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Abstract Bonnet of a car, the upper surface of a pointed bullet and upper surface of the pointed
part of an aircraft are typical examples of an upper horizontal surface of a paraboloid of revolution
(uhspr). However, the flow of some fluids past these kinds of objects fit the description of EyringPowell fluid flow. Theoretical investigation of two-dimensional Eyring-Powell fluid flow over such
object which is neither cone/wedge nor horizontal/vertical is investigated. It is assumed that the flow
of Eyring-Powell fluid is induced by catalytic surface reaction and stretching fluid layers at the free
stream. The numerical solutions of the governing equation are obtained using classical fourth order
Runge-Kutta scheme together with shooting techniques. The impacts of the most important parameters on the flow are presented. It is concluded that the maximum velocity of the flow is ascertained
when the flow is characterized as Newtonian fluid flow. On the surface of uhspr, rapid increase and
suppress in the temperature distribution and concentration with an increase in the magnitude of one
of the Eyring-Powell fluid parameters are guaranteed. A significant fall in the local skin friction
coefficients is ascertained due to rise in the magnitude of thickness parameter.
Ó 2017 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Within the past few decades, the attention of researchers in the
field of fluid mechanics has been on the moment of the nonNewtonian fluids (i.e. the relationship between the stress tensor
and deformation tensor is nonlinear). Examples of fluids that
belong to this category are micropolar fluid, Casson fluid,
Prandtl-Eyring fluid, Reiner-Philipoff fluid, Carreau fluid,
Prandtl fluid, power law fluid and Eyring-Powell fluid. Consid-
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ering the motion of paints, greases, and clay slips, Powell and
Eyring [1] observed that the flow velocity depends exponentially on stress at moderate stresses but at a higher level of
stresses in the flow; velocity approaches linearly with stress.
In view of this, the flow which involves the breaking of at least
two types of bonds are outlined as type 1 consists of strong
bonds so the fluid flow according to a non-Newtonian law at
moderate stresses (the exponential law) and type 2 are weak
bonds so that Newtonian law is obeyed (such flow is proportional to stress – linear law). Patel and Timol [2] stressed out
that the Powell–Eyring model has certain advantages over
the Power-law model. Later in 1987, Sirohi et al. [3] explained
the motion of Eyring–Powell fluid near an accelerated plate
using three different methods of solution. In the same year, a
comprehensive note on the Powell–Eyring model was released
by Yoon and Ghajar [4]. Further, in 2012, Nadeem et al. [5]
presented the outcome of their study on peristaltic flow by considering the Eyring–Powell fluid. In the article, it is shown that
increase in the magnitude of Eyring–Powell parameter
enhances the peristaltic pumping region. Early 2016, Motsa
et al. [6] deliberated on unsteady boundary-layer flow of an
incompressible Powell-Eyring nanofluid over a shrinking surface. The nonlinear pde’s that describe the transport processes
are obtained using a multi-domain bivariate spectral quasilinearization method. Recently, double stratification effects
in the flow of Eyring-Powell fluid have been illustrated by Jayachandra Babu et al. [7] and Hayat et al. [8].
Scientifically, a change in the density of a fluid is the major
factor responsible for its vertical motion in the ocean and
atmosphere. However, it is a well-known fact that hot fluid
possesses fast-moving molecules. This kind of molecules normally spreads out and occupies available space (i.e. volume);
consequently becomes less dense. In summary, fluid parcel
rises in the ocean and atmosphere when the density of the surrounding is higher than the density of the fluid (i.e. fluid parcel
that is warmer than its surroundings rises and fluid parcel that
is colder than its surroundings sink. All these concepts can be
referred to as the physics of free convection flow which occurs
in nature. The researchers [9–16] remarked that natural convection happens due to positive temperature and concentration
differences. Double-diffusive convection can be defined as the
convection in which the buoyancy forces are due to both temperature and chemical concentration gradients. All these statements are based on the report of Oberbeck [17,18]. The change
in volume due to temperature difference was studied by
Boussinesq [19,20] where it is stated that density differences
are sufficiently small to be neglected, except where they appear
in terms multiplied by g (the acceleration due to gravity). This
contribution to the body of knowledge has led to the study of
nanofluid natural convection in a porous open cavity, the
natural convection of a CuO-water nanofluid in a permeable
cavity using the Darcy law, combined effects of CattaneoChristov heat flux, and buoyancy forces on the flow of an
incompressible electrically conducting fluid with over three different geometries (cone, wedge and a plate), influence of external magnetic source on free convection of ferrofluids and free
convection of magnetic nanofluid in a porous curved cavity;
see Refs. [21–25]. Considering the case of fluid flow on a surface that is neither perfect horizontal nor vertical, neither a
cone or wedge, it is noticed that the Boussinesq approximation
for the case will be dependent on velocity index parameter
which partially induces the flow past the object, which is
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studied by Animasaun [26], Makinde and Animasaun [27,28],
Sandeep et al. [29], Koriko and Animasaun [30] and Refs.
[31–33]. Recently, Chaudhary and Merkin [34,35] confirmed
the case in which the reaction between the flowing fluid and
catalyst at the surface produces significant temperature differences which often set up buoyancy-driven flows.
Motivated by all the published articles on the flow of free
convection flow, non-Newtonian fluid, chemical reaction,
and boundary layer analysis of fluid flow past vertical surface;
a vacuum in the body of knowledge is noticed. There exist
some cases in the industry where the free convection over a
surface which is neither a vertical/horizontal nor wedge/
inclined/cone was initiated by the catalyst situated on the surface. The understanding of the nature of local skin friction and
heat transfer rate is needed by the experts in this field. However, no attempt has been made to report the boundary layer
analysis of Blasius flow of non-Newtonian Eyring-Powell fluid
driven by catalytic surface reactions on an upper horizontal
surface of a paraboloid of revolution; hence this study.
2. Formulation of the problem
Consider the 2-dimensional flow of Eyring-Powell nonNewtonian fluid over an upper horizontal surface of an object
which is neither a perfect inclined/cone nor horizontal/vertical;
see Figs. 1a and 1b. Following Ref. [2], the Cauchy stress tensor T of the fluid flow is of the form
T ¼ pI þ s;
div V ¼ 0;

