class T Jη

µ
(α, β, γ,A,B)

Definition 4. For fixed −1 ≤ A ≤ B ≤ 1 and 0 < B ≤ 1, let
SJηµ(α, β, γ,A,B) denote the subclass of A consisting of functions f of the
form (1) and satisfying the condition

∣

∣

∣

∣

∣

∣

z(Jη
µf(z))

′

J
η
µf(z)

− 1

2γ(B −A)
(

z(Jη
µf(z))′

J
η
µf(z)

− α
)

−B
(

z(Jη
µf(z))′

J
η
µf(z)

− 1
)

∣

∣

∣

∣

∣

∣

< β, z ∈ U, (15)

where Jηµf(z) is given by (14) and

0 ≤ α < 1, 0 < β ≤ 1,
B

2(B −A)
< γ ≤

{

B
2(B−A)α α 6= 0,

1 α = 0.

We also let T Jηµ(α, β, γ,A,B) = SJηµ(α, β, γ,A,B)∩T , where T is given by (2)

Remark 5. By suitably specializing the values of A,B,α, β and γ the
class T Jηµ(α, β, γ,A,B) leads to known subclasses studied in Aghalary and
Kullkarni[1], Khairanar and Meena[7], Owa and Nishiwaki [12] and various
new subclasses.
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For convenience in our study we consider 0 ≤ α < 1, 0 < β ≤ 1,

B

2(B −A)
< γ ≤

{

B
2(B−A)α α 6= 0,

1 α = 0,

for fixed −1 ≤ A ≤ B ≤ 1 and 0 < B ≤ 1. Further

Cn(η, µ) =
(Γ(n+ 1))2Γ(2 + η − µ)Γ(2− η)

Γ(n+ η − µ+ 1)Γ(n − η + 1)
(16)

and

C2(η, µ) =
4Γ(2 + η − µ)Γ(2− η)

Γ(3 + η − µ)Γ(1− η)
. (17)

Theorem 6. (Characterization property:) Let the function f be defined
by (2) is in the class T Jηµ(α, β, γ,A,B) if and only if

∞
∑

n=2

[2βγ(B−A)(n−α)+(1−Bβ)(n−1)]Cn(η, µ)|an| ≤ 2βγ(1−α)(B−A), (18)

where Cn(η, µ) is given by (16).

Corollary 7. Let the function f defined by (2) be in the class T Jηµ(α, β, γ,
A,B), then we have

|an| ≤
2βγ(1 − α)(B −A)

[

2βγ(B −A)(n − α) + (1−Bβ)(n− 1)
]

Cn(η, µ)
, (19)

the equation (19) is attained for the function

f(z) = z −
2βγ(1 − α)(B −A)

[

2βγ(B −A)(n − α) + (1−Bβ)(n− 1)
]

Cn(η, µ)
zn (n ≥ 2),

(20)
where Cn(η, µ) is given by (16).

For the sake of brevity, we let

Φn(α, β, γ,A,B) = 2βγ(B −A)(n − α) + (1−Bβ)(n− 1) (21)

and

Φ2(α, β, γ,A,B) = 1 + 2βγ(B −A)(2− α)−Bβ (22)
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Theorem 8. (Extreme Points:) Let

f1(z) = z

and

fn(z) = z −
2βγ(1 − α)(B −A)

Φn(α, β, γ,A,B)Cn(η, µ)
zn, (n ≥ 2)

where Cn(η, µ) is given by (16). Then f ∈ athcalTJηµ(α, β, γ,A,B) if and only
if it can be expressed in the form

f(z) =

∞
∑

n=1

ωnfn(z), (23)

where ωn ≥ 0 (n ≥ 1) and
∞
∑

n=1
ωn = 1.

Theorem 9. (Arithmetic Mean:) Let the functions fj(j = 1, 2, . . . m)
defined by

fj(z) = z −

∞
∑

n=2

an,j z
n for an, j ≥ 0, z ∈ U. (24)

be in the classes T Jηµ(αj , β, γ,A,B) (j = 1, 2, . . . m) respectively. Then the
function h(z) defined by

h(z) = z −
1

m

∞
∑

n=2





m
∑

j=1

an, j



 zn (25)

is in the class T J η
µ(α, β, γ,A,B), where α = min

1≤j≤m
{αj}, 0 ≤ αj ≤ 1.

