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The steady flow of Herschel-Bulkley and Casson fluids for blood flow in tubes filled with homogeneous porous medium with (i)
constant and (ii) variable permeability is analyzed. The expression for the shear stress is obtained first by general iteration method
and then using numerical integration; the solutions for velocity and flow rate are obtained. It is noticed that the shear stress and
plug core radius are considerably higher in the case of variable permeability than those of the constant permeability case. The
velocity and flow rate of both the fluids increase considerably with the increase in the permeability factor and they decrease with
the increase in the yield stress of the fluids. The velocity and flow rate of Herschel-Bulkley fluid are considerably higher than those
of Casson fluid. Aforesaid flow quantities are significantly higher for flow in tubes with variable permeability than for flow in tubes
with constant permeability.

1. Introduction
The mathematical analysis of time independent flow of Newtonian and non-Newtonian fluid models has become a topic
of increasing interest among the researchers, since it has wide
applications in many branches of engineering and medical
sciences such as polymer processing industry, environmental
science, magnetohydrodynamics, and biofluid dynamics [1].
Blood is the major biofluid which behaves like Newtonian
fluid when it flows through larger diameter arteries (arteries
with diameter greater than 200 𝜇m) [2, 3]. At low shear rates
in small diameter arteries, the apparent viscosity of blood
increases markedly and hence it exhibits remarkable nonNewtonian character [4, 5]. Merrill [6] reported that flow may
cease in the presence of measurable stress implying that there
is yield stress. At low shear rates, red blood cells aggregate in
the form of rouleaux which are stacks of 6–10 red blood cells
in the shape of roll of coins [7]. At some finite stress which
is usually small (of the order 0.05 dyne/sec2 ), the aggregate
is disrupted and blood begins to flow. If the shear rate again
becomes zero, these aggregate structures reform very rapidly
[8]. The effects of the finite yield stress is that the fluid exhibits

solid-like behavior or plug flow in regions where the shear
stress is less than the yield stress. The yield stress for normal
human blood lies between 0.01 dyne/sec2 and 0.06 dyne/sec2 ,
but it is much higher (almost five times) in diseased state
(for a patient with myocardial infarction) [9, 10]. Thus, blood
possess both finite yield stress and shear dependent viscosity
when it flows through narrow arteries (arteries with diameter
less than 200 𝜇m) at low shear rates. Hence, it is appropriate to
use non-Newtonian fluid with yield stress for modeling blood
when it flows in narrow arteries at low shear rates.
Porous medium is the material volume consisting of
solid material with an interconnected void space and is
primarily characterized by its porosity which is defined as
the ratio between the void space and total volume of the
medium [11–13]. The recent past studies on flow through
porous medium used Darcy’s law (linear relationship between
the velocity distribution and pressure gradient across the
porous medium) for mathematical modeling [14]. The porous
medium is also characterized by its permeability which is
the measure of flow conductivity in the porous medium [15].
Several researchers [16–19] analyzed the flow of Newtonian
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and non-Newtonian fluids in porous medium with application to industrial problems and biodynamics. When blood
flows in arteries under some pathological conditions, the fatty
plaques of cholesterol and artery-clogging blood clots are
formed in the lumen of the coronary artery. The distribution
of these fatty cholesterol and artery-clogging blood clots is
deemed to be equivalent to a fictitious porous medium [20].
Hence, the segment of the artery which is homogeneously
filled with these fatty cholesterol and artery-clogging blood
clots is considered as the tube filled with the homogeneous
porous medium. Since non-Newtonian behavior of blood
in narrow arteries is remarkable and the passage of the
artery is considered as homogeneous porous medium, the
investigation on the blood flow through narrow arteries filled
with the homogeneous porous medium is useful.
From the initial stage of the formation of plaques till it
reaches the medium level of plaques (due to the deposit of
fatty substances of cholesterol and clogging of blood clots)
in the lumen of the coronary artery, the distribution of
plaques in the passage of blood in the artery is considered
as porous medium with variable permeability (varies in the
radial direction). Once these plaques development passed
over the medium level, the distribution of the plaques in the
passage of blood in the artery is considered as porous medium
with constant permeability [21].
The mathematical modeling of blood flow in narrow
arteries, treating the narrow arteries as porous medium, was
investigated by Song et al. [1] and they reported that the
increase in the threshold significantly increases the frictional
resistance. Casson fluid model and Herschel-Bulkley (H-B)
fluid model are some of the non-Newtonian fluid models with
finite yield stress which are widely used to model blood when
it flows through narrow diameter arteries at low shear rates
[6–8]. Dash et al. [20] studied the flow of Casson fluid in
a pipe filled with a homogenous porous medium using the
Brinkman’s model and mentioned that blood flow in arteries
is one of the major application areas to their study. Using
the general iteration method, Dash et al. [20] obtained the
numerical schemes for shear stress, velocity distribution, and
flow rate and used them to plot the graphs for analyzing
their results. To study the effects of the different kinds of
porous medium, Dash et al. [20] considered two types of
permeability in the porous medium such as (i) constant
permeability and (ii) variable permeability. In the Dash et al.
[20]’s paper, we found that there are significant differences
between the data used by them for plotting the graphs and
the actual data yielded by their respective expressions for the
set of parameters mentioned in their graphs. Hence, we made
an attempt to correct the graphs plotted by Dash et al. [20]
and revise their analysis section. The steady flow of H-B fluid
model in a tube filled with homogeneous porous medium
was not studied by any one so far, to the knowledge of the
authors. Hence, it is useful to develop mathematical models
to study the steady flow of Casson fluid (through the revised
solution methodology) and H-B fluid (new fluid model) in a
circular tube filled with homogenous porous medium with (i)
constant permeability and (ii) variable permeability.
The layout of this paper is as follows. Section 2 mathematically formulates the blood flow in narrow arteries filled with
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Figure 1: Geometry of segment of the narrow artery filled with
porous medium.

