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Abstract. The Zika virus was first discovered in a rhesus monkey in the Zika Forest of Uganda

in 1947, and it was isolated from humans in Nigeria in 1952. Zika virus disease is primarily a
mosquito-borne disease, which is transmitted to human primarily through the bite of an
infected Aedes species mosquito. However, there is documented evidence of sexual
transmission of this disease too. In this paper, a nonlinear mathematical model for Zika virus by
considering nonlinear incidence is formulated and analyzed. The equilibria and the basic
reproduction number (Rg) of the model are found. The stability of the different equilibria of the
model is discussed in detail. When the basic reproduction number Ry < 1, the disease-free
equilibrium is locally and globally stable i.e. in this case disease dies out. For Ry > 1, we have
endemic equilibrium which is locally stable under some restriction on parameters. Further this
model is extended to optimal control model and is analyzed by using Pontryagin’s Maximum
Principle. It has been observed that optimal control plays a significant role in reducing the
number of zika infectives. Finally, numerical simulation is performed to illustrate the analytical
findings.

1. Introduction

The Zika virus is a mosquito-borne disease. The infection is transmitted to human population
through the bite of infected Aedes mosquitoes. In 1947 in the Zika Forest of Uganda first Zika virus
was identified in a rhesus monkey and later in 1952 it was isolated from human population in Nigeria.
The general symptoms of Zika virus are conjunctivitis, headache, joint pain, mild fever, muscle and,
skin rash, etc. The symptom of the virus is exhibited within two to seven days, [1]. During the infected
period of Zika, people should drink plenty of fluids and rest sufficiently. Since 2015, the sexual
transmission of the disease and blood transfusion of the infected individual are being investigated in
the following nations - Argentina, Canada, Chile, France, Italy, New Zealand, Peru, Portugal, and the
United States of America. The first sexually transmitted case of Zika virus disease was diagnosed in
France in February 2016.

In April 2007, in the island of Yap, the first outbreak Zika virus was identified which was outside of
Africa and Asia. During 2013-14 the largest outbreak of Zika cases estimated to be around 30,000 was
reported in the French Polynesia. In 2015, rapid spread of Zika virus was recorded among South
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American countries, especially Brazil and Colombia notified PAHO/WHO [2]. In Brazil the Public
Health authority detected Zika virus in 14 states and in Colombia out of 98 samples 9 samples were
conformed. In Brazil, between October 2015 to February 2016, more than 6000 Zika virus infected
cases were recorded including 139 cases of congenital microcephaly. In Colombia, during December
2015 to February 2016, nearly 200 GBS cases were identified with suspected link with Zika infection
and in El Salvador nearly 118 GBS cases confirmed as Zika where 5 died [3]. On 1* February 2016,
the World Health Organizing (WHO) declared that the Zika virus epidemic as a Public Health
Emergency of International Concern (PHEIC) [4].

The transmission dynamics of Zika Virus has been studied and analyzed recently by various
researchers [5, 6, 7, 8, 9] using mathematical models as a tool. In [5], authors proposed a mathematical
model for transmission dynamics of Zika virus disease and they have shown the control measure of
Zika virus through prevention, treatment and insecticides. In [6], authors incorporated the sexual
transmission of this disease in the proposed model and computed basic reproduction number and using
real data the numerical simulation illustrated the analysis. In [7] authors proposed a new deterministic
model introducing vertical transmission of Zika virus and incorporating the cases of new born babies
with microcephaly and asymptomatic infected populations. In [8], authors proposed a two patch
model for the transmission dynamics of Zika virus to see the effect of short-term dispersal. In [9],
authors proposed a mathematical model of Zika virus of the 2013 —14 French Polynesia outbreaks and
analyzed using real data. Authors estimated the reproduction number using the real data performed
sensitivity analysis.

