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1. Introduction

The problem of placing monitoring devices, such as surveillance cameras or fire alarms, in a system such that every site
in the system (including the monitoring devices themselves) is adjacent to a monitor can be modeled by total domination in
graphs. Applications where it is also important that if there is a problem in the system its location can be uniquely identified
by the set of monitors, can be modeled by a combination of total domination and locating sets.

Let G = (V, E) be a graph with vertex set V, edge set E and no isolated vertex. A total dominating set, abbreviated TD-set,
of Gis a set S of vertices of G such that every vertex is adjacent to a vertex in S. The total domination number of G, denoted by
¥¢(G), is the minimum cardinality of a TD-set. The literature on this subject has been surveyed and detailed in the domination
book by Haynes et al. [7]. A recent survey of total domination in graphs can be found in [9].

The study of locating-dominating sets in graphs was pioneered by Slater [12,13] and this concept was later extended to
total domination in graphs. A locating-total dominating set, abbreviated LTD-set, in G is a TD-set S with the property that
distinct vertices in V \ S are totally dominated by distinct subsets of S. Every graph G with no isolated vertex has a LTD-set,
since V is such a set. The locating-total domination number, denoted yEL(G), of G is the minimum cardinality of a LTD-set of
G. A LTD-set of cardinality ytL (G) is called a y[L (G)-set. This concept of locating-total domination in graphs was first studied
by Haynes et al. [8] and has been studied, for example, in [1-5] and elsewhere.

1.1. Notation

For notation and graph theory terminology, we in general follow [7]. Specifically, let G be a graph with vertexset V(G) = V
of order |V| = n and size |E(G)| = m, and let v be a vertex in V. The open neighborhood of v is Nc(v) = {u € V | uv € E(G)}
and the closed neighborhood of v is Ng[v] = {v} U N(v). The degree of v is dg(v) = |Ng(v)|. If the graph G is clear from the
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context, we simply write N (v) and d(v) rather than Ng(v) and dg(v), respectively. For a set S C V, its open neighborhood is
the set N(S) = U,s N(v), and its closed neighborhood is the set N[S] = N(S)US.ThusasetS C VisaTD-setin GifN(S) =V,
while S is a LTD-set if it is a TD-set and for every pair of distinct vertices u and vin V \ S, we have N(u) NS # N(v) N S. For
sets A, B C V, we say that A dominates B if B C N[A], while A totally dominates B if B C N(A). The maximum distance among
all pairs of vertices of G is the diameter of G, which is denoted by diam(G).

A cycle on n vertices is denoted by C,, while a path on n vertices is denoted by P,. We denote by K,, the complete graph
on n vertices and by Ky, , the complete bipartite graph with one partite set of cardinality m and the other of cardinality n. A
star is a complete bipartite graph of the form Kj ,. A vertex of degree one is called a leaf, and its neighbor is called a support
vertex. We denote the set of leaves of G by L(G). An edge incident with a leaf is called a pendant edge. The corona, cor(G), of
a graph G is that graph obtained from G by adding a pendant edge to each vertex of G. For a subset S C V, the subgraph
induced by S is denoted by G[S]. The girth of G is the length of a shortest cycle in G, which we denote by g(G).

If X and Y are two vertex disjoint subsets of V, then we denote the set of all edges of G that join a vertex of X and a vertex
of Y by [X, Y]. Further, if all edges are present between the vertices in X and the vertices in Y, we say that [X, Y] is full, while
if there are no edges between the vertices in X and the vertices in Y, we say that [X, Y] is empty.

For graphs G and H, the Cartesian product GOH is the graph with vertex set V(G) x V(H) where two vertices (uq, v1)
and (u,, vy) are adjacent if and only if either u; = u, and viv, € E(H) or v; = v, and uju, € E(G).

1.2. Known results and observations
Every LTD-set of a graph is also a TD-set of the graph, implying the following observation.

Observation 1 ([8]). ¥(G) > y.(G) for every graph G.

In the special case when G is a path, every TD-set of G is also a LTD-set of G. Thus the locating-total domination number
of a path is precisely its total domination number.
Observation 2 ([8]). For n > 2, v} (Py) = y:(Py) = [n/2] + [n/4] — [n/4].

