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ABSTRACT. The main object of this present paper is to investigate the problem of majorization
of certain class of analytic functions of complex order defined by the Dziok-Raina linear operator.
Moreover we point out some new or known consequences of our main result.
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1. Introduction

Let A be the class of functions which are analytic in the open unit disk
U={zeC:|z] <1}

of the form
f(z) :erZakzk. (1.1)
k=2

For two analytic functions f,g € A we say that f is subordinate to g denoted by f < g (see
[12]), if there exists a Schwarz function w which is analytic in ¢ with w(0) = 0 and |w(z)| < 1 for
all z € U, such that

f(z) =g9(w(z),  (z€l).
We denote this subordination by f < g. Furthermore, if the function ¢ is univalent in U, we have
f=9+=f0)=9(0) and  fU)CgUd).
If f and g are analytic functions in U, following T. H. MacGregor [11], (also see [14]) we say that
f is majorized by ¢ in U and we write
flz) <g(z),  (z€l) (1.2)

if there exists a function ¢, analytic in U, such that

[p(z) <1 and  f(z) = ¢(2)9(z), (2 €U) (1.3)

It may be noted here that (1.2) is closely related to the concept of quasi-subordination between
analytic functions.

2010 Mathematics Subject Classification: Primary 30C45; Secondary 30C50.
Keywords: analytic functions, starlike functions, convex functions, Qusai-subordination, majorization problems,
Hadamard product (convolution), generalized hypergeometric function.

127



G. MURUGUSUNDARAMOORTHY — K. THILAGAVATHI

The study of operators plays an important role in the geometric function theory and its related
fields.Many differential and integral operators can be written in terms of convolution of certain
analytic functions. It is observed that this formalism brings an ease in further mathematical
exploration and also helps to understand the geometric properties of such operators better.

The convolution or Hadamard product of two functions f,h € A is denoted by f *x h and is
defined as

(fxh)(z) =2+ anbnz" (1.4)
n=2
where f(z) is given by (1.1) and h(z) = z + >_ b,2".
n=2
For complex parameters ai,...,q; and Bi,...,0m, (8; # 0,—1,...; j = 1,2,...,m) the
generalized hypergeometric function | Fy,(z) is defined by
> (1) - (ag)n 2"
Fo(z)=1Fnlay,...a; b1, Bm; 2) = — —
1Fn(2) = 1F (o 1581, Bms 2) ;(ﬁl)n-"(ﬁm)n nl (1.5)

(I<m+1; I,meNy=NU{0}; z€A)
where N denotes the set of all positive integers and (a),, is the Pochhammer symbol defined by
1, n =20,
(a)n = (1.6)
ala+1)(a+2)...(a+n—-1), neN.
For positive real values of a1,...,oq and B1,...,8m (8; #0,—1,...; 7 =1,2,...,m), let
H(ar,...o;361,--,Bm): A= A

be a linear operator defined by

[(H(eas - au; Bryeo Bm)) (D] (2) = 2 iFm(aa, g, oocu; B, B2 s B 2) % [ (2)

HLJaalf(z) = 2+ Y Ty ay 2" (17)
n=2
where
(@)1 (@)n1 1 (1.8)

" (ﬂl)nfl cee (ﬂm)nfl (TL - 1)'

a; > 0, (’LZ 1,2,...,1), B; >0, (j =1,2,....m), I <m+1; l,mENOZNU{O}.

For notational simplicity, we use a shorter notation

He [on] for H(ar,...ou; 81, Bm)
in the sequel. It follows from (1.7) that
HI[f(2) = f(2),  HI[2lf(2) = 2f'(2).
Further, it is easy to verify from (1.7) that
2(Hplaa]f(2)) = arHyylan + 1f(2) — (a1 = DH, [aa] f(2). (1.9)
The linear operator H!, [a1] is called Dziok-Srivastava operator (see [4,13]).
Following J. Dziok and H. M. Srivastava [4], using Wright’s generalized hypergeometric function