ð1Þ
q

dV
¼ rp þ div sij :
dt

ð2Þ

where extra stress sij tensor for Eyring-Powell fluid model is
defined as
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In Eqs. (1)–(3), the pressure is donated by p, dtd represents
the material time derivative, I is the identity tensor, b and c
are the characteristics of the Eyring-Powell fluid respectively.
The Eyring-Powell

 fluid model Eqs. (1)–(3) is only valid if
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[1,2,5,6], the governing equation is of the form
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Boundary layer analysis of Eyring-Powell fluid flow

Figure 1a

Figure 1b

Physical configuration and coordinate system.

Graphical illustration of fluid domain and conversion of domain from g 2 ½v; 1 to 1 2 ½0; 1.

Following Chaudhary and Merkin [34,35], classical single
first-order Arrhenius kinetics is adopted to model the reaction
on the surface of the catalyst situated on uhspr which initiates
the free convection as
A ) B þ Heat;

3



E
rate ¼ ko  C  exp 
RT

Here, E is the activation energy, R is the gas constant, C is the
reactant A concentration, B is the product species and ko is a
constant. In this study, the heat is released by the reaction at a
 E
where the heat of reaction is
rate Qko  C  exp  RT

denoted as Q. Suitable boundary condition for the velocity
field (Blasius flow problem), temperature distribution at the
wall surface and at the free stream, concentration of the
Eyring-Powell at the wall surface and at the free stream are
of the form


@T
E
u ¼ 0; v ¼ 0; j
¼ Qko C exp 
;
@y
RT


1m
@C
E
¼ ko C exp 
aty ¼ Aðx þ bÞ 2
Dm
ð8Þ
@y
RT
u ! Uo ðx þ bÞm ;

T ! T1 ;

C ! C1 as y ! 1

ð9Þ
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In order to non-dimensionalize and parameterize continuity
Eq. (4), momentum Eq. (5), energy Eq. (6), concentration Eq.
and
(7), boundary conditions Eqs. (8) and (9) using u ¼ @w
@y

together with
v ¼  @w
@x

1=2
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#
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For more details on the similarity transformation, see Refs.
[5,26,34,35]. It is important to note that the stream function
wðx; yÞ automatically satisfies continuity Eq. (4). Non-linear
partial differential Eqs. (4)–(9) are reduced to the following
nonlinear coupled ordinary differential equations


d2 f d2 f d3 f
2m df df
d2 f
1 þ e  e@ 2
þ
f

dg dg2 dg3 m þ 1 dg dg
dg2
þ Gt h þ Gs / ¼ 0;

ð11Þ

d2 h
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¼ 0;
þ Pr f
dg2
dg

ð12Þ

d2 /
d/
¼ 0:
þ Sc f
dg2
dg

ð13Þ

1m

y ¼ Aðx þ bÞ 2 which is the starting point of the flow at the
slot into g, the minimum value of y which accurately corresponds to minimum value of similarity variable g is