It is also a simple exercise to determine the locating-total domination number of certain well-studied families of graphs.

Observation 3. The following hold.

(a) Forn > 3,y (Gy) = y(Gy) = [n/2] + [n/4] — [n/4].
(b) Forn > 2, yt(Ky.n) = n.

(c) Form>n>2,y (Knn) =m+n-—2.

(d) Forn >3, y}(Ky) =n— 1.

A lower bound on the locating-total domination number of a tree in terms of its order is given in [8] and the extremal
trees achieving equality in the bound are also characterized.

Theorem 4 ([8]). If T is a tree of order n > 2, then y[L(T) >2(n+1)/5.

Chen and Sohn [6] established the following lower and upper bounds on the locating-total domination number of a tree
in terms of its order and number of leaves and support vertices. Furthermore they constructively characterize the extremal
trees achieving the bounds.

Theorem 5 ([6]). If T is atree of order n > 3 with € leaves and s support vertices, then (n+4£+1)/2 —s < y[L(T) < (n+4)/2.

We remark that the concept of a locating-paired dominating set, where we require that the paired-dominating set
(a dominating set that contains a perfect matching) is also a locating set, has been studied in [11]. Although every graph
with no isolated vertex has a LTD-set, not every graph with no isolated vertex has a locating-paired dominating set. However
using an identical proof as in Proposition 6 in [11], we have the following result.

Theorem 6 ([11]). If Gisagraph oforder n > 3 and maximum degree A > 2 with no isolated vertex, then yf (G) = 2n/(A+2),
and this bound is sharp.

The following observation follows readily from the definition of a LTD-set in a graph.

Observation 7. Let S be a LTD-set in a graph G and let X be a subset of vertices of G.

(a) If N[u] = N[v] for every pair u, v € X, then |SNX| > |X| — 1.
(b) If N(u) = N(v) for every pair u,v € X, then |SNX| > |X| — 1.
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2. Results

2.1. Lower bounds and interpolation results
We first establish a lower bound on the locating-total domination number of a graph in terms of its order.

Lemma 8. If Gis a connected graph of order n > 2 with ytL(G) =aqathenn <2°+a— 1.

Proof. Let S be a y[L(G)—set. Then, |S| = a > 2.Foreachv € V \ S,let N, = N(v) N S. Then, N, is a non-empty subset of
the set S. Since there are 2 — 1 distinct non-empty subsets of an a-element set, and since N, ## N, for every pair of distinct
verticesu and vin V \ S, we have thatn —a = |V \ S| < 2% — 1, or, equivalently,n <24+a—1. O

Corollary 9. If G is a connected graph of order n > 2, then y}(G) > |log, n].

Proof. Let ytL(G) = g,wherea > 2.ByLemma8,n < 2°+a—1.Fora > 2, we havethata—1 < 2% andson < 2-2% = 29%1,
Thus, a > (log, n) — 1, implying that ytL(G) =a>|llog,n]. O

By Lemma 8, if G is a graph with ytL(G) = a for some integer a > 1, then the order of G is at most 2¢ + a — 1. We prove
next the following interpolation result for the locating-total domination number of a graph.

Theorem 10. For every two integers a, bwith2 < a+ 1 < b < 2% + a — 1, there exists a connected graph G of order b with
L
¥ (G) =a.

Proof. Let a and b be integers witha > 2anda+ 1 <b <24 a— 1.If b = a + 1, then we simply take G = K; . In this
case, G has order b and, by Observation 3, ¥(G) = a. Suppose thata+2 < b < 2a— 1.Then,1 <b—(a+ 1) < a—2and
we let G be the graph obtained from a star K 4 by subdividing b — (a 4 1) edges exactly once. Note that G has 2a — b + 1
leaves that have a common neighbor. Every ,1(G)-set contains the b — a support vertices of G as well as 2a — b leaves that
have a common neighbor. Thus, G has order b and ytL(G) =((b—-—a+Q2a—->b) =a.