At present Zika virus is endemic and hence its study is most essential. Here we present a
mathematical model for Zika Virus disease by considering standard incidence type interaction for
human to human transmission of the disease. Here we assume that the total human population is

variable. In this model we introduce the incidence rate % , which was also proposed in [10, 11],
h

. - 1 . - ..
where cI, measures infected force of the virus and o7, measures susceptible individuals when the
h

number of infected individuals increases. Further our proposed mathematical model is extended to
optimal control problem. This helps in finding the optimal control strategies to reduce the number of
Zika infected cases.

This paper is organized as follows: in Section 2 we formulation our mathematical model; in
Section 3 we compute the basic reproduction number and find the existence of equilibria; in Section 4
we present the stability analysis of the model; in Section 5 we illustrate the numerical simulation and
results of the model; in Section 6, we study the optimal control model and its analysis; in Section 7 we
demonstrate the numerical simulation results of the optimal control model and finally in the Section 8
we conclude our paper.

2. Model formulation:

Here we have proposed a mathematical model for Zika virus disease by considering nonlinear
incidence. The model was formulated by considering two populations human and vector (mosquito). In
the proposed model the human population has been divided into three independent compartments such
as Susceptible individuals (Sy), Infected individuals (7)) and Recovered individuals (Ry). Also the
vector population has been divided into two compartments Susceptible vector (S,,) and Infected vector
(I,,). The transmission of the disease is possible between human to human, human to vector and vector
to human. In this model we incorporate a nonlinear incidence term for human to human transmission,
which is of saturated incidence type. Several authors have considered this type of nonlinear incidence
term in their respective model [10, 11, 12].
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Figure 1: Flow chart for the transmission of Zika virus disease

The proposed mathematical model of Zika virus is as follows:

dSh _ ( Clh ) Iv S S

dc 1+1, h ﬂthhh Unon

dlh Clh

T Br1 (1 T, )Sh + Bhz N_Sh — (Yatup + Ul

dR

—h = Ynlp — UnRp 1)
ds Iy,

d_tv =4, — BVN_th = UpSy

dl,

dt ﬂ'UN luUIU

where

Ay, : Recruitment rate of human individuals

A, : Recruitment rate of vector individuals (mosquito)
Uy, - Natural death rate of human individuals

W, - Natural death rate of vector individuals (mosquito)
U, : Death rate of human due to infection

Bry1: Contact rate between Spand I,

Bn2: Contact rate between Syand I,

B, Contact rate between S,,and I,

vn: Recovery rate of infectives (human)

Consider (Sy, I, Ry, Sy, I,) be any solution with positive initial conditions and Ny, (t) and N, (t) be
the total human and vector population respectively. Then we have N, = S, + 1, + R, and N, =
Sy, +1,. The time derivative of N in the above equation is given by

dN,,

—=A, —up, Ny, — 41
dt h — UnlNp — U1lp
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dt

Hence we can rewrite the model in the following form:

dNy
W = Ap — upNp — puqlp,
dlh CIh I
- <5h1 (1 1, ) + Bh2 )(Nh — Iy — Rp) — (Yptun + u)ly
dRp,

T = Ynln — tnRp 2)
dNn,

dt = Ap — UyN,

dl,

E_ﬁvN (N v)_.uvlv

3. Existence of equilibrium and the basic reproduction number

3.1 Disease free equilibrium point E, and the basic reproduction number R,
We consider the system (2) and find the disease free equilibrium point. The disease free equilibrium

for this model we have Ey = (N2, 19, Rp, N2, 1) = (2—", 0, O,%,O)
h v

Now we find the basic reproduction number R, by following the next generation matrix methods as
described in [13 - 14]. We find the matrix F and V as follows:

F = (Bhl (163 ) Pra Ifl_l;) (N = I = Ry) and V = ((Vh‘l'.uh + ll1)1h)

1
ﬁvN_’;(Nv - Iv) ‘uvlv

BnicNy  Bna

F=Jacobian of ‘F at Ey = NQ
.Bv N_,? 0

V= Jacobian of 'V at E, = (Vh+llh +u 0 )

0 Hy

And it follows that

IBhICN}?Dl Br2D;