the homogeneous porous medium and obtains the numerical
schemes for the flow quantities such as shear stress, velocity
distribution, and flow rate. In Section 3, the variation of the
aforesaid flow quantities of Casson and H-B fluid models for
different values of the parameters are analyzed and compared.
The main results are summarized in the concluding Section 4.

2. Mathematical Formulation
Consider an axisymmetric, laminar, steady, fully developed
and unidirectional flow (in axial direction) of blood (assumed
to be incompressible) in a narrow artery of radius 𝑅 filled
with homogenous porous medium. Blood is modeled as two
different non-Newtonian fluid models with yield stress such
as (i) Herschel-Bulkley (H-B) fluid and (ii) Casson fluid. It is
noted that Newtonian fluid, power law fluid, and Bingham
fluid can be obtained from H-B fluid model as particular
cases by assigning appropriate values to the parameters of
this fluid model’s constitutive equation. Similarly, Newtonian
fluid model can be obtained as a particular case of Casson
fluid model when the yield stress of this fluid model is zero.
Figure 1 depicts the flow geometry of the segment of narrow
artery filled with homogeneous porous medium. Cylindrical
polar coordinate system (𝑟, 𝜙, 𝑧) is used to analyze the flow,
where 𝑟 and 𝑧 denote the radial and axial coordinates,
respectively, and 𝜙 denotes the azimuthal angle. The length
of the tube is assumed to be large enough compared to its
diameter so that the entrance, ends, and special effects can
be neglected. The permeability of the porous medium is
assumed to vary in the radial direction of the artery.
2.1. Momentum Equation. Since the flow is considered as
laminar in the axial direction, the radial component of the
velocity is negligibly small, and hence, the radial component
of the momentum equation is ignored in this study. The simplified form of axial component of the momentum equation
governing the steady flow of blood in a narrow artery filled
with homogeneous porous medium is given below [20]:
𝜇[

𝜇𝑢
𝑑𝑝
1 𝑑
𝑑𝑢
(𝑟 )] −
,
=
𝑟 𝑑𝑟
𝑑𝑟
𝐾 (𝑟) 𝑑𝑧

0 ≤ 𝑟 ≤ 𝑅,

(1)

where 𝜇 and 𝑢 are the viscosity and velocity of the nonNewtonian fluid (Casson fluid/H-B fluid) used to model
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blood, 𝐾(𝑟) is the permeability of the porous medium which
is assumed to vary in the radial direction, 𝑅 is the radius of
the tube, and 𝑝 is the pressure. The second term on the left
hand side of (1) represents the Darcy resistance offered by the
porous medium [20]. Equation (1) can be rewritten in terms
of shear stress 𝜏 as below:
𝑅
𝑑𝑝
𝑟
𝑑
∫ 𝜏𝑑𝑟 = − 𝑟,
(𝑟 𝜏) +
𝑑𝑟
𝑑𝑧
𝐾 (𝑟) 𝑟

0 ≤ 𝑟 ≤ 𝑅,

(2)

where 𝜏 = −𝜇(𝑑𝑢/𝑑𝑟) and 𝜏 is the shear stress of the of the
non-Newtonian fluid (Casson fluid/H-B fluid) used to model
blood. Integrating (2) and using the finiteness condition of
the shear stress 𝜏 at 𝑟 = 0, one can get
𝑟

1

𝑠
1
1 𝑑𝑝
𝜏=− ∫
𝑟,
(∫ 𝜏𝑑𝑥) 𝑑𝑠 −
𝑟 0 𝐾 (𝑠) 𝑠
2 𝑑𝑧

1/2

if 𝜏 ≥ 𝜏𝑦 ,

(4)

𝑑𝑢 1/𝑛
) + 𝜏𝑦
𝑑𝑟

if 𝜏 ≥ 𝜏𝑦 ,

𝑢 = 0 at 𝑟 = 𝑅.