Finally suppose that 2a < b < 2% 4+ a — 1. Let G, be the corona cor(K;) of a complete graph K, and let S be the set of a
vertices of the complete graph. We note that the set S has 2¢ — a — 1 distinct subsets of cardinality 2 or more. Select b — 2a
such distinct non-empty subsets of S, and let G be the graph obtained from G, by adding b — 2a new vertices corresponding
to these b — 2a distinct subsets of S and joining each element of S to those new vertices corresponding to subsets it is a
member of. Then, G has order b. By construction, distinct vertices not in the set S have distinct intersections with the set
S, implying that the set S is a LDT-set of G, and so ytL(G) < |S|. However, every LTD-set in G contains the set S, and so
¥L£(G) > |S|. Consequently, y5(G) = |S| =a. O

As a special case of Theorem 10, we note that, for every integer a > 2, there exists a connected graph G of order n =
2% 4+ a — 1 with ytL(G) = a = |log, n|. Hence the lower bound in Corollary 9 is sharp. Next, we obtain lower bound for the
locating-total domination number in terms of the diameter diam(G) of a graph G.

Theorem 11. If G is a connected graph of order at least 2, then ytL(G) > (diam(G) + 1)/2.

Proof. Let d = diam(G), and let x and y be two vertices of G with d(x,y) = d. Fori = 0,1, 2,...,d, let V; be the set
of all vertices of G at distance i from x. Let S be an LTD-set. Let X = Vo U V; U V,,and fori = 1,..., [(d — 2)/4], let
Xi = V41 UV4 U V4i+1 U V4i+2- Ifd 7=é 2 (ITlOd 4), let

Xiogl = O V.
[ ! -‘ i:{%JH

In order to totally dominate the vertices in Vo U V; we have that [SNXy| > 2.Fori =1, ..., | (d — 2)/4], in order to totally
dominate the vertices in V,; U V411 we have that |[SNX;| > 2.1f d = 0 (mod 4), then in order to totally dominate the vertices
in V4 we have that |[S N X;@—2)/41| > 1.1fd = 1 (mod 4), then in order to totally dominate the vertices in Vq_; U V4 we have
that |[S N X@—2)/41| > 2. Therefore the following holds. If d = 0 (mod 4), then |S| > 2 +2|(d — 2)/4| + 1= (d +2)/2.1f
d = 1(mod 4),then S| >2+2|(d—2)/4] +2 = (d+3)/2.1fd = 2 (mod 4), then |S| > 2+ 2|(d —2)/4] = (d+2)/2.
Ifd = 3 (mod 4), then |S| > 2+ 2[(d — 2)/4] = (d + 1)/2.In all four cases, we have that |S| > (d + 1)/2. Since S is an
arbitrary LTD-set in G, the desired lower bound follows. O

That the bound of Theorem 11 is sharp may be seen as follows. Let G = P,, wheren > 4 and n = 0 (mod 4). Then,
diam(G) = n — 1 and by Observation 2, y(G) = n/2. Consequently, y,(G) = (diam(G) + 1)/2.
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2.2. Upper bounds

In this section, we present upper bounds in the locating-total domination number of a graph. Our first result characterizes
graphs with large locating-total domination numbers.

Theorem 12. Let G be a connected graph of order n > 3. Then, ytL(G) < n — 1, with equality if and only if G is a star or a
complete graph.

Proof. Let G = (V, E) be a connected graph of order n > 3 and let v be a vertex of minimum degree in G. Then, V \ {v}is a
LTD-set in G, and so ytL(G) < n — 1. By Observation 3, if G is a star or a complete graph of order n > 3, then ytL(G) =n—1
This establishes the sufficiency.