3. Holder’s Inequality

Followed by Nishiwaki et al.[11] and Murugusundaramoorthy et al.[10] in this
section we study some results of Holder type inequalities for f ∈ T Jηµ(α, β, γ,A,
B). Now we recall the generalisation of the convolution due to Cho et al.[5] as
given below

Hm(z) = z −
∞
∑

n=2

(

m
∏

j=1

a
pj
n,j

)

zn, (pj > 0, j = 1, 2, ...m). (26)
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Further for functions fj ∈ T Jηµ(α, β, γ,A,B), (j = 1, 2...m) given by the familiar
Holder inequality assumes the following form

∞
∑

n=2

(

m
∏

j=1

an,j

)

≤
m
∏

j=1

(

∞
∑

n=2

a
pj
n,j

) 1

pj , (27)

(

pj > 1, j = 1, 2...m,

m
∑

j=1

1

pj
≥ 1
)

.

Theorem 10. If fj ∈ T Jηµ(α, β, γ,A,B), −1 ≤ B < A ≤ 1 ,0 ≤ α < 1
0 < β ≤ 1, (j = 1, 2, ...m) then Hm(z) ∈ T Jηµ(α, β, γ,A,B) with

ξ ≤ 1−

(2βγ(B −A))s
s
∏

j= 1

(1− ξj)
pj

(

1− (1−Bβ)2βγ(B −A)
)

m
∏

j= 1

[

2βγ(B −A)(2 − ξj) + (1−Bβ)
]pj

[c2(η, µ)]pj−1 − [2βγ(B −A)]s
m
∏

j= 1

(1− ξj)pj

,

where

s =
m
∑

j=1

pj > 1; pj ≥
1

qj
(j = 1, 2, 3...m), qj > 1(j = 1, 2...m);

m
∑

j=1

qj ≥ 1.

Proof. Let fj ∈ T J η
µ(α, β, γ,A,B), (j = 1, 2...m) then we have

∞
∑

n=2

[

2βγ(B −A)(n − ξj) + (1 −Bβ)(n − 1)
]

cn(η, µ)

2βγ(1− ξj)(B −A))
an,j ≤ 1,

which in turn implies that





∞
∑

n=2

[

2βγ(B −A)(n− ξj) + (1−Bβ)(n− 1)
]

cn(η, µ)

2βγ(1 − ξj)(B −A)
an,j





1

qj

≤ 1,



qj > 1, (j = 1, 2, 3...m),

m
∑

j=1

1

qj
= 1



 .

Applying the inequality (27) we arrive at the following inequality

∞
∑

n=2





m
∑

j=1

[

2βγ(B −A)(n− ξj) + (1−Bβ)(n− 1)
]

2βγ(1− ξj)(B −A)
cn(η, µ)an,j





1

qj

a
1

qj

n,j ≤ 1.
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Thus we determine the largest ξ such that





∞
∑

n=2

[

2βγ(B −A)(n − ξj) + (1−Bβ)(n− 1)
]

cn(η, µ)

2βγ(1− ξj)(B −A)
cn(η, µ)





m
∏

j=1

a
pj
n,j ≤ 1.

That is





∞
∑

n=2

[

2βγ(B −A)(n − ξj) + (1−Bβ)(n− 1)
]

cn(η, µ)

2βγ(1 − ξj)(B −A)
cn(η, µ)





m
∏

j=1

a
pj
n,j ≤

∞
∑

n=2











m
∑

j=1

[

2βγ(B −A)(n − ξj) + (1−Bβ)(n− 1)
]

2βγ(1 − ξj)(B −A)
cn(η, µ)an,j





1

qj






a

1

qj

n,j.

Since

m
∏

j=1





[

2βγ(B −A)(n − ξj) + (1−Bβ)(n− 1)
]

2βγ(1− ξj)(B −A)
cn(η, µ)





pj−
1

qj

a
pj−

1

qj

n,j ≤ 1,

(

pj −
1

qj
≥ 0, j = 1, 2, 3...m

)

.