1=2
m þ 1 Uo
g¼A
¼v
2
#
This implies that at the wall, the boundary condition suitable to scale the boundary layer flow is g ¼ v. The boundary
conditions becomes

df
! 1; h ! 0; / ! 1 as g ! 1
dv

ð16Þ

d2 H
dH
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þ Pr F
d12
d1

ð17Þ

d2 U
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Subject to the boundary condition
dF
1  m dH
¼ 0; Fð1Þ ¼ v
;
d1
m þ 1 d1


H
dU
¼ a1 U exp
;
1 þ aH d1


H
¼ a1 a2 U exp
at 1 ¼ 0
1 þ aH
dF
! 1; H ! 0; U ! 1 as v ! 1
d1

ð19Þ
ð20Þ

3. Numerical solution, results, and discussion

As shown in Fig. 1b, it is obvious that it may not be realistic
to say that y ¼ 0 at all point on the uhspr. Hence, it is not valid
to set y ¼ 0 in variable g as stated in Eq. (10). Substituting



df
1  m dh
h
d/
¼ 0; fðvÞ ¼ v
;
¼ a1 /exp
;
dv
m þ 1 dv
1 þ ah dv


h
¼ a1 a2 /exp
at g ¼ v
1 þ ah

where e and @ are the Eyring-Powell parameters, velocity
power index (herein m < 1), Gt buoyancy parameter depending on temperature difference, Gs buoyancy parameter
depending on difference in concentration, energy activation
parameter is a, reactant consumption parameters are a1 and
a2 , Prandtl number Pr ; and Schmidt number Sc . The dimensionless governing Eqs. (11)–(13), are depending on g while
the boundary conditions Eqs. (14) and (15) are functions
and/or derivatives depending on v. In order to transform the
domain from ½v; 1Þ to ½0; 1Þ it is valid to consider
Fð1Þ ¼ Fðg  vÞ ¼ fðgÞ,
Hð1Þ ¼ Hðg  vÞ ¼ hðgÞ
and
Uð1Þ ¼ Uðg  vÞ ¼ /ðgÞ. The final dimensionless governing
equation which models the boundary layer flow on the upper
horizontal surface of a paraboloid of revolution is


d2 F d2 F d3 F
2m dF dF
d2 F
1 þ e  e@ 2

þF 2
2
3
d1 d1
d1
m þ 1 d1 d1
d1

ð14Þ

ð15Þ

The numerical solutions of the dimensionless governing equation (coupled boundary valued problem) Eqs. (16)–(20) are
obtained by enforcing RK Fourth order scheme together with
shooting techniques. Adopting the method of superposition
proposed by Na [36], the BVP is reduced to IVP. The boundary value problem defined on [0; 1) cannot be solved on an
infinite interval and perhaps impractical to solve the dimensionless governing equation for even a very large finite interval;
hence 1 at infinity is 4. In order to integrate the corresponding
initial value problem, the values of F00 ð1 ¼ 0Þ, Hð1 ¼ 0Þ,
H0 ð1 ¼ 0Þ, Uð1 ¼ 0Þ and U0 ð1 ¼ 0Þ are required at a fixed values of v, m, a, a1 , and a2 . However, such values do not exist
after the non-dimensionalization of the boundary conditions
Eqs. (8) and (9). The suitable guess values for F00 ð1 ¼ 0Þ,
Hð1 ¼ 0Þ, H0 ð1 ¼ 0Þ, Uð1 ¼ 0Þ and U0 ð1 ¼ 0Þ are chosen. In
addition, the calculated values of F0 ð1Þ, Hð1Þ, and Uð1Þ at infinity (1 ¼ 4) are compared with the given boundary conditions in
Eq. (20) and the estimated values F00 ð1 ¼ 0Þ, Hð1 ¼ 0Þ,
H0 ð1 ¼ 0Þ, Uð1 ¼ 0Þ and U0 ð1 ¼ 0Þ are adjusted for better
approximation. Several values of F00 ð1 ¼ 0Þ, Hð1 ¼ 0Þ,
H0 ð1 ¼ 0Þ, Uð1 ¼ 0Þ and U0 ð1 ¼ 0Þ are adopted and applied
RKS method with step size D1 ¼ 0:001. The above procedure

Please cite this article in press as: O.A. Abegunrin et al., Insight into the boundary layer flow of non-Newtonian Eyring-Powell fluid due to catalytic surface reaction
on an upper horizontal surface of a paraboloid of revolution, Alexandria Eng. J. (2017), http://dx.doi.org/10.1016/j.aej.2017.05.018