To prove the necessity, let G = (V, E) be a connected graph of order n > 3 satisfying y,:(G) = n — 1. For the sake of
contradiction, assume that G is neither a star nor a complete graph. Let u and v be two vertices at maximum distance apart
in G, and so d(u, v) = diam(G). Since G is not a complete graph, diam(G) > 2.Ifdiam(G) > 3, then V' \ {u, v} is a LTD-set in
G, and so ytL(G) < n — 2, a contradiction. Hence, diam(G) = 2. Let w be a common neighbor of u and v. Suppose d(u) = 1.
Then, w is adjacent to every vertex in G. Since G is not a star, there are two neighbors of w, say x and y, that are adjacent.
But then V' \ {u, x} is a LTD-set in G, and so ytL(G) < n — 2, a contradiction. Hence, §(G) > 2. If there is a vertex x € V such
that N(x) = {u, w}, then the set S = V \ {v, x} is a TD-set in G. In this case, we note thatu € N(x) N Sbutu & N(v) NS,
and so N(x) NS # N(v) NS # . Thus, S is a LTD-set in G, a contradiction. Hence there is no vertex x € V such that
N(x) = {u, w}. Since §(G) > 2, the setS = V \ {u, w} is therefore a TD-set in G. However, v € N(w) NSbutv ¢ N(u) NS,
andso N(u) NS # N(w) NS # @. Thus, S is a LTD-set in G, once again a contradiction. Therefore, G is either a star or a
complete graph. O

We show next that even if we impose a minimum degree condition and structural requirements in the statement of
Theorem 12, then the upper bound of Theorem 12 can only be improved slightly.

Theorem 13. Let G be a connected bipartite graph of order n with minimum degree 6(G) = & > 2. Then, y[L(G) <n—2,with
equality if and only if G = Cg or G = Kj n_s.

Proof. Let G be a connected bipartite graph of order n with minimum degree §(G) = § > 2. By Theorem 12, y5(G) < n—2.
If G = Cg, then ytL(G) =4 = |V(G)| — 2, while if G = K; s, then by Observation 3(c), ytL(G) =m-686+5—-2=|V(G)|-2.
This establishes the sufficiency.

To prove the necessity, suppose that G = (V,E) is a connected bipartite graph of order n with minimum degree
8(G) = § > 2satisfying - (G) = n—2.Letu and v be two vertices at maximum distance apart in G, and so d(u, v) = diam(G).
Let P:u = wvg,v1,...,v = v be a u-v path of length diam(G), and so k = diam(G). Fori = 0,1,2,...,k, let

Vi = {x | d(u,x) = i}. Then, Vo = {u},V; = N(u) and fori = 2, ..., k, we note that v; € V;. Further for0 <i < j < k, if
j—1i=>2,then[V;, V;] is empty. Since G is a bipartite graph, each set V;, 0 < i < k, is an independent set in G.

If k > 4, then since each set V; is an independent set in G and since § > 2, the setS = V \ {vp, v1, vy} is a LTD-set in G,
and so y(G) < |S| = n — 3,a contradiction. Hence, k < 3. Further since G is a bipartite graph and § > 2, the graph G is not
a complete graph, and so k € {2, 3}.

Suppose that k = 3. We consider the sets N(u) and N(v). As observed earlier, N(u) = V;. Since V; is an independent set,
we note that N(x) \ {u} C V; for each vertex x € V; and since V3 is an independent set, we note that N(x) € V, for each
vertex x € Vs. In particular, N(v) € V,. Further since § > 2, each vertex in V; has at least one neighbor in V5, while each
vertex in V3 has at least two neighbors in V.

Suppose that [N(u), N(v)] is full. Then the set S = V \ {u, vy, vo} is a TD-set in G. Further, N(u) NS = Vy \ {v1},
N(v)) NS = V, \ {va}, while N(v;) NS € (V7 \ {v1}) U {v}. Thus, S is a LTD-set of G, and so ytL(G) <|S|=n-3,a
contradiction. Hence, [N (u), N(v)] is not full. Let x and y be two nonadjacent vertices, where x € N(u) andy € N(v).

IfS, = V\ {u,x,y}is aTD-set in G, then S, is a LTD-set of G, and so )/[L(G) < |S| = n — 3, a contradiction. Hence, S, is
not a TD-set in G, implying that there is a vertex y' € V; of degree 2 such that N(y') = {u, y} (and so the vertex y’ is not
totally dominated by S,,). Analogously, considering the set S, = V \ {v, x, y}, there is a vertex X' € V; of degree 2 such that
N(') = {v, x}. Hence, F = G[{u, v, x, X', y, ¥'}1 is an induced 6-cycle in G.