We see that

m
∏

j=1

a
pj−

1

qj

n,j ≤
1

m
∏

j=1





[

2βγ(B−A)(n−ξj )+(1−Bβ)(n−1)

]

2βγ(1−ξj )(B−A) cn(η, µ)





pj−
1

qj

. (28)

This last inequality (28) implies that

2βγ(B −A)

m
∏

j=1

(2βγ(B −A))pj−1(1− ξj)
pj−1

−
m
∑

j=1

[

2βγ(n − ξj)(B −A) + (1−Bβ)(n− 1)
]pj

(cn(η, µ))
pj−1(1− ξ)
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≤



−(n− 1)(1 −Bβ)

m
∏

j=1

(2βγ(B −A))pj−1(1− ξj)
pj





+



(n− 1)2βγ(B −A)

m
∏

j=1

(2βγ(B −A))pj−1(1− ξj)
pj



 ,

where

Υj =
m
∏

j=1

(2βγ(B −A))pj (1− ξj)
pj .

Which implies



Υj −
m
∑

j=1

[

2βγ(n − ξj)(B −A) + (1−Bβ)(n − 1)
]pj

(cn(η, µ))
pj−1



 (1− ξ) ≤

−



(n − 1)Υj + (1−Bβ)(n− 1)

m
∏

j=1

(2βγ(B −A))pj−1(1− ξj)
pj



 .

That is

ξ ≤ 1−

[

(n− 1)Υj + (1−Bβ)(n− 1)
m
∏

j=1
(2βγ(B −A))pj−1(1− ξj)

pj

]

m
∑

j=1

[

2βγ(n − ξj)(B −A) + (1−Bβ)(n− 1)
]pj

−Υj

.

Let

Φ(n) ≤ 1−

[

(n− 1)Υj + (1−Bβ)(n − 1)
m
∏

j=1
(2βγ(B −A))pj−1(1− ξj)

pj

]

m
∑

j=1
[2βγ(n − ξj)(B −A) + (1−Bβ)(n − 1)]pj −Υj

,

which is an increasing function in n hence we have

ξ ≤ Φ(2) = 1−

(2βγ(B −A))s
s
∏

j= 1

(1− ξj)
pj

(

1− (1−Bβ)2βγ(B −A)
)

m
∏

j= 1

[

2βγ(B −A)(2 − ξj) + (1−Bβ)
]pj

[c2(η, µ)]pj−1 − [2βγ(B −A)]s
m
∏

j= 1

(1− ξj)pj

.
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Hence the proof.

4. Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the
family T Jηµ(α, β, γ,A,B) due to Silverman[20].

Lemma 11. (Littlewood[9])If the functions f and g are analytic in U
with g ≺ f, then for η > 0, and 0 < r < 1,

2π
∫

0

∣

∣

∣g(reiθ)
∣

∣

∣

η
dθ ≤

2π
∫

0

∣

∣

∣f(reiθ)
∣

∣

∣

η
dθ. (29)

In 1975, Silverman[18], found that the function f2(z) = z − z2

2 is often
extremal over the family T and applied this function to resolve his integral
means inequality, conjectured in Silverman[19] and settled in Silverman [20],
that

2π
∫

0

∣

∣

∣f(reiθ)
∣

∣

∣

η
dθ ≤

2π
∫

0

∣

∣

∣f2(re
iθ)
∣

∣

∣

η
dθ,

for all f ∈ T , η > 0 and 0 < r < 1. In Silverman[20], also proved his conjecture
for the subclasses T ∗(γ) and C(γ) of T .

Applying Lemma 11, Theorem 6 and Theorem 8, we prove the following
result.

Theorem 12. Suppose f ∈ T J η
µ(α, β, γ,A,B), η > 0, 0 ≤ λ < 1,

0 ≤ γ < 1, β ≥ 0 and f2(z) is defined by

f2(z) = z −
2βγ(1 − α)(B −A)

Φ2(α, β, γ,A,B)
z2,

where Φ2(α, β, γ,A,B) is given by (22), and C2(b, µ) is given by (17). Then for
z = reiθ, 0 < r < 1, we have

2π
∫

0

|f(z)|η dθ ≤

2π
∫

0

|f2(z)|
η dθ. (30)
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Proof. For given f of the form (2), from (30) is equivalent to proving that

2π
∫

0

∣

∣

∣

∣

∣

1−

∞
∑

n=2

|an|z
n−1

∣

∣

∣

∣

∣

η

dθ ≤

2π
∫

0

∣

∣

∣

∣

1−
(1− γ)

Φ(λ, γ, β,A,B)
z

∣

∣

∣

∣

η

dθ.