(8)

2.3. Nondimensionalization. Since the dimensions of the
coefficient of viscosity of Casson fluid and H-B fluid are
different (the dimensions of the coefficient of viscosity of
Casson fluid and H-B fluid are 𝑀/𝐿𝑇 and (𝑀/𝐿𝑇2 )𝑇, resp.),
the velocity and shear stress of these fluids are defined
in different forms as below. The velocity and shear stress
of Casson fluid are defined in terms of pressure gradient,
viscosity, and radius of the tube as below:
2

𝑢=−

𝑅 𝑑𝑝
,
2𝜇 𝑑𝑧

𝜏=

𝜇
𝑅

𝑢.

(9)

The velocity and shear stress of H-B fluid are defined in terms
of pressure gradient, viscosity, and radius of the tube as below:
2

𝑅 𝑑𝑝
𝑢=−
,
2𝜇0 𝑑𝑧

𝜏=

𝜇0
𝑅

𝑟=

𝑢,

𝑟
,
𝑅

(10)

{−𝑅 (𝑑𝑝/𝑑𝑧)}

]

.

(11)

𝑢=

𝑢
,
𝑢

𝐾=

𝐾
2

𝑅

,

𝜏=

𝜏
.
𝜏

(12)

Using the above nondimensional variables in the simplified
momentum equation (3) we obtain
1
1 𝑟 𝑠
(∫ 𝜏 𝑑𝑥) 𝑑𝑠
∫
𝑟 0 𝐾 (𝑠) 𝑠

if 0 ≤ 𝑟 ≤ 1.

(13)

Applying the above nondimensional variables in (4)-(5), one
can get the following nondimensional form of the constitutive
equations for Casson fluid:
𝜏1/2 = 𝜃1/2 + (−

𝑑𝑢 1/2
)
𝑑𝑟

if 𝜏 ≥ 𝜃,

𝑑𝑢
= 0 if 𝜏 ≤ 𝜃.
𝑑𝑟

(14)
(15)

Substituting the nondimensional variables (12) (with the help
of (10) and (11)) in (6)-(7), we get the nondimensional form
of H-B fluid’s constitutive equations as below:
𝜏 = (−

(6)

𝑑𝑢
(7)
= 0 if 𝜏 ≤ 𝜏𝑦 .
𝑑𝑟
We make use of the following boundary condition to get the
expression for the velocity distribution 𝑢:

𝑛−1

2

Let us introduce the following nondimensional variables:

𝜏=𝑟−

𝑑𝑢
(5)
= 0 if 𝜏 ≤ 𝜏𝑦 .
𝑑𝑟
Equation (5) states the vanishing of velocity gradient in
the region where the shear stress 𝜏 is less than the yield
stress 𝜏𝑦 and this implies plug flow whenever 𝜏 ≤ 𝜏𝑦 . The
constitutive equation of H-B fluid model is defined as below:
𝜏 = (−𝜇

𝜇0 = 𝜇[

0 ≤ 𝑟 ≤ 𝑅. (3)

2.2. Constitutive Equations. The relationship between the
shear stress 𝜏 and strain rate (velocity gradient) 𝜕𝑢/𝜕𝑟 for the
Casson fluid is defined by its constitutive equation which is
given below:
√𝜏 = √𝜏 + (−𝜇 𝑑𝑢 )
𝑑𝑟

where 𝜇0 is the characteristic viscosity coefficient with the
same dimension as that of Newtonian fluid’s viscosity, and is
defined as below:

𝑑𝑢 1/𝑛
) + 𝜃 if 𝜏 ≥ 𝜃,
𝑑𝑟

𝑑𝑢
= 0 if 𝜏 ≤ 𝜃,
𝑑𝑟

(16)
(17)

where 𝜃 ≡ 𝜏𝑦 /𝜏 is the yield stress in the nondimensional
form. The nondimensional form of the boundary (8) is
trivially obtained as below:
𝑢 = 0 at 𝑟 = 1.

(18)

2.4. Solution Method
2.4.1. Shear Stress for Variable Permeability. The implicit
integral equation (13) is solved for the shear stress distribution
𝜏 using the general iteration method. From (13), one can
write the general iteration scheme for obtaining the analytical
expression for shear stress as below:
𝜏(𝑘+1) = 𝑟 −

1
1 𝑟 𝑠
(∫ 𝜏(𝑘) 𝑑𝑥) 𝑑𝑠,
∫
𝑟 0 𝐾 (𝑠) 𝑠

𝑘 = 0, 1, 2, . . . .
(19)

As suggested by Dash et al. [20], for the variable permeability
of the porous medium, the permeability function is chosen as
𝐾(𝑟) = 𝐾0 (1 − 𝑟)/𝑟, where 𝐾0 is the constant permeability of
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the tube. The iteration process is stopped when the following
convergence criteria is satisfied:

 (𝑘+1)
𝜏
− 𝜏(𝑘)  ≤ 𝜀,


(20)

where 𝜀 is the preassigned error tolerance and we keep it as
0.000001. We start the iteration process with the initial guess
of 𝜏(0) = 0 and get the analytic expression for the shear stress
distribution through the successive iterations. The iterative
solution obtained for shear stress up to the ninth iteration
does not converge to the expected accuracy of 0.000001 and
the iterative solution obtained in the tenth iteration converges
to the expected accuracy of 0.000001. Since, the iterative
solution for shear stress obtained in the tenth iteration (given
below) is very lengthy, we split it into nine parts (which are
(22)), with 𝜏1 being the part of the solution containing just
𝑟, 𝜏2 being the part of the solution containing the terms 𝑟2 ,
𝜏3 being the part of the solution containing the terms 𝑟3 , . . .,
and 𝜏9 being the part of the solution containing the terms
𝑟9 . Mathematica programme is used to obtain this iteration
solution. We have given below the iterative solution obtained
for shear stress in the tenth iteration which converges at all
the radial points in the interval [0, 1]:
𝜏≅𝜏

(10)

= 𝜏1 + 𝜏2 + 𝜏3 + 𝜏4 + 𝜏5 + 𝜏6 + 𝜏7 + 𝜏8 + 𝜏9 ,

(21)

𝜏4 = − 0.00000065 (

𝑟4
𝑟4
)
+
0.00000028
(
)
𝐾09
𝐾08

− 0.00000117 (

𝑟4
𝑟4
) + 0.00004999 ( 6 )
7
𝐾0
𝐾0

− 0.00021236 (

𝑟4
𝑟4
)
+
0.00090395
(
)
𝐾05
𝐾04

− 0.00388214 (

𝑟4
𝑟4
)
+
0.01736111
(
),
𝐾02
𝐾03

𝜏5 = − 0.00000029 (

𝑟5
𝑟5
) + 0.00000122 ( 8 )
9
𝐾0
𝐾0

− 0.00000519 (

𝑟5
𝑟5
)
+
0.000022
(
)
𝐾07
𝐾06

− 0.00009327 (

𝑟5
𝑟5
) + 0.00039834 ( 4 )
5
𝐾0
𝐾0

− 0.0016276 (

𝑟5
𝑟5
)
+
0.00528333
(
),
𝐾02
𝐾03

𝜏6 = − 0.00000012 (

𝑟6
𝑟6
) + 0.00000052 ( 8 )
9
𝐾0
𝐾0

𝑟2
𝑟2
𝜏2 = − 0.00000109 ( 9 ) + 0.00000046 ( 8 )
𝐾0
𝐾0

− 0.00000221 (

𝑟6
𝑟6
)
+
0.00000938
(
)
𝐾07
𝐾06

𝑟2
𝑟2
− 0.00000196 ( 7 ) + 0.00008333 ( 6 )
𝐾0
𝐾0

− 0.00000396 (

𝑟6
𝑟6
)
+
0.00016426
(
)
𝐾05
𝐾04

𝑟2
𝑟2
− 0.00035394 ( 5 ) + 0.00150658 ( 4 )
𝐾0
𝐾0

− 0.00062004 (

𝑟6
),
𝐾03

where
𝜏1 = 𝑟,

− 0.00647023 (

𝑟2
𝑟2
) + 0.028935185 ( 2 )
3
𝐾0
𝐾0

𝑟2
− 0.16666667 ( ) ,
𝐾0
𝑟3
𝑟3
𝜏3 = − 0.00000082 ( 9 ) + 0.00000035 ( 8 )
𝐾0
𝐾0

𝜏7 = − 0.00000004 (
− 0.00000069 (

𝑟7
𝑟7
)
+
0.0000029
(
)
𝐾07
𝐾06

− 0.00001204 (

𝑟7
𝑟7
) + 0.00004668 ( 4 )
5
𝐾0
𝐾0
𝑟7
),
𝐾03

− 0.00001472 (

𝑟3
𝑟3
)
+
0.00006249
(
)
𝐾07
𝐾06

− 0.00010851 (

− 0.00026545 (

𝑟3
𝑟3
)
+
0.00112999
(
)
𝐾05
𝐾04

𝜏8 = − 0.00000001 (

− 0.00485267 (

𝑟3
𝑟3
) + 0.02170139 ( 2 )
3
𝐾0
𝐾0

− 0.125 (

𝑟3
),
𝐾0

𝑟7
𝑟7
) + 0.00000016 ( 8 )
9
𝐾0
𝐾0

− 0.0000002 (

𝑟8
𝑟8
) + 0.00000085 ( 6 )
7
𝐾0
𝐾0

− 0.00000341 (
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𝑟8
𝑟8
)
+
0.00000005
(
)
𝐾09
𝐾08

𝑟8
𝑟8
)
+
0.00001135
(
),
𝐾05
𝐾04
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𝜏9 = − 0.000000003 (

5

𝑟9
𝑟9
)
+
0.00000001
(
)
𝐾09
𝐾08

The numerical formula for computing the flow rate is given
below:

𝑟9
𝑟9
− 0.00000005 ( 7 ) + 0.0000002 ( 6 )
𝐾0
𝐾0
− 0.00000072 (

1

1

0

𝑟𝑝

𝑄 = 8 ∫ 𝑢𝑟 𝑑𝑟 = −4 ∫

𝑟9
𝑟9
) + 0.00000014 ( 4 ) .
5
𝐾0
𝐾0

= 4 (𝜃 (

1 − 𝑟𝑝3

𝑑𝑢 2
𝑟 𝑑𝑟
𝑑𝑟
1

1

𝑟𝑝

𝑟𝑝

) + ∫ 𝜏𝑟2 𝑑𝑟 − 2𝜃1/2 ∫ 𝜏1/2 𝑟2 𝑑𝑟) .