Ifd(x) > 3,thenletD = V \ {u,x,x'}.1fd(y) > 3,thenletD =V \ {v,y,y'}.Ifd(u) > 3,thenletD = V \ {u,x,y'}. If
d(v) > 3,thenletD = V\ {v, ¥/, y}. In all four cases, the set D is a LTD-set of G, and so ytL(G) < n— 3, acontradiction. Hence,
d(u) = d(v) = d(x) = d(y) = 2. Thus every vertex of the induced 6-cycle F has degree 2 in G, implying by the connectivity
of Gthat G = F = Gg.

Suppose that k = 2. Let x be an arbitrary vertex in V; and let y be an arbitrary vertex in V5. Since both V; and V, are
independent sets, the vertices x and y have no common neighbor. However diam(G) = 2, implying that x and y are adjacent.
Hence, [V, V] is full. Therefore, G is a complete bipartite graph with partite sets Vo U V, and V;. Thus, G = K, for some
integers a, b, where a > b > 2. Equivalently sincen =a+ band § = b, we have that G = Ks ,—5. O

Let G be a connected graph of large order n > 3. By Theorem 12, if diam(G) = 1, then y[L(G) = n — 1. By Theorem 13, if
diam(G) = 2, then it is possible that ytL(G) = n — 2. For large minimum degree and large diameter, we have the following
upper bound on the locating-total domination number.
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Fig. 1. Agraph in the family #y;.

Theorem 14. Let G be a connected graph of order n with minimum degree at least 3 and diameter diam(G) = d > 3. Then,
¥e(G) <n—d/2] - 1.

Proof. Let G = (V,E) and let u and v be two vertices at maximum distance apart in G, and so d(u, v) = diam(G). Let
P:u = v, vq,...,vg = v be au-v path of length diam(G), and so d = diam(G). We now consider the induced path
P = P41 ond + 1 vertices. Let

Ld/2]

s = (Jtva.
i=0

Then, |S| = [d/2] 4+ 1. We now consider the set D = V \ S.LetX = V \ V(P). Then,D = X U (V(P) \ S),and so X C D.
Since §(G) > 3, every vertex on the path P has at least one neighbor in X, and so the set D dominates V. In particular every
vertex of D on the path P has at least one neighbor in X and is therefore totally dominated by D. Every vertex in X that has a
neighbor in X is totally dominated by D. Further, if v is an isolated vertex in G[X], then by our choice of the path P and the
minimum degree requirement we must have that d;(v) = 3 and that the three neighbors of v are consecutive vertices on
P. However, since D contains one vertex from every two consecutive vertices on P, the vertex v is totally dominated by D.
Therefore the set D is a TD-set in G. Let x and y be two arbitrary vertices in V \ D. If x and y are consecutive vertices on P,
then either x or y belongs to the set D, a contradiction. Hence, renaming x and y, if necessary, we may assume that x = v;
andy = vj,where0 <i <j—2 <dIfi <j—2,thenviy, € Nx) N Dbutviy; ¢ N(y) N D, and so x and y are totally
dominated by distinct subsets of D. If i = j — 2, then either i > 1, in which case v;_; € N(x) N Dbutv;_; € N(y) N D, or
i = 0, in which case v3 € N(y) N D but v3 & N(x) N D. Once again, x and y are totally dominated by distinct subsets of D.
Hence, D is a LTD-set of G, implying that y[L(G) < Dl=n—|S|=n—1d/2] —-1. O

The bound in Theorem 14 is asymptotically best possible, as may be seen as follows. Let k > 3 and § > 3 be a fixed
integers and let d = 3k — 1. Let #; denote the family of graphs that can be obtained from a path vgv v, ... vg4 of length d
by replacing each vertex v;, 0 < i < d, with a clique A;, where |A;| = 1ifi % 1 (mod 3) and |A;| = § ifi = 1(mod 3), and
adding all edges between A; and A, 1. In particular, we note that A; = {v;} fori #% 1 (mod 3). (A graph in the family #7; with
8 = 3, for example, is illustrated in Fig. 1.)