[20], J. Dziok and R. K. Raina [5] defined another linear operator for positive real parameters
alvAl s aalvAla /BlvBl s 7ﬂmaBm with

m l
14> B,—> A,>0,  (I<m+1; I,me Ny=NU{0})
n=1 n=1
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and for suitably bounded values of |z|, given by
Wialf(z) =2+ o anz", (2 €U) (1.10)
n=2

where
OT(ag+Ai(n—1))...T(y + A(n —1))

(n—DIT(B1 + Bi(n—1))...T(Bm + Bm(n — 1))

and © is given by © — tﬁor(ﬁt)(tﬁor(at))l.
The operator W|a1]f(z) is called Dziok-Raina operator [5]. It is easy to verify from (1.10) that
A Wailf(2)) = aiWlar + 1f(2) — (a1 — A)W]ai]f(2). (1.12)

Remark 1. For 4, = B; =1, (i = 1,2,...,l; j = 1,2,3,...,m) the Dziok-Raina operator
Wlai]f(2) yields the Dziok-Srivastava operator H!, [a1] [4] as given in (1.7).

Onp —

(1.11)

Note that if I = 2 and m = 1 with a1 = 1; s = 1; f1 = 1 then W[a1]f(2) = f(2). By using
the Gaussian hypergeometric function given by (1.7), Y. E. Hohlov [7] introduced a generalized
convolution operator H, . as

Hapof (2) = z2F1(a,b, ¢; 2) % f(2),

contains as special cases most of the known linear integral or differential operators. Further, the
suitable choices of I,m the operator H! [a1] in turn it includes various operators as remarked
below:

Remark 2. For f € A,

H2(a,1;0)f(2) = L(a, ) f(2) = ( £y W ) i) =S Doty
n=2 n=2

(C)n—l (C)n—l
was considered by B. C. Carlson and D. B. Shaffer [3].

Remark 3. For f € A,
z

H?(5+1a1;1)f(2)=m*f(z)ngf(z)a (6>—1)

and was given by DO f(2) =z + > (%i]l)anzn, called Ruscheweyh derivative operator [16].
n=2

Remark 4. For f € A, and

Hie+ Llie+ 2)f(:) = o [0t = 71 2)

0

where ¢ > —1. The operator J. was introduced by S. D. Bernardi [2]. In particular, the operator
J1 was studied earlier by R. J. Libera [8] and A. E. Livingston [10].

Remark 5. For
feAMI2,1,2-N)f(2) =T(2-ND2f(2) = D f(2),  A#2,3,4,...

called Owa-Srivastava operator [18] and * is also called Srivastava-Owa fractional derivative
operator, where D) f(z) denotes the fractional derivative of f(z) of order ), studied by S. Owa
[15].
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Denote by S*(v) and C(v) the class of starlike and convex functions of complex order v (y €
C ~ {0}, satisfying the following conditions

B 4o and &e(uﬂzfl(z)) —1}) >0

z

and

F()#0  and éR(HH%Dm, (z e U),

respectively. Further,
S*((1 — a)cos A e™) = §*(a, \) |)\|<g; 0<a<l
and
S*(cos A e ) = S*(\), |A] < g; 0<a<l

where denotes S*(a, A) the class of A-Spiral-like function of order « investigated by R. J. Libera [9]
and S*()\) Spiral-like functions introduced by L. Spacek [17] (see [19]). Finally,due to O. Alitintas
et al [1], we let R(u,~) denote the class of functions h(z) of the form

h(z)=1= cuz",  (cn20; z€U) (1.13)
n=1

which are analytic in ¢ and satisfy the inequality
[h(z) + ek (2) =1 <]l (v €CN {0} R(u) >0).

A mojorization problem for the class S* have been investigated by T. H. MacGregor [11], and
O. Altintas et al. [1]. Recently, S. P. Goyal and P. Goswami [6] extended these results for the
fractional derivative operator and a multiplier transformation, respectively. In the present paper
we investigate a majorization problem for the class S*(vy) associated with the generalized linear
operator called Dziok-Raina operator Wa]f(2).