FV—1 = NO ,
Bv~5 D2 0
Np
1 1
where D= —, D, = —
YatUnti Uy

The largest eigenvalue of FV 1 is called the basic reproduction number R, and is obtained as follows:
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0
0 N
Br1cNy Dy +\/(ﬁh1CN]2D1)2 +4’ﬁh2ﬁv—NgD1D2
h

R — _ Ruaty(Rpn)? +4Rpy
0= =
2 2
where
BricNy, NY
R,, =—=—" and R;,, = —D.D,.
hh Yhtintiy hv .BhZ.BU Ng 172

Here Ry, denotes the basic reproduction due to human to human transmission by ignoring the
transmission due to vectors. Similarly, Rj, denotes the basic reproduction due to interactions with
vectors in the absence of human to human transmission. The reproduction number R, gives the
average number of infected individuals generated by the one infected in a fully susceptible population
and for our model it is given by above expression of R .

3.2 Existence of endemic equilibrium
The endemic equilibrium point of the model we have E; = (Nj,, I, Ry, Ny, I,),
where,

)

Ap—uqly
N;{= h—Hilp

Hh
I*
R;kl — Yn h,
HUh
A
Ny =2,
Hy
*
* Av.uhﬂvlh
I, =

B Mv#hﬁvl;; + “127(/117 - ,ull;;)
And there is a positive root of I;, of the following non-linear equation

cPr1(Ap — t1lp) Br2AvBuitn

gy = [An = (ug + un + vl [
h h 1T Hr T VR)in 1+ I)un HnboPoln + (An = paln)us

—(Ap — i Ip) (g + pup +yn) = 0.

Here, we note the following:

[Cﬂm/lh N Br2vBylin
A

g(0) = 4y ]—Ah(#1 +up +yn) >0

Ap )
————— ) = —Ap(up +vn) <0
g(u1+uh+yh pAER TR

o ()= -ttt <

Ap
U1+Upt+YVR

signin g (I) , so there is no root of g(Iy) in the interval — A< I < Zv Hence we can conclude
U1tUptVh M1

that there is at least one root of g(I,) =0 in the interval 0 < I, < 4

It is easy to observe that, <Ip< % g(I) is always negative, i.e. there is no change of
1

— = Thus under the
U1tURTYR
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following condition, there exists unique positive root of g(I,) = 0 and we name that root as I;.
Hence we get our endemic equilibrium point as E; = (Ny, I, Ry, Ny, I;).

dg(lp) cBrapts (1+Ip)+cBri(Ap—p1ln) | BraAvBuiin(HnitvBy—t113)
— = —[A; — + uy, + I — +
dl, [An = (1 + o + vr)Ip][ (1+1)2sn (uhuuﬁv1h+(/1h—u11h)u5)2] (1
CBri(An—t1ln) Br2AvBritn
0.
Hn ¥l (1+Ip)pn #h#vﬁv1h+(/1h—#11h)ll5] T+ pn Fyn) <

4. Stability analysis

4.1 Local stability of disease-free equilibrium
Theorem 4.1.1 When R, < 1, the disease free equilibrium E, is locally asymptotically stable otherwise
it is unstable.

The Jacobian matrix of the system (2) at disease free equilibrium point E; is obtained as follows:

—Un  —i 0 0 0
0 ms; 0 0 Bh2

0 Yo —Hn O 0
Jo= 0 0 0 -, 0

Ny
\0 boys 0 0 —uv/

)_(yh'l'.uh‘l'.ul)

Where
A_h

Moy = C(
22 Bhl Un

Clearly three eigenvalues of the matrix J, are —uy, —u, and — p,, and the remaining two roots are
obtained by solving the following equation.

Np
2% 4 (py — M)A — (mgppy, + BhZB”N_,‘{) = 0,

Where

B Ap
My, = Ppri€ (ﬁ) —(ntun+u) = #’(ﬁ

# —1=th—1<0f0rth<1.
h

Hence (u, —myy) >0

Now

NO
—(maaty + Bn2Py N_:?) = Uy (Yn +tp + )1 — (Rpp + Rpy)1 >0 for  Rpp + Ry, < 1.