3

(22)

(26)

Using (22) in (21), shear stress is computed at each nodal
point in the radial direction. The plug flow radius 𝑟𝑝 is
estimated approximately by matching the shear stress with
the yield stress.

Gauss-Legendre Quadrature formula is applied for evaluating
the integrals in (26).

2.4.2. Shear Stress for Constant Permeability. In the case
of constant permeability, where 𝐾(𝑟) = 𝐾0 , the integral
equation (13) reduces to the following differential equation:
𝑑2 𝜏
𝑟2 2
𝑑𝑟

𝑑𝜏
𝑟2
+𝑟
) 𝜏 = 0.
− (1 +
𝑑𝑟
𝐾0

𝑑𝜏 𝜏
+ =1
𝑑𝑟 𝑟

(24)

at 𝑟 = 1.

(25)

Equation (23) is the modified Bessel’s differential equation
of order one. On solving (23) together with the boundary
conditions (24)-(25), one can obtain the following expression
for the shear stress distribution:
𝜏=

√𝐾0 𝐼1 (𝑟/√𝐾0 )
𝐼0 (1/√𝐾0 )

,

(2.31∗)

where 𝐼0 and 𝐼1 are modified Bessel functions of first kind
of order 0 and 1, respectively. Since the expression obtained
for shear stress in the Sections 2.4.1 and 2.4.2 for the
cases of variable permeability and constant permeability is
independent of the particular non-Newtonian fluid model,
both Casson and H-B fluid models utilize the same shear
stress expression for finding the velocity distribution and flow
rate.
2.4.3. Velocity and Flow Rate of Casson Fluid. Integration of
(14) yields the following numerical scheme for the velocity
distribution:
1

1

𝑟𝑗

𝑟𝑗

𝑢𝑗 = 𝑢𝑗+ = 𝜃 (1 − 𝑟𝑗 ) + ∫ 𝜏 𝑑𝑟 − 2𝜃1/2 ∫ 𝜏1/2 𝑑𝑟,

(2.32∗)

𝑟𝑝 ≤ 𝑟𝑗 ≤ 1.
Quadrature formula is used to evaluate the integrals in the
above equation. The velocity in the plug flow region (plug flow
velocity) is given by
𝑢𝑗 = 𝑢𝑗− = 𝑢𝑝 = 𝑢 (𝑟𝑗 = 𝑟𝑝 ) .

1

1

𝑟𝑗

𝑟𝑗

𝑢𝑗 = ∫ 𝜏𝑛 𝑑𝑟 − 𝑛𝜃 ∫ 𝜏𝑛−1 𝑑𝑟 +

𝑛 (𝑛 − 1) 2 1 𝑛−2
𝜃 ∫ 𝜏 𝑑𝑟,
2
𝑟𝑗
(27)
𝑟𝑝 ≤ 𝑟𝑗 ≤ 1.

(23)

For this case, the appropriate boundary conditions [20] are
𝜏 is finite at 𝑟 = 0,

2.4.4. Velocity and Flow Rate of H-B Fluid. Integrating (16),
we get the following numerical scheme for the velocity
distribution:

(2.33∗)

The integrals in (27) are evaluated using the Quadrature
formula. The velocity in the plug flow region is given by
𝑢𝑗 = 𝑢𝑗− = 𝑢𝑝 = 𝑢 (𝑟𝑗 = 𝑟𝑝 ) ,

0 ≤ 𝑟𝑗 ≤ 𝑟𝑝 .

(28)

The nondimensional flow rate can be computed from the
following expression which requires the evaluation of integral
involving shear stress using Quadrature formula:
1

1

0

𝑟𝑝

𝑄 = 8 ∫ 𝑢𝑟𝑑𝑟 = −4 ∫

𝑑𝑢 2
𝑟 𝑑𝑟
𝑑𝑟

1

1

𝑟𝑝

𝑟𝑝

= 4 ∫ 𝜏𝑛 𝑟2 𝑑𝑟 − 4𝑛𝜃 ∫ 𝜏𝑛−1 𝑟2 𝑑𝑟
+4

(29)