DEFINITION 1.1. A function f(z) € A is said to in the class S’, () of univalent function of complex
order y(y € C~ {0}) in ¢ if and only if

Wien]f(2) 1rz(Wlaa]f(2))’
—EEE 40 and %(1+;[W—1D>o (1.14)

where W[a1]f(2) is given by (1.10) and z € U.
Remark 6. Putting v = (1 —a)cos A e™™, |\[ < Z; 0< a <1 the class

S (7) =8, (1 —a)cosh e™™) =S (o, \)

called the generalized class of A-spiral-like functions of order o (0 <« < 1) and z € U.

2. A majorization problem for the classes S! (v)

THEOREM 2.1. Let the function f(z) € A and g(z) € S.,(v) if Wl[au]f(2) is majorized by
Wlai]g(z) in U then

(Wlaa]f(2))'] < [(Wlealg(2))'], [zl <7, (2.1)
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where r1 is given by

L —/L? — 4a12vA; — o
2|2’7A1 —Oql

7’1(0‘157) =

and
L=2A+o1 + |2’YA1 - 041|
s the smallest root of the equation
pI2vAL — ar|r® 4+ (Ar — A1p® — pan)r? + [Ay — A1p? — |29A1 — culp]r + pag = 0 (2.3)
and |z =r, 0 < p < 1.

Proof. Since W[a1]g(z) € S.,(7), we readily obtain from (1.14)that, if

1 rz(Wlai]g(2))’
hz)=1+—(—r—77— —1 24
=145 e ) .
then,
R(h(2)) >0, (z€el) (2.5)
and . )
+ w(z
h(z) = —22 2.
()= Ty (26)
where w denotes the well known class of bounded analytic functions in & and
w(0) =0 and lw(z)| < 2| (z €U). (2.7)

From (2.4), (2.6) and making use of (2.7), we get
Wlnlg(2) _ 1+ @y~ D
Wiaalg(z) = 1—1[z]

Hence
ar(1+|z[)[2| /
V(e + Dlg(a)) | (2.9
Since Wla]f(2) is majorized by W[a1]g(z) in U from (1.3), we have
(W] f(2))" = 2¢/(2) Wlaulg(2)) + 2¢(2) Wlaulg'(2)). (2.10)

Noting that the Schwarz function ¢(z) satisfies

Wienlg(2)| <

6/ (2)] < % (2.11)

and using (1.12), (2.9) and (2.11) in (2.10) we have

/ (1—le¢(=)*) | Ail2|
Wl < (o) + STEED A
which upon setting

) (Wiaalg(2)Y'

[zl =r and  o(z)]=p (0<p<1)
leads us to the inequality

|(Wla1]f(2))| < ¥(p)

(1 =7r)(a1 = [(2yA1 = n)lr)

|(Wlaalg(2))']. (2.12)

where
P(p) = —Arrp® + (1= r) (1 — [(2vA1 — an|r)p + Arr
takes its maximum value at p = 1. Furthermore, if 0 < o < 71, the function ¢(p) defined by

o(p) = —Arop” + (1 — o) (a1 — |(27A1 — cu|o)p + Aso
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is an increasing function on (0 < p < 1) so that

e(p) <) =1 —=0)(a1 = [27A4]o),  0<p<1, 0<o<r. (2.13)
Hence, by setting p = 1 in we conclude that Theorem 2.1 holds true for for |z| < 71 (a1, 7) is given
by (2.2). This completes the proof of Theorem 2.1. d

By taking Ay =1l and a; =1 and vy = (1 —a)cos A e, |A| < %30 <a < 1in Theorem 2.1 we
state the following corollary without proof.

COROLLARY 2.1.1. Let the function f € A and g € SL, (o, N) (A < 3, 0 < a < 1), if W] f(2)
is magorized by Wlaulg(z) in U, then

(Wlaa]f(2))'] < [(Wlealg(2))'], [zl < 7o, (2.14)

where ro = r2(0, \) is given by

60— /02—4]2(1 —a)cos A e N — 1]
N 2|12(1 — @) cos A e=ir — 1

T2

(2.15)
and
§=12(1 — a)cos e — 1| 4 3.
The proof of our next result is essentially based upon the following lemma.
LEMMA 2.1. ([1]) If f € C(v), then f € S(37), that is C(y) C S(37) (v € C ~ {0}).