Let F € #,4 have order n and let S be a LTD-set in F. Let Q: vy = ug, Uy, Us, ..., Ug = vg be a vg-vy path in F. Necessarily,
u; € Aifori =0, 1,...,d. By Observation 7(a), |S N A;| > |A;] — 1 for every i with |A;] = §. Renaming vertices if necessary,
we may assume that A; \ {1;} € S N A; for every i with |A;| = 8. Hence the only possible vertices of F not in the LTD-set S
are the 3k vertices on the path Q. Fori = 0,1, ...,k — 1,let X; = {us;, Usiy1, Usir2}. Thus, (Xo, X1, . .., Xk—1) is a partition
of V(Q). In order for uy and u4 (respectively, us,_» and us,_1) to be totally dominated by distinct subsets of S we must have
ISNXp| > 1and [SNX,_q| > 1.Leti € {1, 2,...,k—2}.IfSNX; = @, then in order for us; and us;, to be totally dominated
by distinct subsets of S we must have u3;_; € S and in order for us;;1 and us;; to be totally dominated by distinct subsets
of S we must have u3;;3 € S. Hence, if |S N X;| = 0, then {us;_1, usi;3} C S.Let R C V(Q) consist of four consecutive
vertices on the path Q. Suppose that RN'S = . IfX; C Rforsomei, 0 < i < k — 1, we get a contradiction. Hence,
R = {vsit1, U3iz2, U3it3, Usirq) for some i, 0 < i < k — 2. In order for us;.q and us;,, (respectively, us;3 and us;4) to be
totally dominated by distinct subsets of S we must have uz; € S (respectively, usi;s € S). Hence at most four consecutive
vertices on the path Q are not in S. Further, |S N Xp| > 1and |S N X;_1| > 1. Therefore, |S N V(Q)| > d/5, implying that
IS| = |V(F)|—|V(Q)\S| > |[V(F)| —4d/5 = n—4d/5. This is true for every LTD-set S in F, implying that y[L(F) > n—4d/5.

2.3. Cubic graphs

We show next that the locating-total domination number and the total domination number of a connected cubic graph
can differ significantly. The complete graph on four vertices minus one edge is called a diamond, sometimes written as K, —e.

Lemma 15. For every integer k > 1, there exists a connected cubic graph G satisfying ytL(G) — v(G) > 2k.

Proof. Let k > 1be a given fixed integer. Let G, be the connected cubic graph constructed as follows. Take 4k disjoint copies
F1, F>, ..., Fy of a diamond, where V (F;) = {a;, b;, ¢;, d;} and where a;b; is the missing edge in F;. Let G, be obtained from
the disjoint union of these 4k diamonds by adding the edges {a;bi11 | i = 1, 2, ..., 4k — 1} and adding the edge a4b;. The
graph Gy, for example, is illustrated in Fig. 2.
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Fig. 2. The graph G;.

Fori=0,1,..., k—1,letY; = V(Fi; 1)UV (F4i12) UV (F4i13) UV (Faiy4) and let X; = {asgit1, dsis2, baiy3, baira, Caiv1, Cairal-
Then, (Yy, Y1, ..., Yr_1) is a partition of V(Gy). Since X; totally dominates the set Y; for eachi,0 < i < k — 1, we have that
X = Uﬁ:ol X; is a TD-set in Gy, implying that y;(G) < |X| = 6k.