It is observed that Ry, + Ry, < 1, whenever Ry < 1. Hence the disease free equilibrium is locally
asymptotically stable.

4.2 Global stability of disease free equilibrium

To prove the global stability of disease free equilibrium, we are useing the theorem described in
[15,16]
Theorem 4.2.1 If the given mathematical model can be written in the form:

aXx

day
— =FX.Y),and — = G(X,¥),G(X,0) =0 )
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where, X = (N, ,N,)T and Y = (I, 1,)7, represent the classes of uninfected and the class of

infected individuals respectively. Then the DFE is represented here by E, = (X0 0) (A" ﬁ” 0, 0)
Hh v

For the global asymptotic stability of E, , the condition (H1) and (H2) given below must be
satisfied.
Hy: Z—f = F(X,,0), X, is global asymptotically stable,
Hx G(X,Y) =AY — G(X,Y), G(X,Y) =0, here A= DyG(X,,0) is M- matrix (In M-matrix, all the
off diagonal element of matrix are non-negative). If the system (2) satisfies the given condition in (¥*)
then the equilibrium point E, = (XOJO) is a global asymptotically stable equilibrium provided
Ry<1.

And for our mathematical model, the result is shown in the next theorem, as given below.

Theorem 4.2.2 The equilibrium point E, = (XO,O) is GAS (Global Asymptotically Stable) , provided
Ry < 1 and the conditions given in (*) are satisfied.
Proof: By using Theorem (4.2) to mathematical model system, we consider
F(X,0)=A—puS, GXY)=A4Y —GX,Y)

where,
Bnic (—) —(nt+tntu)  PBn2
A= NQ
.Bv N_lé —HUy
And
Clh
-~ Br + B (Np — I — Ry)
ELY) = G| _ ( 1(1+1 ) 2 )
G,(X,Y)

ﬁVN (N - v)

Here we can easily observe that G;(X,Y) > 0,G,(X,Y) > 0, hence G(X,Y) > 0 for all (X,Y).
Also by the definition of M matrix we can say that the matrix A is M matrix. Hence the DFE (E,) is
globally stability.

4.3 Local stability of endemic equilibrium point
Theorem 4.3.1 When R, > 1 then endemic equilibrium E; is locally asymptotically stable under the

condition ( L ) >k
By’

Proof: The jacobian matrix J; at the endemic equilibrium point E; is given by

—Mp —Hp 0 0 0
Mmy1 My Mpys 0 mys
1= 0 Yn —Hn 0 0

0 0 0 —u O
ms; Mgy 0 mg, Mgy

where,

CIh IU*(I;; + Rp)
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g = — |PaCt o) Pl 2 RIC) oy B2y (g + )
h h
cly, L
Mmy3 = — (.Bmm + Bh2 1\;)*)
h h
I + Ry,
Mys = Bro <1 - " )
Ny
In(Ny=13)
S———
Ny — 15)
m52 - B < *
v Nh
Iy,
Msy = By —5
v Nh

I*
Mg = — (BvN_h + Mv)

h
Clearly, the two roots of the matrix J; are - up, —u, and the remaining roots are obtained by
solving the following equation.
B+AV +BA+C=0
where,
A= pp—my; —mss >0
B = — (upmaz + tpMss — MypMss + YpMaz + MyzMsy — UyMyg) > 0
C = (UpMaaMss + YpMa3Mss — UpMpsMsy — UMy Mss + fiMs1Mps) > 0

Therefore, by Routh Hurwitz’s theorem all the three roots of the cubic equation are negative or
have negative real parts, provided AB — C > 0, we get

AB — C = pyppmyy — i (Myp+mss) + py (4mapmss — YuMas — Mazms, + mi,+més —
mzsmsz) + Yn(Mmpamys + 2my3mss) + g (—mymyy — 2 My Mss + Mgy Mys) + Mpzmsy (Myy +
Mgs5) — MyyMss(Myy + Mss).