By Lemma 11, it suffices to show that

1−

∞
∑

n=2

|an|z
n−1 ≺ 1−

2βγ(1 − α)(B −A)

Φ2(α, β, γ,A,B)
z.

Setting

1−

∞
∑

n=2

|an|z
n−1 = 1−

2βγ(1 − α)(B −A)

Φ2(α, β, γ,A,B)
w(z) (31)

and using (18), we obtain

|w(z)| =

∣

∣

∣

∣

∣

∞
∑

n=2

Φn(α, β, γ,A,B

2βγ(1 − α)(B −A)
|an|z

n−1

∣

∣

∣

∣

∣

≤ |z|

∞
∑

n=2

Φn(α, β, γ,A,B

2βγ(1 − α)(B −A)
|an|

≤ |z|,

where Φn(α, β, γ,A,B) is given by (21).

This completes the proof by Theorem12.

5. Subordination Results

In this section we obtain subordination results for the new class T Jηµ(α, β, γ,A,
B) due to Wilf [23].

Definition 13. (Subordinating Factor Sequence) A sequence {bn}
∞
n=1 of

complex numbers is said to be a subordinating sequence if, whenever f(z) =
∞
∑

n=1
anz

n, a1 = 1 is regular, univalent and convex in U, we have

∞
∑

n=1

bnanz
n ≺ f(z), z ∈ U. (32)



114 K. Thilagavathi

Lemma 14. (Wilf, [23]) The sequence {bn}
∞
n=1 is a subordinating factor

sequence if and only if

ℜ

{

1 + 2

∞
∑

n=1

bnz
n

}

> 0, z ∈ U. (33)

For the sake of brevity , we let

ψn(α, β, γ,A,B) = Φn(α, β, γ,A,B)Cn(η, µ) (34)

and

ψ2(α, β, γ,A,B) = Φ2(α, β, γ,A,B)C2(η, µ). (35)

Theorem 15. Let f ∈ T Jηµ(α, β, γ,A,B) and g(z) be any function in the
usual class of convex functions CV , then

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
(f ∗ g)(z) ≺ g(z), (36)

where 0 ≤ γ < 1; β ≥ 0 and 0 ≤ λ < 1, and

ℜ (f(z)) > −
[2βγ(1− α)(B −A) + ψ2(α, β, γ,A,B)]

ψ2(α, β, γ,A,B)
, z ∈ U. (37)

The constant factor [2βγ(1−α)(B−A)+ψ2 (α,β,γ,A,B)]
ψ2(α,β,γ,A,B) in (36) cannot be replaced by

a larger number.

Proof. Let f ∈ T Jηµ(α, β, γ,A,B) and suppose that g(z) = z+
∞
∑

n=2
bnz

n ∈ C.

Then

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
(f ∗ g)(z)

=
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]

(

z +

∞
∑

n=2

bnanz
n

)

.

(38)

Thus, by Definition 13, the subordination result holds true if

{

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]

}∞

n=1

,
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is a subordinating factor sequence, with a1 = 1. In view of Lemma 14, this is
equivalent to the following inequality

ℜ

{

1 +
∞
∑

n=1

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
anz

n

}

> 0, z ∈ U.

