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Abstract Swine flu is an infectious disease which spreads
very rapidly in the population. Infected droplets are
expelled into the air by swine flu infected individuals
through coughing and sneezing. This disease is transmitted
to susceptible individuals by inhalation or ingestion of
these infected droplets containing virus. In this paper, we
propose and analyze a mathematical model for Swine Flu
by considering symptomatic and asymptomatic infections.
It is assumed that the transmission rates due to symp-
tomatic and asymptomatic individuals are different. The
mathematical model is formulated by assuming simple
mass-action type incidence. The basic reproduction number
R, of the model is computed and the local and the global
stabilities of different equilibria of the model are studied.
Further, this model is extended to optimal control model.
The optimal control model is analyzed using Pontryagin’s
Maximum Principle and is solved numerically using
MATLAB. Finally numerical simulation is performed to
see the effect of optimal control on the infected population.
It is observed that optimal control model gives better result
compared to the model without optimal control as it
reduces the number of infectives significantly in a desired
interval of time.
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Introduction

In 21st century, Swine Influenza has emerged as a deadly
infectious disease. There are mainly three types of influenza,
namely, Influenza A, Influenza B and Influenza C. Influenza
of type A and type B are more prevalent in human population
and are of particular public health concern. Influenza A have
many subtype strains, e.g. HIN1, H2N2, H3N2, etc. Here we
are studying HIN1 subtype which is currently circulating in
human population and is known as Swine Flu.

Many Influenza outbreaks are reported in all over the
world e.g. 1918 pandemic, 1976 US outbreak, 1988 US
outbreak, 2007 Philippine outbreak, 2009 Northern Ireland
outbreak, 2015 India outbreak.

In 1918, anew disease was identified in pig, that is known
as swine influenza. In human, this pandemic is associated
with the infection of HIN1 virus. This virus also circulates in
pig, so this pandemic was called zoonosis (from swine to
humans, or from humans to swine). In this pandemic near
about 500 million people were infected and 50-100 million
people were killed across the world. We can say that it was
one of the deadliest disasters in human history.

Recently, in 2015, an outbreak of swine flu (HINI1
virus) had been reported in India, which was similar to
2009 Influenza pandemic. This outbreaks were reported in
late 2014 and early 2015. In March 2015, Health Ministry
released a data and according to this data 31,974 people
had been reported infected and 1895 person had died. The
largest number of cases and deaths due to the disease
occurred in states like Delhi, Madhya Pradesh, Rajasthan,
and Gujarat in India (MHFW 2016).
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Symptoms of swine flu are as follows:

In adults: difficulty in breathing, pain or pressure in the
chest, sudden dizziness, confusion, severe vomiting, low
temperature.

In children: fast breathing or working hard to breathe,
bluish skin color, not drinking enough fluids, not waking up
or not interacting, being so irritable that the child does not
want to be held, flu-like symptoms which improve but then
return with fever and worse cough, fever with a rash, being
unable to eat, having no tears when crying (CDC 2016).

There are several mathematical models to describe and
analyze the transmission dynamics of influenza. In Sharomi
et al. (2011), authors presented a deterministic model for
the transmission dynamics of swine influenza (HIN1) in
the presence of an imperfect vaccine and use of drug
therapy. Their analysis reveals that if the associated
reproduction number is less than unity then the system
exhibits vaccine induced backward bifurcation. Mathe-
matical models for AHIN1/09 incorporating spatio-tem-
poral elements are studied in Gonzlez-Parra et al. (2011).
Authors validated their model with the time series notifi-
cations from selected regions. In Changpuek et al. (2013),
authors considered a mathematical model for swine flu by
dividing the whole population into different age groups and
assuming different rates of transmission in different age
groups. Optimal control theory is applied to a mathematical
model for swine flu in Aldila et al. (2014) where it is
identified that medical mask intervention can reduce the
disease prevalence significantly. Our work is based on
Pongsumpun and Tang (2011), where authors have ana-
lyzed a mathematical model for swine flu by considering
both symptomatic (with symptoms) and asymptomatic
(without symptoms) infections. Here total population was
considered as constant and disease transmission was
assumed to follow standard incidence. This study is suit-
able for shorter span of time as population need not be a
constant over a longer span of time. As swine flu is
endemic now so study of long term dynamics of disease is
required and total population should be variable. Hence we
have formulated a mathematical model for swine flu by
considering total population variable. Additionally we
considered simple mass action type incidence for disease
transmission as transmission of this disease is very much
dependent on population size. The rates of movement from
symptomatic and asymptomatic class to class of quarantine
individuals are taken different in our model where as in
Pongsumpun and Tang (2011) they were same.

Later our proposed model is extended to optimal control
problem to get the optimal control profile related to rate of
transmission and rate of quarantine.

The remaining of this paper is organized as follows:
Sect. 2 describes the basic model and corresponding basic
reproduction number; Sect. 3 presents the equilibria and
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their stability; Sect. 4 discusses the numerical simulation
and results of the proposed model; Sect. 5 discusses the
optimal control model and its analysis; Sect. 6 demon-
strates the numerical simulation results of the optimal
control model and finally Sect. 7 concludes the paper.