No—Iy

which is positive under the condition ﬁ,,( o
h

) > 1. Hence, the endemic equilibrium is locally
asymptotically stable

5. Numerical simulation:

To support our analytical results, we perform numerical simulation. Here most of the parameters
values are taken from the reference [6, 9] and some parameter values are assumed. In the proposed
model, all the parameter are in per day. The values of the parameters are listed in the following Table
1.
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Table 1. Parameters and their values

Parameter Value (Day)
Ap 20
A, 20(DFE), 40 (EE)
Bri 0.005
Bra 0.4
Un 1/ (60*365
Uy 1/14
Yn 1/20
By 0.5
Uy 0.04227

To demonstrate the stability of disease-free equilibrium point, we consider A,= 20 and all other
parameters as listed in the Table 1. For this set of parameters R, = 0.8802 and disease free equilibrium
point E, is (2100, 0, 0, 600, 0). In the Fig. 2 is demonstrating the stability of disease free equilibrium
point E,. The stability of the endemic equilibrium (E;) is demonstrated by changing the value of 4,
from 20 to 30. For this set of parameters, the basic reproduction number R, = 2.1347 and equilibrium
point E; is (97, 200, 68, 100, 250). This is demonstrated in Figure 3. In Figure 4, variation of I,, with
time is shown for different values of y;,.

2000 -

1500~

L

1000~ -

Populations

- Time(iBuDays) -

Figure2: Variation of Sy, I, Ry,Sy, I, with time showing the stability of disease-free equilibrium
point.
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Figure3: Variation of Sy, I, Ry, Sy, I, with time showing the stability of endemic equilibrium point.
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Figure4: Variation of I;, with time for different values of y, .

6. Optimal control model

In this section we have extended the mathematical model (2) to optimal control problem by
including two optimal control parameters u, and u,. If u; and u, are equal to zero, then there is no
effort being placed in these controls at time t and if they are equal to one then maximum effort is
applied. The control variable u; represents the use of insecticide-treated bed nets and the use of
mosquito repulsive lotions and electronic devices, to reduce mosquito biting rate. The control variable
u, corresponds to additional death rate of mosquitoes due to control efforts. Based on the above
assumptions, the optimal control model as follows:

10
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dsy,

= b () S~ (L= (O ragy S~ S

T = B () S+ (1= wa(0)Bna 1= Sn = ntian + 1)1y )
& = Ynln — UnRp

das,

dt =A,— 1- Uq (t))ﬁv - (.uv +u; (t))Sv

di,
E = (1 — ul(t))ﬁv N_th - (.uv + uZ(t))IU

6.1 The optimal control problem
Here, with the help of optimal control theory we analyze the behavior of our system. The objective
functional for fixed time ¢ is given below:

ty 1 1
] = f (A, + Ay (S, + 1) + §A3u% + §A4u§] dt
0

Here the parameter A; = 0,4, = 0,45 = 0,4, = 0, and they represent the weight constants.
Here we aim to find the optimal controls parameters uj and u; ,such that

JQuiu3) = min J(uup),
Where, 2 = {uy,u, : measurable and 0 < uy,u, < 1}andt € [0, tf]

The Lagrangian of this problem is defined as:

1 1
L(In, Sy, Ly Uy, Uz) = Aglp + Ap(Sy + 1) + 5 Asuf + S Aguj

The Hamiltonian of this problem defined as:

dlh dRh dSV dlv

= LUn Sy Ly ug Up) + Ay TE 4+ A, S04 A 0 4 7, S0 4 7 %0

where A; are adjoint variables and i = 1to 5 and the adjoint variables in the form of differential
equations are given as follows:

da cly I
d_tl = Ain + Bra (1 s )(/11 —A)+(1- ul).BhZ N, (A —22) + (1 —ug)fnz N_%Sh(lz -A)
+(1- ul)ﬁvSvN_vz(/ls - /14)
h

da »
L2 4+ ﬂmshﬁal = A2) + (1= u)Bua 35 Sn (A = 22) + ¥ (A = A) + Gt + 1)z +

(1 = uy)B,S, ”lsh(as As)

11
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dis I, I,
o Azpn + (1 = ug)fn2Sy Fsh@s —Ag) + (1 —uy)BrSy Fsh(ﬂs —4)
h h
i, I,
o —Ay + Ay (up +ux) + (1 — ul)‘BVN_ (Ag — As5)
h
dAs S,
o —Ay + As(up +uz) + (1 —uy)fny N A — 1)
h

Let S, T, Ry,S,, I, be the optimum values of Sy, In Ry Sy, I, reprehensively, and the solution of
the system (3) be A4, 4,,13, 44, As.