Let S be a LTD-set in Gi. For each j, 1 < j < 4k, we note that in the graph Gy we have N[¢;] = N[d;]. Hence by
Observation 7(a), we have that |S N {¢;, d;}| > 1forallj = 1,2, ..., 4k. Renaming vertices if necessary, we may assume
that C € S, where C = U]‘-‘L{cj}. For each vertex ¢;, 1 < j < 4k, let ¢/ be a vertex in S that totally dominates ¢;, and so
cjcj/ is an edge in Gy. Since the vertices in the set C are pairwise at distance at least 3 apart in Gy, we note that ¢/ # c]’
for1 < i < j < 4k. Hence, |S| > 2|C| = 8k. This is true for every LTD-set S in Gy, implying that y}(Gk) > 8k. Hence,
YE(G) — (G > 8k — 6k =2k. O

Let g, denote the family of all connected cubic graphs of order n. We define

YH(G) }
1:(G) '

where the maximum is taken over all graphs G € §,.If G € G4, then G = K4 and y[L(G) = 3 and y,(G) = 2, and so
£(4) = 3/2.1f G € 4g, then either G = K3 3, in which case ytL(G) = 4 and y;:(G) = 2, or G is the prism C3 OK>, in which case
y[L(G) = 3 and y;:(G) = 2. Thus, £(6) = 2. For n > 16, the family G of connected cubic graphs constructed in the proof of
Lemma 15 yields the following result.

&(n) = max {

Lemma 16. For n = 0 (mod 16), we have & (n) > 4.

We pose the following two open questions that we have yet to settle.

Question 1. Is it true that for n sufficiently large, we have & (n) < %?

Question 2. Is it true that if G is a connected cubic graph of order n > 8, then y}(G) < n/2?

2.4. Grid graphs
In this section we investigate the locating-total domination number in a grid graph P,,, O P, for small m.

Theorem 17. If n = r (mod 5), where 0 < r < 5, then
n .
4 LEJ +r ifr#1

Vi (P0Py) = >
4ng 42 ifr=1.

Proof. We proceed by induction on n > 1. It is a routine exercise to verify that y[L(Pz OPy) = ytL(Pz Oopr) = 2,

vE(P,0Ps) = 3,and y (P, 0Py) = yl(P,OPs) = 4. This establishes the base cases. Suppose then that n > 6 and that
the result holds for all grids P, OPy, where 1 < n’ < n.Let G = P, 0P, and let V(G) = U {a;, b;}, where a;a, ... a, and
bib, ...b, are paths P, and a;b; isanedgefori = 1,2,...,n.Fori = 1,2, ..., n,letX; = {a;, b;}. Further let X5; = UJ“:I-Xj
and let X; = Ui_, X;. Let F = G[X=4],and so F = P, 1P, _s.

Among all y!(G)-set, let S be chosen so that

) IS N X<s5| is @ minimum.

) Subject to (1), |S N X;| is a minimum.
) Subject to (2), |S N X3| is a minimum.

4) Subject to (3), |S N X3| is @ minimum.

5) Subject to (4), |S N X4| is a minimum.

(
(
(
(
(
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Fig. 3. A LTD-set for the grid P3 O Py;.

Suppose X; C S.IfX; C S, then (S \ X;) U X5 is a LTD-set of G, contradicting our choice of the set S. Hence, |X; N S| < 1.
Suppose that |X; NS| = 1. By symmetry, we may assume thata, € S, and so b, ¢ S.But then (S \ {b;}) U {b3} is a LTD-set of
G, contradicting our choice of the set S. Hence, X, NS = . But then (S \ X;) U X; is a LTD-set of G, contradicting our choice
of the set S. Therefore, [X; NS| < 1.

Suppose |X; N S| = 1. By symmetry, we may assume that a; € S, and so b; ¢ S. Therefore, a, € S in order to totally
dominate a;. If b, € S, then (S \ {a;}) U {as} is a LTD-set of G, contradicting our choice of the set S. Hence, b, ¢ S. By our
choice of the set S, the set S’ = (S \ {a;}) U {b,} is not a LTD-set of G. This implies that as ¢ S and that a; and a3 are not
totally dominated by distinct subsets of S, and so N(a;) NS’ = N(a3) NS’ = {a,}. Thus, b3 ¢ S’ and a4 ¢ S'. Therefore,
{bz, b3, as, a4} NS = @. But then N(b;) NS = N(a3) NS = {a,}, contradicting the fact that b, and a5 are totally dominated
by distinct subsets of S. Hence, X; NS = @. In order to totally dominate X;, we have that X, C S.