Mathematical model

We first divide the total population N(f) into six compart-
ments, namely, susceptible individuals (S), exposed indi-
viduals (E), symptomatic infective individuals ([j),
asymptomatic infective individuals (I,), quarantine indi-
viduals (Q), recovered (R). Hence N=S+E+
I+1,+0 + R. Tt is assumed that the total population is
varying and homogeneously mixed i.e., all people are
equally likely to be infected by the infectious individuals if
they come into contact. It is assumed that susceptible
individuals after being exposed to the infection can move to
any one of the following infective classes, namely, symp-
tomatic infective, asymptotic infective with different
transmission rates. Both types of infectious individuals can
move to class of quarantine individuals. Quarantine indi-
viduals may recover and after recovery it move to recovered
class. However the rates of recovery may vary from one
compartment to another. Keeping the above facts/assump-
tions in mind, a mathematical model is proposed as follows:

ds

5 wS — IS (1a)
dE

I

%f:ﬁﬁE—ék—uL—nk (1c)
d1,

— = E —vI, — ul 1
dr B.b Vig — Hig ( d)
d

d_?:5[v+VIa_HQ_‘//Q (le)
dR

— = — UR. 1f
G Ve H (1f)

The flow diagram of the proposed model is shown in Fig. 1.
Let (S,E,I,I,,Q,R) be any solution with positive ini-
tial condition. Then we have

N=S+E+1,+I,+0+R.

Then the time derivative of the total population N(?) is
given by

dN

—=A—uN —yl

dr H Nis,

which shows that — is bounded by A — uN. Now using
standard comparison theorem (Lakshmikantham et al.
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Table 1 Description of parameters

Parameter Description

A Recruitment rate

u Natural death rate

y Transmission rate of swine flu

1/b Incubation period of swine flu in human

By Transmission probability of swine flu to the human so
that person becomes symptomatic patient

Ba Transmission probability of swine flu to the human so
that person becomes asymptomatic patient

1 Rate of quarantine for symptomatic infectious person

v Rate of quarantine for asymptotic infectious person

W Rate of movement of individuals from quarantine class to
recovered class

u; Control parameter on the transmission rate

up Control parameter on the progression of symptomatic

individuals to quarantine class

n Disease related death rate

%
ly b
p

\Y

Fig. 1 Flow diagram of the model

1989), it is easy to observe that N(r) < — if N(0) <

SN
=|n

Hence the region Q = {(S, EIL,I,,O,R):S+E+ I+

A
I,+0+R<S — } is positively invariant.
u

The basic reproduction number R

The system (1) has the disease-free equilibrium (DFE) E,
as

A
EO = (S07E07[a0aISOaQO7RO) = (E,0,0,0,0,0>

To find the basic reproduction number R, we follow the
same method as discussed in Korobeinikov and Wake
(2002), Li and Muldowney (1995) and using the same
notations, the matrices F and V, for the new infection terms
and the remaining transfer terms respectively, corre-
sponding to the system (1) are computed as follows:

yIS (I, + I,)S
F = 0 = 0
0 0
and
pE + B,bE + UE
V = _ﬁst + :qu + 513 + 7’11;

—B,bE + pl, + v,

We can find F and V as follows:
F = Jacobian of F at Ey =

0 SO 98°
F=10 0 0
0 0 0

and V = Jacobian of (V) at Eq =

b(Bs + B.) + 0 0
V= —bp, U+9o+n 0
_bﬂu 0 u +v

and it follows that

myy miy  mp3
Fvi=( 0o o o0 |,
0 0 0

where

ybS° < B Ba )
my = + )
b, +bf, +pu\u+o+n pn+v
_ 789 B 259

mippy = ———<,Mm3 = .
12 'u+5; 13 [u+v

Then the basic reproduction number R, is given by the
largest eigenvalue of FV~! and is obtained as follows:

Ry — 1S < B ﬁa>
b, +bB,+u\pu+do+n u+v

The reproduction number Ry gives the average number of
infected humans generated by one infected human in a fully
susceptible population in his/her whole infectious period.
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Equilibria and their stability

In addition to the disease-free equilibrium Ej, the model
system (1) also has a unique endemic equilibrium point
El = (S*7E*7Iu*als*7Q*7R*)’ where

u
Z(Ry—1)
* (ﬁs+ﬂa)b+ﬂ * V( % § % %
= E" = a]x :dE¥7Ia :dE7
Wdy + o) (di + do) : ?
Q*:5d1+Vd2E*7R*:lﬁQ
w+y I
and
b b
PR R
u+o+mn u+v

From above expressions it is clear that E* is positive only
when Ry > 1. Hence the endemic equilibrium point E;
exists whenever Ry > 1.

Global stability of disease free equilibrium (DFE)

To prove the global stability of disease free equilibrium,
we are using the theorem by Castillo-Chavez et al. (Li and
Muldowney 1996).