Theorem 6.1.1 The given optimal controls uj,u; € Q2 such that J(uj,u3) = minJ(uy,u,) subject to
system (3).

Proof: To prove this theorem we follow the method described in Lenhart et al.[17] and Pontryagin
[18]. Here the state variables and the controls are positive. For this minimizing problem, the necessary
convexity of the objective functional in (u,,u,) is satisfied. The control variable set u,,u, € Q is also

convex and closed by the definition. The integrand of the functional A{I, + A,(S, + I,,)) + %A3u% +

1 . .
5A4u§ is convex on the control set Q and the state variables are bounded.

Since there exist optimal controls for minimizing the functional subject to equations (3), we use
Pontryagin’s maximum principle [18] to derive the necessary conditions to find the optimal solutions
as follows:

If (x,u) is an optimal solution of an optimal control problem, then there exist a non-trivial vector

function A = Aq, Ap, Ag,....... , A, satisfying the following equalities
dx _ JH(t,x,u, 1)
dt 94
0= JH(t,x,u,A)
B FY
dA _ JH(t,x,u, )
dat oA

Theorem 6.1.2 The given optimal controls (uj, u3) which minimizes J over the region Q given by
uj = min {1,max (0,u7)}
u; = min {1,max (0, u3)}.

Proof: To prove the theorem we use Pontryagin’s maximum principle [18]
Using optimally condition:

oH _  OH _
ou,  Ou,
we get,

aH « I « Iy
—— = Asuy + Bp2Sp N_h (A4 — A2) + BySy v A4 —25)=0
h h

6u1 -

12
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« Iy o I3
ﬂthhN—';il(/h —/12)+ﬁvSvN—';i1(/14 -2s)

This implies u; =

A3
And 2_52 = Aguy — Sidy — I*As =0
This implies U, = Sodat lihs

Ay

Again lower and upper bounds for these controls are 1 and O respectively. i.e. u; =u, =0 if
u; <0and u, <0, andu; =u, =1 if i; > 1 and u; > 1, otherwise u, = @; and u, = u,. Hence
for these controls uj, u; we get optimum value of the function J.

7. Simulation of optimal control:

The optimal control model is simulated using MATLAB by considering the set of parameters
which corresponds to the stability of endemic equilibrium point of the model (2). The weight constants
are taken as follows:

A; =1,A, =1,4; = 55,4, = 75.

The time interval is considered as [0,150]. The system (3) is solved by iterative method with the
help of forward and backward difference approximation. Here Figures 5-6 are showing the control
profiles of the controls u; and u, respectively. Finally, to see the effects of optimal controls, in ‘figure
7’ and “figure 8’, the infected human and infected vectors I, and I,, are plotted against time with and
without control. It is easy to observe that optimal control is very much effective in reducing the
number of infectives in the desired interval of time.

123 —
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03 —

1R —

Time(in Days)

Figure 5 : The control profile of uy (t).
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Figure 6: The control profile of u, (t).
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Figure 7: The variation of infected human against time with and without control.
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Figure 8: The variation of infected mosquito against time with and without control.

8. Conclusion

In this paper, we have proposed and analyzed a mathematical model for Zika virus disease. The
existence of disease free equilibrium and endemic equilibrium are discussed in details. The basic
reproduction number R, of the proposed model is computed. The disease free equilibrium is globally
asymptotically stable whenever the basic reproduction number R, < 1. The endemic equilibrium point
is locally asymptotically stable under some restriction on parameters. Further we extend our model to
optimal control problem. Numerical simulations of original model and the optimal control problem
suggest that optimal control strategies are the best in reducing the number of infectives in desired
interval of time.
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