(39)
By noting the fact that ψn(α, β, γ,A,B) is increasing function for n ≥ 2 and in
particular

ψ2(α, β, γ,A,B)

2βγ(1− α)(B −A)
≤

ψn(α, β, γ,A,B)

2βγ(1 − α)(B −A)
, n ≥ 2,

therefore, for |z| = r < 1, we have

ℜ

{

1 +
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]

∞
∑

n=1

anz
n

}

= ℜ

{

1 +
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
z

+
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
anz

n

}

≥ 1−
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
r

−
1

[2βγ(1 − α)(B −A)ψ2(α, β, γ,A,B)]
∞
∑

n=2
|[2βγ(B −A)(n− α) + (1−Bβ)(n− 1)]Cn(η, µ)an| r

n

≥ 1−
ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
r

−
2βγ(1 − α)(B −A)

[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
r > 0, (|z| = r),

where we have also made use of the assertion (18) of Theorem 6. This evidently
proves the inequality (39) and hence also the subordination result (36) asserted
by Theorem 15. The inequality (37) follows from (36) by taking

g(z) =
z

1− z
= z +

∞
∑

n=2

zn ∈ C.

Next we consider the function

F (z) := z −
2βγ(1 − α)(B −A)

ψ2(α, β, γ,A,B)
z2,
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where 0 ≤ γ < 1, β ≥ 0, 0 ≤ λ < 1. Clearly F ∈ T Jηµ(ρ, α, β, γ,A,B). For this
function (36) becomes

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
F (z) ≺

z

1− z
.

It is easily verified that

min

{

ℜ

(

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]
F (z)

)}

= −
1

2
, z ∈ U.

This shows that the constant

ψ2(α, β, γ,A,B)

2[2βγ(1 − α)(B −A) + ψ2(α, β, γ,A,B)]

cannot be replaced by any larger one.

6. Convex Linear Combination

In the following theorem, we show that the classes T Jηµ(α, β, γ,A,B) are closed
under convex linear combination.

Theorem 16. The class T Jηµ(α, β, γ,A,B) is closed under convex linear
combination.

Proof. We want to show the function

F (z) = (1− µ)f1(z) + µf2(z), 0 ≤ µ ≤ 1 (40)

is in the class T Jηµ(α, β, γ,A,B), where f1, f2 ∈ T Jηµ(α, β, γ,A,B) and

f1(z) = z −
∞
∑

n=2

an,1z
n, f2(z) = z −

∞
∑

n=2

an,2z
n.

By (18) we have

∞
∑

n=2

Φn(α, β, γ,A,B)Cn(η, µ)an,1 ≤ 2βγ(1 − α)(B −A)

and
∞
∑

n=2

Φn(α, β, γ,A,B)Cn(η, µ)an,2 ≤ 2βγ(1 − α)(B −A).
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Therefore

F (z) = (1− µ)f1(z) + µf2(z)

= (1− µ)

(

z −
∞
∑

n=2

an,1z
n

)

+ µ

(

z −
∞
∑

n=2

an,2z
n

)

= z −

∞
∑

n=2

(

(1− µ)an,1 + µan,2

)

zn.

We must show that F (z) with the coefficient
(

(1−µ)an,1+µan,2

)

satisfy in the

relation (18) also the coefficient
(

(1− µ)an,1 + µan,2

)

satisfy in the inequality

in Corollary 7. Further

∞
∑

n=2

[

n− (1 + nλ− λ)α
](

(1− µ)an,1 + µan,2

)(a)n−1(b)n−1

(c)n−1(1)n−1

= (1− µ)

∞
∑

n=2

[

n− (1 + nλ− λ)α
] (a)n−1(b)n−1

(c)n−1(1)n−1
an,1

+µ
∞
∑

n=2

[

n− (1 + nλ− λ)α
] (a)n−1(b)n−1

(c)n−1(1)n−1
an,2

≤ (1− µ)(α− 1) + µ(α− 1)

= α− 1.

Therefore, it follows thatF ∈ T Jηµ(α, β, γ,A,B)

7. Partial Sum Results

Silvia [21] studied the partial sums of convex functions of order α. Later on,
Abubaker and Darus [2], Frasin [6], Raina and Bansal [14] and Rosy et al.[15]
determined the sharp lower bound on the real part of the quotients between the

normalized starlike or convex functions, viz.,ℜ
(

f(z)
fk(z)

)

, ℜ
(

fk(z)
f(z)

)

, ℜ

(

f
′

(z)

f
′

k
(z)

)

and ℜ

(

f
′

k
(z)

f ′ (z)

)

for their sequences of partial sums fk(z) = z +
k
∑

n=2
anz

n of the

analytic function f(z) = z +
∞
∑

n=2
anz

n.