Boundary layer analysis of Eyring-Powell fluid flow
is repeated until asymptotically converged results are obtained
within a tolerance level of 106 . Furthermore, using 11 ¼ 4, it
is observed that the boundary layers are satisfied by Pantokratoras [37]. For numerical accuracy, Eqs. (16)–(20) are solved
using in-built ODE solvers of MATLAB’s bvp5c as explained
by Kierzenka and Shampine [38] and Gökhan [39]. As show in
Table 1, excellent agreement between the two solutions for a
limiting case is observed. It is worth remarking that the computation and analysis of the flow was carried out using the values of parameters extracted from Nadeem et al. [5], Agbaje
et al. [6] and Chaudhary and Merkin [34,35]. Also, it is seen
in Table 1 that local skin friction coefficient F00 ð0Þ decreases
significantly with an increases in the magnitude of e.
Using @ ¼ 0:1; m ¼ 0:7; Pr ¼ Sc ¼ 1; Gt ¼ Gs ¼ 1;
a ¼ a1 ¼ a2 ¼ 0:1 and v ¼ 2:5, effects of Eyring-Powell material parameter e on the fluid flow over upper horizontal surface
of a paraboloid of revolution are investigated. It is observed
that the vertical velocity decreases with an increase in the magnitude of parameter e; see Fig. 2. From the figure, it is revealed
that the vertical velocity function Fð1Þ decreases significantly
near the free stream. As shown in Fig. 3, horizontal velocity
F0 ð1Þ decreases with e. Firstly, it is valid to remark that when
e ¼ 0, the fluid flow corresponds with a Newtonian fluid flow.
The results we observed here can be traced to the fact that
maximum vertical and horizontal velocity are ascertained
when the flow is characterized as a Newtonian fluid. This also
explains the reason why the local skin friction is maximum
when e ¼ 0; see Table 1. Secondly, increase in the magnitude
of the first Eyring-Powell parameter at constant values of b
and c corresponds with a significant decrease in the viscosity
of the non-Newtonian fluid (i.e. strength of the viscosity is
found to be decreasing). Combination of these effects on the
transport phenomena explains the decrease in both vertical
and horizontal velocity profiles. These reports are in good
agreement with the result illustrated as figure twenty and figure
nineteen by Malik et al. [40] where the effects of the first
Eyring-Powell parameter also increases the vertical velocity
near the free stream and decreases the horizontal velocity significantly within the fluid domain. The difference in the pattern
of profiles can be traced to the fact that the flow of EyringPowell fluid in this study is over an upper horizontal surface
of a paraboloid of revolution while that of Ref. [40] was considered to be over a stretching tube of radius ‘‘a” on the axial
direction.
It is revealed in Fig. 4 that temperature distribution within
the fluid flow increases with an increase in the magnitude of e.
A decrease in the temperature gradient with e is observed and
illustrated graphically as Fig. 5. From Fig. 5, it is valid to
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Figure 2

Figure 3

Effects of e on vertical velocity.

Effects of e on horizontal velocity.

Table 1 Comparison of F00 ð0Þ with e using RK4SM and
bvp5c
when
@ ¼ 0:1; m ¼ 0:7; Pr ¼ Sc ¼ 1; Gt ¼ Gs ¼
1; a ¼ a1 ¼ a2 ¼ 0:1 and v ¼ 2:5.
e

F00 ð0Þ RK4SM

F00 ð0Þ bvp5c

e¼0
e ¼ 0:5
e¼1
e ¼ 1:5
e¼2

1.650565036671390
1.313880845467387
1.109569473537823
0.972740159242909
0.874244231945506

1.650565048348720
1.313880845664817
1.109569785191103
0.972740160093060
0.874244232430332

Figure 4

Effects of e on temperature field.

notice that local heat transfer rate in the flow which is
proportional to H0 ð0Þ increases with e. It is also observed
that the concentration decreases with e; see Fig. 6. Meanwhile,
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Figure 5

Effects of e on temperature field.

Figure 7

Effects of e on concentration gradient.

concentration gradient is found to be an increasing function of
e. As shown in Fig. 7, it is worth pointing out that the local
mass transfer rate which is proportional to U0 ð0Þ increases
significantly with e within the fluid domain.
The influences of parameter a1 on the temperature and concentration across the flow when e ¼ 0:5; @ ¼ 0:1; m ¼ 0:7;
Pr ¼ Sc ¼ 1; Gt ¼ Gs ¼ 1; a ¼ a1 ¼ a2 ¼ 0:1 and v ¼ 2:5 are
investigated graphically. Fig. 8 reveals that temperature distribution within the fluid domain is an increasing function of a1 .
Meanwhile, a significant increase in the wall temperature at the
wall is noticed with a1 . Practically, the result we obtained can
be traced to the fact that the local heat transfer rate is deter