THEOREM 2.2. Let the function f € A and g € S. (v) if W[aa]f(2) is majorized by W(a1]g(z) in
U then
|Wlaa +1]f(2))| < |Wlaw +1]g(2))l,  [2] < s, (2.16)

where r3 is given by

. T — \/T2 — 4041|4’yz41 — CY1|
2|4’7A1 — CY1|

r3
and
T=2A1+a1 + |4’}/A1 — 041|
s the smallest root of the equation
pldvA; — ar|r® + (A — A1p® — pay)r? + [A) — A1p® — [4vA1 — aqlplr + pay =0 (2.17)
|z|=7r,0<p<1.

3. A majorization problem for the class R! (u,~)

We recall the following lemmas, which will be required in our investigation of the majorization
problem for the class R, (u, 7).

LeMMA 3.1. ([1]) If the function h(z) defined by (1.13) is in the class R(u,~) then

- ol
Za" A S— (3.1)
p 1+ R(p)
LEMMA 3.2. ([1]) If the function h(z) defined by is in the class R(u,~) then
ol ol
1— < |h(z)] <1 : 2
Akl < A S 14 Rl seu (5.2)
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THEOREM 3.1. Let the function f and g be analytic in U and suppose that the function g is so
normalized that it also satisfies the following inclusion property:

z(Wlaalg(2))"
“Wialg () € Ry, (11,7)

If Wlan]f(2) is magjorized by Wlaa]g(z) in U then
|Wlaa +1]f(2))] < |Wlaw +1]g(2))l,  [2] <, (3.3)
where 14 18 given by r4 = r4(u,7y) is the root of the cubic equation
YIr? = (14 R()r?) = 2+ [y +2R(w)]r + 1+ R(u) =0 (3.4)

which lies in the open interval (0,1).

Proof. For an appropriately normalized analytic function g(z) satisfying the inclusion property
we find from the assertion of Lemma 3.2 that

VoG Bl e
Wialg(s) | =1~ Tomgy” FI=m O<r<t) &2)

or, equivalently, that
Wiailg(a)| < o I Wielg(a) | (= 0<r<n. (30

Since
Wlai]f(z) < Wlailg(2)
in U, there exists an analytic function w such that
Wlai]f(z) = w(z)W]a1]g(z) and |w(z)| < 1.
Thus in view of (3.6) and just as in the proof of Theorem 2.1, we have

lw(z)| < 1-|w@)*

SR (zeU)

and

1—jw(z)?  {1+R(u)}r
1—r? 14 R(p) = ylr

0(p)
(= wag =) Ve + 102

where z € U; 0 < r < 1, we have set |w(z)| = p and the function 0(p) defined by
0(p) = {1+ R(w)} + (1 =) {1+ R(w) = ylrkp — {1+ R(w}p®,  (0<p<T)

takes on its maximum value at p = 1 with r = r4(p, ) given by (3.4). Moreover, if 0 < n < r4(p, )
and r4(p,7) is the root of the cubic equation (3.4) such that 0 < r4(u,y) < 1 then the function
9(p) defined by

p) = {1+ R+ (1 =) {1+ R(w) — n}p — {1+ R(w)inp®, (0<p<1)

is seen to be increasing function on the interval 0 < p <1, so that
d(p) =9(1) = 1 = ) {1+ R(w) — Pyln}k. (0 <n <ralp, ).
Consequently, upon setting p = 1 in (3.7), we complete the proof of Theorem 3.1. O

Wien + 11£(=)] < (Jw(z)] + )Wlar +1lg(2)

(3.7)
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Concluding remarks. Further specializing the parameters [, m one can define the various other
interesting subclasses of S. (v) and R!,(u,~)involving the differential operators as stated in Re-
marks 1 to 5, and results (as in Theorems 2.1 and 2.2) and the corresponding corollaries as men-
tioned above can be derived easily. The details involved may be left as an exercise for the interested
reader.

Acknowledgement. The authors thank the referee for his insightful suggestions to improve this
paper in the present form.
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