In the following theorems we discuss the results on partial sums for f ∈ T Jηµ(α, β,
γ,A,B).
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Theorem 17. If f of the form (1) satisfies the condition (18), then

ℜ

(

f(z)

fk(z)

)

≥
ρk+1(α, β, γ,A,B) − 2βγ(1− α)(B −A)

ρk+1(α, β, γ,A,B)
, (z ∈ U), (41)

where

ρn = ρk+1(α, β, γ,A,B) ≥

{

2βγ(1 − α)(B −A), , if n = 2, 3, . . . , k
ρk+1, if n = k + 1, k + 2, . . . . .

(42)
The result (41) is sharp with the function given by

f(z) = z +
2βγ(1 − α)(B −A)

ρk+1
zn+1. (43)

Proof. Define the function w(z) by

1 + w(z)

1− w(z)
=

ρk+1

2βγ(1− α)(B −A)

[

f(z)

fk(z)
−
ρk+1 − 2βγ(1 − α)(B −A)

ρk+1

]

=

1 +
k
∑

n=2
anz

n−1 +
(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

anz
n−1

1 +
k
∑

n=2
anzn−1

. (44)

It suffices to show that |w(z)| ≤ 1. Now, from (44) we can write

w(z) =

(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

anz
n−1

2 + 2
k
∑

n=2
anzn−1 +

(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

anzn−1

.

Hence we obtain

|w(z)| ≤

(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

|an|

2− 2
k
∑

n=2
|an| −

(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

|an|

.

Now |w(z)| ≤ 1, if and only if

2

(

ρk+1

2βγ(1 − α)(B −A)

) ∞
∑

n=k+1

|an| ≤ 2− 2

k
∑

n=2

|an| .
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Or, equivalently,

k
∑

n=2

|an|+
∞
∑

n=k+1

ρk+1

2βγ(1 − α)(B −A)
|an| ≤ 1.

From the condition (18), it is sufficient to show that

k
∑

n=2

|an|+

∞
∑

n=k+1

ρk+1

2βγ(1− α)(B −A)
|an| ≤

∞
∑

n=2

ρn
2βγ(1− α)(B −A)

|an| ,

which is equivalent to

k
∑

n=2

(

ρn − 2βγ(1 − α)(B −A)

2βγ(1− α)(B −A)

)

|an|

+

∞
∑

n=k+1

(

ρn − ρk+1

2βγ(1 − α)(B −A)

)

|an| ≥ 0. (45)

To see that the function given by (43) gives the sharp result, we observe that
for z = reiπ/k

f(z)

fk(z)
= 1 +

2βγ(1 − α)(B −A)

ρk+1
zk → 1−

2βγ(1 − α)(B −A)

ρk+1

=
ρk+1 − 2βγ(1− α)(B −A)

ρk+1
when r → 1−.

We next determine bounds for ℜ (fk(z)/f(z)) .

Theorem 18. If f of the form (1) satisfies the condition (18), then

ℜ

(

fk(z)

f(z)

)

≥
ρk+1

ρk+1 + 2βγ(1 − α)(B −A)
, (z ∈ U), (46)

where ρk+1 ≥ 2βγ(1 − α)(B −A) and

ρn(λ, γ, η)) ≥

{

2βγ(1 − α)(B −A), if n = 2, 3, . . . , k
ρk+1, if n = k + 1, k + 2, . . . .

(47)
The result (46) is sharp with the function given by (43).
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Proof. We write

1 + w(z)

1− w(z)
=
ρk+1 + 2βγ(1 − α)(B −A)

2βγ(1− α)(B −A)

[

fk(z)

f(z)
−

ρk+1

ρk+1 + 2βγ(1 − α)(B −A)

]

=

1 +
k
∑

n=2
anz

n−1 −
(

ρk+ 1

2βγ(1−α)(B−A)

) ∞
∑

n=k+1

anz
n−1

1 +
∞
∑

n=2
anzn−1

,

where

|w(z)| ≤

(

ρk+ 1+2βγ(1−α)(B−A)
2βγ(1−α)(B−A)

) ∞
∑

n=k+1

|an|

2− 2
k
∑

n=2
|an| −

(

ρk+ 1−2βγ(1−α)(B−A)
2βγ(1−α)(B−A)

) ∞
∑

n=k+1

|an|

≤ 1.