𝑛 (𝑛 − 1) 2 1 𝑛−2 2
𝜃 ∫ 𝜏 𝑟 𝑑𝑟.
2
𝑟𝑝

3. Results and Discussion
The aim of this mathematical analysis is to discuss the blood
flow characteristics when it flows through narrow arteries
filled with homogeneous porous medium, modeling blood
as two different non-Newtonian fluid models with yield
stress such as Casson and H-B fluids. The homogeneous
porous medium present in the blood vessel is mathematically
represented as the function 𝐾(𝑟). Two types of permeability
considered in this study are (i) constant permeability with
𝐾(𝑟) = 𝐾0 , where 𝐾0 is a constant (permeability factor)
and (ii) variable (in the radial direction) permeability with
𝐾(𝑟) = 𝐾0 [(1 − 𝑟)/𝑟]. For Herschel-Bulkley fluid, the typical
value of power law index 𝑛 is generally taken as 0.95 [22].
3.1. Shear Stress Distribution. Since both H-B and Casson
fluid models have the same expression for the shear stress 𝜏,
we have the same graphs for analyzing the variation of shear

Downloaded from ade.sagepub.com by guest on June 25, 2016

6

Advances in Mechanical Engineering
0.5

1.0
K = K0

0.3

K0 = 1
K0 = 0.5

0.2
K0 = 0.25

0.1

K = K0 (1 − r)/r

0.8

K0 = 15

Shear stress

Shear stress

0.4

K0 = 15
K0 = 1

0.6
0.4

K0 = 0.5

0.2

K0 = 0.1
K0 = 0.05

0

0.0
0

0.2

0.4

0.6

0.8

1

0

0.2

Radial distance
(a)

0.4
0.6
Radial distance

0.8

1

(b)

Figure 2: Shear stress distribution of H-B and Casson fluid models for different value of 𝐾0 . (a) Constant permeability. (b) Variable
permeability. It is noted that in the case of constant permeability with lower values of the permeability factor (𝐾0 = 0.05, 0.1, 0.25), the
shear stress increases slowly in the radial direction when 𝑟 increases from 0 to 0.6 and then it increases rapidly when 𝑟 increases further from
0.6 to 1. In both the cases of constant and variable permeability, the shear stress increases linearly in the radial direction when permeability
factor takes the larger values (𝐾0 = 0.5, 1, 15). One can also note that the shear stress is considerably higher in the variable permeability case
than that of the constant permeability.

stress with permeability of the porous medium in the radial
direction. The shear stress distributions in the radial direction
for different values of the permeability factor 𝐾0 in the cases
of (i) constant permeability and (ii) variable permeability are
depicted in Figures 2(a) and 2(b), respectively. In the case of
constant permeability with lower values of the permeability
factor (𝐾0 = 0.05, 0.1, 0.25), the shear stress increases slowly
(linearly) in the radial direction from 𝑟 = 0 to 𝑟 = 0.6
and then it increases rapidly (nonlinearly) when 𝑟 increases
further from 0.6 to 1. For higher values of the permeability
factor (𝐾0 = 0.5, 1, 15) and in both the cases of constant and
variable permeability, the shear stress increases linearly in the
radial direction. But the shear stress is considerably higher
in the variable permeability case than that of the constant
permeability.
It is to be noted that in the case of constant permeability,
the values obtained for shear stress distribution in the present
study (see Figure 2(a)) are almost half of the corresponding
values obtained by Dash et al. in their Figure 2(a) (e.g., when
𝑟 = 1 and 𝐾0 = 15, the value obtained in the present
study for shear stress is 0.5 and the corresponding value
obtained by Dash et al. [20] is 1.0). But, in the case of
variable permeability, there is no notable difference between
the shear stress distribution values obtained in present study
(see Figure 2(b)) and those obtained by Dash et al. in their
Figure 2(b).
3.2. Plug Core Radius. The plug core radius is computed from
the expression of shear stress (explained in Section 2.4.1) and
thus it is the same for both H-B and Casson fluid models.
The variation of plug core radius with yield stress for different
values of the permeability factor 𝐾0 in the cases of (i) constant
permeability and (ii) variable permeability is sketched in
Figures 3(a) and 3(b). It is noticed that in the case of constant
permeability with permeability factor 𝐾0 = 0.05 and 0.1,
the plug core radius increases rapidly with the increase in
the yield stress from 0 to 0.125 and then it increases slowly