Hð0Þ
mined by a1 Uð0Þexp 1þaHð0Þ
. In view of this, the temperature
gradient is observed to decrease with a1 ; see Fig. 9. Physically,
the parameter a1 is directly proportional to heat of reaction
which is denoted by Q. The increase in temperature distribution that is observed in Fig. 8 can be traced to the corresponding increase in the heat released by the reaction at the rate of
 E
Qko  C  exp  RT
. A significant decrease in the concentration across the flow with a1 is observed and illustrated
graphically as Fig. 10. An increase in the concentration

Figure 8

Figure 9

Effects of a1 on temperature field.

Effects of a1 on temperature gradient.

gradient with a1 is noticed; see Fig. 11. To justify these results,
it is important to note that, the
 local
 mass transfer rate is
Figure 6

Effects of e on concentration.

proportional to a1 a2 Uð0Þexp

Hð0Þ
1þaHð0Þ

; see Eq. (19). The
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Figure 10

Effects of a1 on concentration gradient profiles.

parameter a1 is dependent on the heat of reaction Q; this
implies that increase in a1 positively correlated with an
increases in Q. All these facts justify the increase in temperature distribution across the fluid flow. However, it is worth
mentioning that a2 has negligible effects on the temperature
distribution but a significant effect on concentration across
the fluid and concentration gradient; figures not presented
for brevity. Effects of thickness parameter v on the fluid flow
when e ¼ 0:5; @ ¼ 0:1; m ¼ 0:7; Pr ¼ Sc ¼ 1; Gt ¼ Gs ¼ 1
and a ¼ a1 ¼ a2 ¼ 0:1 are further investigated. It is seen in
Fig. 12 that vertical velocity increases with an increase in the
magnitude of thickness parameter. It is noticed that equal
increases in the profiles are observed at the wall till the free
stream. It is also observed that horizontal velocity increases
with thickness parameter; see Fig. 13. These results are in good
agreement with the report of Refs. [31,32]. Decrease in temperature distribution is noticed with an increase in thickness
parameter; see Fig. 13. In addition, maximum temperature
gradient function is obtained at maximum value of thickness
parameter; see Fig. 14. From Fig. 14, it is worth mentioning
that local heat transfer rate which is proportional to H0 ð0Þ
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Figure 12

Figure 13

Figure 14

Figure 11

Effects of a1 on concentration gradient profiles.

Effects of v on vertical velocity profiles.

Effects of v on horizontal profiles.

Effects of v on temperature profiles.

decreases negligible with v at the wall of uhspr; Fig. 15. This
is not true within the fluid domain (i.e. H0 ð0Þ decreases
significantly with v). In addition, it is seen that concentration
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of the Eyring-Powell fluid flow is an increasing function of
thickness parameter; see Fig. 16. The local mass transfer rate
which is proportional to U0 ð0Þ increases negligible with v at
the wall of uhspr; see Fig. 17. Also, this is not true within
the fluid domain (i.e. U0 ð0Þ increases significantly with v).
4. Conclusion
In this article, an investigation of two-dimensional EyringPowell fluid flow over an upper horizontal surface of a paraboloid of revolution which is neither a horizontal cone/wedge nor
horizontal/vertical has been investigated. It is assumed that the
fluid flow is induced by the buoyancy (double diffusive), catalytic surface reaction and stretching of fluid layers at the free
stream. Conclusions of the present analysis are:
Figure 15

Effects of v on temperature gradient profiles.

1. The maximum velocity of Eyring-Powell fluid flow over a
paraboloid of revolution is ascertained when the flow is
characterized as Newtonian fluid flow.
2. Temperature and concentration distributions in the flow
are increasing and decreasing functions of e respectively.
At the wall (1 ¼ 0), rapid increase and decrease in the temperature and concentration with e are guaranteed.
3. Local skin friction coefficient F00 ð0Þ decreases significantly
with e. At the wall, local heat transfer rate decreases with
a1 while local mass transfer rate increases with a1 .
4. The increase in both vertical and horizontal velocities is
ascertained with increases in thickness parameter of the
paraboloid of revolution.
5. Temperature distribution and concentration decreases and
increases respectively with an increase in the magnitude of
thickness parameter of the paraboloid of revolution.
Appendix A. Supplementary material

Figure 16

Effects of v on concentration profiles.

Supplementary data associated with this article can be found,
in the online version, at http://dx.doi.org/10.1016/j.aej.2017.
05.018.
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Effects of v on concentration gradient profiles.
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