This last inequality is equivalent to

k
∑

n=2

|an|+
∞
∑

n=k+1

ρk+1

2βγ(1 − α)(B −A)
|an| ≤ 1.

Making use of (18) to get (45). Finally, equality holds in (46) for the extremal
function f(z) given by (43).

We next turns to ratios involving derivatives.

Theorem 19. If f of the form (1) satisfies the condition (18), then

ℜ

(

f ′(z)

f ′k(z)

)

≥
ρk+1 − 2βγ(k + 1)(1− α)(B −A)

ρk+1
, (z ∈ U), (48)

and

ℜ

(

f ′k(z)

f ′(z)

)

≥
ρk+1

ρk+1 + 2βγ(k + 1)(1− α)(B −A)
, (z ∈ U), (49)

where ρk+1 ≥ 2βγ(k + 1)(1 − α)(B −A). and

ρk ≥

{

2βγk(1 − α)(B −A), if n = 2, 3, . . . , k

n
(

ρk+ 1

k+1

)

, if n = k + 1, k + 2, . . . .
(50)

The results are sharp with the function given by (43).
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Proof. We write

1 + w(z)

1− w(z)
=

ρk+1

2βγ(k + 1)(1− α)(B −A)

×

[

f ′(z)

f ′k(z)
−

(

ρk+1 − 2βγ(k + 1)(1 − α)(B −A)

ρk+1

)]

.

where

w(z) =

(

ρk+ 1

2βγ(k+1)(1−α)(B−A)

) ∞
∑

n=k+1

nanz
n−1

2 + 2
k
∑

n=2
nanzn−1 +

(

ρk+ 1

2βγ(k+1)(1−α)(B−A)

) ∞
∑

n=k+1

nanzn−1

.

Now |w(z)| ≤ 1 if and only if

k
∑

n=2

n |an|+
ρk+1

2βγ(k + 1)(1− α)(B −A)

∞
∑

n=k+1

n |an| ≤ 1.

From the condition (18), it is sufficient to show that

k
∑

n=2

n |an|+
ρk+1

2βγ(k + 1)(1 − α)(B −A)

∞
∑

n=k+1

n |an|

≤

∞
∑

n=2

ρn
2βγ(1 − α)(B −A)

|an| ,

which is equivalent to

k
∑

n=2

(

ρn − 2βγ(1 − α)(B −A)n

2βγ(1 − α)(B −A)

)

|an|+

∞
∑

n=k+1

(k + 1) ρn − nρk+1

2βγ(k + 1)(1 − α)(B −A)
|an| ≥ 0.

To prove the result (49), define the function w(z) by

1 + w(z)

1− w(z)
=

(k + 1)(2βγ(1 − α)(B −A)) + ρk+1

2βγ(k + 1)(1 − α)(B −A)

×

[

f ′k(z)

f ′(z)
−

ρk+1

2βγ(k + 1)(1 − α)(B −A) + ρk+1

]

,
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where

w(z) =

−
(

1 +
ρk+ 1

2βγ(k+1)(1−α)(B−A)

) ∞
∑

n=k+1

nanz
n−1

2 + 2
k
∑

n=2
nanzn−1 +

(

1−
ρk+ 1

2βγ(k+1)(1−α)(B−A)

) ∞
∑

n=k+1

nanzn−1

.

Now |w(z)| ≤ 1 if and only if

k
∑

n=2

n |an|+

(

ρk+1

2βγ(k + 1)(1− α)(B −A)

) ∞
∑

n=k+1

n |an| ≤ 1. (51)

It suffices to show that the left hand side of (51) is bounded above by the
condition

∞
∑

n=2

ρn
2βγ(1 − α)(B −A)

|an| ,

which is equivalent to

k
∑

n=2

(

ρn
2βγ(1 − α)(B −A)

− n

)

|an|

+
∞
∑

n=k+1

(

ρn
2βγ(1 − α)(B −A)

−
ρk+1

2βγ(k + 1)(1 − α)(B −A)

)

n |an| ≥ 0.
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