with the further increase in the yield stress from 0.125 to 0.4.
It is also observed from the constant permeability case that
the plug core radius increases linearly with the increase in
the yield stress when the permeability factor 𝐾0 is 0.5 and
0.15. In the case of variable permeability, the plug core radius
increases slowly with the increase in the yield stress for all
the values of the permeability factor. It is also seen that the
plug core radius increases significantly with the increase in
the permeability factor in the constant permeability case and
it increases marginally with the increase in the permeability
factor in the variable permeability case.
3.3. Velocity Distribution. The velocity distribution of Casson
fluid model for different values of the permeability factor 𝐾0
in the cases of constant and variable permeability is shown
in Figures 4(a) and 4(b), respectively, for the yield stress (i)
𝜃 = 0 and (ii) 𝜃 = 0.1. It is noted that in both the types
of permeability, the velocity of Casson fluid increases very
significantly with the increase in the permeability factor when
the yield stress of the fluid holds constant. But, for a given
value of the permeability factor 𝐾0 , the magnitude of the
velocity decreases significantly and width of the plug flow
region (flatness of the velocity profile) increases significantly
when the yield stress of the Casson fluid increases.
It is observed that in the case of constant permeability
with yield stress 𝜃 = 0, the values obtained for velocity
distribution in the present study (see Figure 4(a) (i)) are
almost half of the corresponding values obtained by Dash et
al. in their Figure 4(a) (e.g., when 𝐾0 = 15, the value obtained
in the present study for velocity is approximately 0.25 and the
corresponding value obtained by Dash et al. [20] is approximately 0.5). It is to be observed that in the case of constant
permeability with yield stress 𝜃 = 0.1, the values obtained for
velocity distribution in the present study (see Figure 4(a) (ii))
are almost one-third of the corresponding values obtained by
Dash et al. in their Figure 5(a). But, in the case of variable
permeability, there is no considerable difference between the
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Figure 3: Variation of plug core radius of H-B and Casson fluid models for different values of 𝐾0 . (a) Constant permeability. (b) Variable
permeability. It is seen that in the case of constant permeability, the plug core radius increases linearly with the increase in the yield stress
when the permeability factor 𝐾0 is 0.5 and 0.15 and when permeability factor 𝐾0 = 0.05 and 0.1, it increases rapidly with the increase in
the yield stress from 0 to 0.125, and it increases slowly with the further increase in the yield stress from 0.125 to 0.4. In the case of variable
permeability, the plug core radius increases slowly with the increase in the yield stress for all the values of the permeability factor.
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Figure 4: Velocity distribution of Casson fluid flow. (a) Constant permeability. (b) Variable permeability. It is clear that in both the types of
permeability, the velocity of Casson fluid increases very significantly with the increase in the permeability factor. The velocity of Casson fluid
decreases significantly and width of the plug flow region increases significantly when the yield stress increases.
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Figure 5: Velocity distribution of H-B fluid flow. (a) Constant permeability. (b) Variable permeability. The same kind of variations in the
velocity profile with respect to both the yield stress and permeability factor that was observed for Casson fluid model in Figures 4(a) and 4(b)
is observed for H-B fluid model.

shear stress distribution values obtained in the present study
(see Figure 4(b)) and obtained by Dash et al. in their Figures
4(b) and 5(b).
The velocity distribution of H-B fluid model for different
values of the permeability factor 𝐾0 in the cases of constant
and variable permeability are shown in Figures 5(a) and 5(b),
respectively (for the yield stress (i) 𝜃 = 0 and (ii) 𝜃 = 0.1). The
same kind of variations in the velocity profile with respect
to both the yield stress and permeability factor that were
observed for Casson fluid model (in Figures 4(a) and 4(b)),
is also found for H-B fluid model. From Figures 4 and 5, it
is noticed that for a given set of values of the parameters, the
magnitude of the velocity of H-B fluid model is significantly
higher than that of the Casson fluid model. The velocity
profiles of different fluid models in the cases of constant
permeability with 𝐾0 = 0.5 and variable permeability with
𝐾0 = 15 are depicted in Figures 6(a) and 6(b), respectively.
It is noted that in both the cases of permeability, the velocity
is maximum for power law fluid model. It is also observed
that the velocity of power law fluid model is marginally higher

than that of Newtonian fluid model and significantly higher
than that of H-B fluid model. It is also seen that the velocity
of H-B fluid model is significantly much higher than that of
Casson fluid model. It is of interest to note that the plot of
Newtonian fluid’s velocity in the case of constant permeability
(in Figure 6(a) with 𝐾0 = 0.5) is in good agreement with the
velocity plot of Newtonian fluid obtained by Dash et al. [2]
in their Figure 4(c) (𝑘 = 0.5 and 𝜃 = 0). Figures 4–6 sketch
the variations in the velocity profiles of different fluid models
with respect to permeability factor and yield stress.
3.4. Flow Rate. The variation of flow rate of Casson fluid with
yield stress for different values of the permeability factor 𝐾0
in the cases of constant and variable permeability is illustrated
in Figures 7(a) and 7(b). It is clear that in both the cases
of permeability, the flow rate decreases rapidly (nonlinearly)
with the increase in yield stress from 0 to 0.1 and it decreases
very slowly when the yield stress increases further from
0.1 to 0.3. One can also notice that the flow rate increases
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Figure 6: Velocity distribution for different fluid flows. (a) Constant permeability with 𝐾0 = 0.5. (b) Variable permeability with 𝐾0 = 15. It is
observed that in both the cases of permeability, the velocity is maximum for power law fluid model. The velocity of power law fluid model is
marginally higher than that of Newtonian fluid model and significantly higher than that of H-B fluid model. It is also noticed that the velocity
of H-B fluid model is significantly much higher than that of Casson fluid model.
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Figure 7: Variation of flow rate with yield stress for Casson fluid flow. (a) Constant permeability. (b) Variable permeability. It is clear that in
both the cases of permeability, the flow rate of Casson fluid decrease rapidly with the increase of yield stress from 0 to 0.1 and it decreases
very slowly when the yield stress increases further from 0.1 to 0.3. It is noticed that the flow rate increases considerably with the increase of
the permeability factor. It is found that the flow rate is higher when it flows in tubes filled with constant porous medium compared to its flow
rate when it flows in tubes filled with variable porous medium.