If X3 C S, then (S \ X3) U X, is a LTD-set of G, contradicting the minimality of S. Hence, |[X3 N'S| < 1. Suppose that
|X3 N'S| = 1. By symmetry, we may assume that as € S, and so b; & S.If by € S, then (S \ {as}) U {a4} is a LTD-set of G,
contradicting our choice of the set S. Hence, by ¢ S. By our choice of the set S, the set D = (S \ {as}) U {b4} is not a LTD-set
of G. This implies that a; and a3 are not totally dominated by distinct subsets of D, and so N(a;) "D = N(a3) N D = {ay}.
Thus, bs ¢ D and a4 & D, implying that {bs, by, a4} NS = 0. Therefore, bs € S in order to totally dominate b4. Suppose
that as ¢ S. Then, bg € S in order to totally dominate bs. Further, ag € S in order for b, and as to be totally dominated by
distinct subsets of S. But then (S \ {as, bs}) U X4 is a LTD-set of G, contradicting our choice of the set S. Hence, as € S. If
X N'S # (), then removing the vertices in Xs U (Xg N S) U {a3} from the set S, and replacing them with the four vertices
in the set X4 U Xg, produces a new LTD-set of G that contradicts our choice of the set S. Hence, Xg NS = @. Thus, b; € S in
order for b4 and bg to be totally dominated by distinct subsets of S.If a; € S, then (S \ {as, as, bs}) U (X4 U {ag}) is a LTD-set
of G, contradicting our choice of the set S. Hence, a; ¢ S, and so bg € S in order to totally dominate the vertex b;. But then
(S \ {as, as, bs}) U (X4 U {a;}) is a LTD-set of G, contradicting our choice of the set S. Hence, X3 N S = .

In order for a; and a; to be totally dominated by distinct subsets of S, we have that a4 € S. Analogously, by € S in order
for by and bs to be totally dominated by distinct subsets of S. Therefore, X, C S.If X5 C S, then (S \ X5) UXg is a LTD-set of G,
contradicting the minimality of S. Hence, |X5 NS| < 1. Suppose that |[X5 N S| = 1. By symmetry, we may assume thatas € S,
and so bs ¢ S. But then the set (S \ {as}) U {be} is a LTD-set of G, contradicting our choice of the set S. Hence, Xs N S = @.

Since S N X<s = X, U Xy, the restriction of the set S to F is a LTD-set of F, implying that y; LF) <|SNV(F)| = |S| —4,or,
equivalently, ytL G =S | > L(F ) + 4. Conversely every v, (F )-set can be extended to a LTD-set of G by adding to it the set
X3 U X4, implying that y(G) < yL(F) + 4. Consequently, ¥(G) = y}(F) + 4. The desired result now follows by applying
the inductive hypothesis to the grid F = P, OP,_s. O

For m > 3, we have yet to determine the locating-total domination number in the grid graph P,, O P,. We consider here
the special case when m = 3. For k > 1, let Gy = P3 O P,, where n = 11k, and let V(Gy) = UL {a;, b;, ¢;}, where aqa; . . . a,,
bib;...b, and cic; . .. c, are paths P, and where a;b;c; is a path P; fori = 1, 2, ..., n. Let

k—1 k—1
Ay = U{alli+29 a1iite, 11irg) and Gy = U{C]]i+4a C11i4+6»> C11i+10}
i=0 i=0
and let
k—1
By = U{b11i+l7 b11ir2, b1titra, buiive, biivs, briivi0, briiy11)-
i=0

Then, Sy = A, U B, U Cy is a LTD-set in Gy, and so ytL(Gk) < 13k = 13n/11. In the special case when k = 2, the LTD-set is
indicated in Fig. 3, albeit without the vertex labels. Hence we have the following observation.

Observation 18. For n = 0 (mod 11), we have y}(P; 0P,) < £n.

For small values of n, namely 1 < n < 12, we can show that y; Lipsop,) = |— n-| However we have yet to determine’
the locating-total domination number of P; O P, forn > 13.

1 We remark that subsequent to our paper being accepted Ville Junnila [10] informed us that they have determined the optimal density of the infinite
grid of height 3 to be 7/18.
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