considerably with the increase in the permeability factor. It is
also observed that for a given set of values of the parameters,
the flow rate of Casson fluid is higher when it flows in tubes
filled with constant porous medium compared to its flow rate
when it flows in tubes filled with variable porous medium.
It is observed that in the case of constant permeability,
the values obtained for flow rate in the present study (see
Figure 7(a)) are almost half of the corresponding values
obtained by Dash et al. in their Figure 7(a) (e.g., when 𝐾0 =
15, the value obtained in present study for flow rate is 0.5
and the corresponding value obtained by Dash et al. [20] is
1.0). But, in the case of variable permeability, the difference
between the flow rate values obtained in the present study

(see Figure 7(b)) and those obtained by Dash et al. in their
Figure 7(b) is not considerable.
Figures 8(a) and 8(b) show the variation of flow rate of HB fluid with yield stress for different values of the permeability
factor 𝐾0 in the cases of constant and variable permeability.
In both the cases of permeability, the flow rate of H-B fluid
decreases almost linearly with the increase in the yield stress.
For H-B fluid model also, the flow rate increases significantly
with the increase in the permeability factor 𝐾0 . Figures 9(a)
and 9(b) compare the variations in the flow rate of H-B
and Casson fluid flows in tubes with constant and variable
permeability with 𝐾0 = 15, respectively. It is seen that in
both the cases of permeability, the flow rate of Casson fluid
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Figure 9: Variation of flow rate with yield stress for different fluid flows and 𝐾0 = 15. (a) Constant permeability. (b) Variable permeability.
It is seen that in both the cases of permeability, the flow rate of Casson fluid decreases rapidly when the yield stress increases from 0 to 0.125
and then it decreases very slowly when the yield stress increases from 0.125 to 0.4. But the flow rate of H-B fluid decreases linearly with the
increase in the yield stress from 0 to 0.4. It is seen that the flow rate of H-B fluid increases with the increase in the power law index 𝑛. The flow
rate of both the fluids is higher when they flow in tubes is filled with variable porous medium compared to their flow rate when they flow in
tubes filled with constant porous medium.

decreases rapidly when the yield stress increases from 0 to
0.125 and then it decreases very slowly when the yield stress
increases from 0.125 to 0.4. But, the flow rate of H-B fluid
decreases linearly with the increase in the yield stress from 0
to 0.4. One can note that the flow rate of H-B fluid increases
with the increase in the power law index 𝑛. The flow rate of
both the fluids is higher when they flow in tubes filled with
variable porous medium compared to their flow rate when
they flow in tubes filled with constant porous medium. It is
also observed that the flow rate of H-B fluid is significantly
higher than that of Casson fluid.

4. Conclusion
The flow characteristics of blood in a homogeneous porous
medium with (i) constant permeability and (ii) variable
permeability are analyzed in this study. Blood is modeled as
two different non-Newtonian fluids with yield stress such as
Casson fluid and Herschel-Bulkley fluid. The main results of
the present mathematical analysis are summarized below.
(i) In both the cases of constant and variable permeability, the shear stress increases with the increase in the
radial distance as well as permeability factor.

Downloaded from ade.sagepub.com by guest on June 25, 2016

Advances in Mechanical Engineering

11

(ii) The shear stress and plug core radius are considerably
higher in the variable permeability case than those of
the constant permeability.
(iii) The velocity and flow rate of both the fluids are
significantly higher when they flow in tubes with
variable permeability compared to the corresponding
flow quantities of these fluids when they flow through
tubes with constant permeability.
(iv) The plug core radius increases with the increase in the
yield stress of the fluid and decreases with the increase
in the permeability factor.
(v) The velocity and flow rate of both the fluids increase
considerably with the increase in the permeability
factor and decrease with the increase in the yield
stress of the fluids.
(vi) The velocity and flow rate of H-B fluid are considerably higher than those of the Casson fluid model.
Hence, it is concluded that the present study can be
considered as an improvement in the mathematical modeling
of blood flow in narrow arteries filled with homogenous
porous medium.

Nomenclature
𝑟:
𝑟:
𝑧:
𝑛:
𝑝:
𝑄:
𝑅:
𝑢:
𝑢:
𝐾:
𝐾:

Radial distance
Dimensionless radial distance
Axial distance
Power law index
Pressure
Dimensionless flow rate
Radius of the artery
Dimensional axial velocity
Dimensionless axial velocity
Permeability of the porous medium
Dimensionless form of the permeability of
porous medium
𝐾0 : Permeability factor.
Greek Letters
𝜙:
𝜏𝑦 :
𝜃:
𝜏:
𝜏:
𝜇0 :
𝜇:

Azimuthal angle
Yield stress
Dimensionless yield stress
Dimensional shear stress
Dimensionless shear stress
Characteristic viscosity of Herschel-Bulkley fluid
Coefficient of viscosity.
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