Theorem 1 If the given mathematical model can be
written in the form:

dX dy

—=FX,Y d—=GX,Y X =

where X =8S,Y = (E,Ia,IS)T, denoting the classes of
uninfected and flu infected individuals respectively.

A
The DFE is represented here by Ey = (Xy,0) = ( , 0> .
U

For the global asymptotic stability of Ej, the condition
(H)and(H,) given below must be satisfied.

dX
H, : for 7= F(Xy,0),X, is global asymptotically

stable,H, : G(X,Y) =AY — G(X,Y), G(X,Y) >0 here A
= DyG(Xy,0) is M- matrix (In M-matrix, all the off
diagonal element of matrix are non-negative) . If the given
system of differential equation in mathematical model
satisfies the given condition in (%) then the point Ey =
(Xo,0) is a global asymptotically stable equilibrium of
given mathematical model provided Ry<1. And for the
given mathematical model, the result is shown in the next
theorem, as given below.

Theorem 2 The equilibrium point Ey = (Xo,0) of the
system (1) is global asymptotically stable (G.A.S.) provided
Ro <1 and the conditions given in (x) are satisfied.
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Proof By using Theorem 1 to our model system (1), we
get

F(X,0) = A — uS,G(X,Y) =AY — G(X,Y)

where
—[b(Bs + B.) + 1 7S° 7S°

A= bp, —(u+0+mn) 0

bp, 0 —(u+v)
and
A G1 (X,Y) (I + Is)(SO -S)
GX,Y)=| G(x,v) | = 0

G3(X,Y) 0

Here we can easily see S > S, hence E}(X, Y) >0 for all
(X,Y), we can also notice that the matrix A is M matrix (by
definition of M matrix) .

Hence the DFE (E)) is globally stable.

Theorem 3 The endemic  equilibrium  E| =
(S*,E*, I,*,1,*, 0%, R*) of the given mathematical model is
globally asymptotically stable.

Proof For the global stability result, we will use the
method discussed in Korobeinikov and Wake (2002), Li

and Muldowney (1995). Here we consider the following
Lyapunov function:

S E
Vi=K <S—S* —S*ln§> —I—Kz(E—E* _E*IHE)

s a

* * IS * * Ia
+K3 I‘V*Is *Ix lnF +K4 Iafla *Ia lnﬁ

Then the time derivative of V; is given by

v, §*\ ds E*\ dE L
ok (1 -2 )2k (1 -2 ) k(11—
dr ‘( S)dt+ 2( E> T 3( A)

dh g (1) e
dr 4 1, ) dt

Now from the mathematical model we put the expressions

dS dE diI; di, . the ab i hich ei
or —,—,—,—1n € above equation, whic 1vVes
de’dr’dt’ de 4 ’ £

R TR T (R
X [VIS - (bﬁv + bﬁa + ‘LL)E}
+ K3 (1 - I,—) [bBE — (6 + p+ )

S

@)
K1) e - (-4 0]

The mathematical model system satisfies the following
relation at the equilibrium point.
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,’I*S*

A= pS S (B + B+ u) =T,
bp,E* bp.E*
O+ ptn) == vtp) ==

Putting all the above expressions in (2) we get,

av, 5*
k(1 =) [uSt IS — uS — IS
n 1( S)[u + 7 uS — yIS]

* r I*S*
+K2<1 —> 15~ (VE* >E}
(1) -

1" bp E*
+K4<1 —I—> bﬁaE—[;L*Ia]

5 —8)? S*
7)>,u +K; <1 — §> [yI*S* — yIS]

vio(1-EY s (5 e
2 E _/ E
" bB.E*
K1 —-=)|bBE——"2—1I
+ 3( Is) | ﬁs Is* :|
LA\ bBE*
Ki[1-"2)|bBE—2De 1,
+ 4( Ia) i [))a Ia* :|
v,  —Kju(s —S)*
d—;:%)Jrg(xl,xzam,M)
where
S E IY Ia kT ok
§:xl7E:x2aT:x3ala_*:x4aS[Y
=a, Sl =c, pbE* =d, f,bE* =f
and

1 1
— Kiya——Kiye—
X1 X1

g(x1,x2,x3,x4) = yKi(a + ¢ — ax1x3 + cx1xs)
+ Kyyaxs + cKihxy + Kyyp(axixs + cx1x4 — axp — cxp)

1 1
— K>y(ax,x3) n Kz"/(axlm);z + Kyya + Ky + Kidx;

X X
— K3dxs —K3dx—2+K3d+K4(fX2 —X4f) —K4fx—2
3 4

LK
= (=Kyya+ Kyya)xi1x3 + (—K1yc + Kaye)xixq + (K1ya — Kzd)xs
+x4(Kiye — Kaf ) + x2(—Kaa + Kof + Ksd) + Kiy(a + c)
1 1
—Kiyla+c );—sz(axlx; +CX|X4) +K2V( +¢)
1

CKd2 4 Kyd — Kyf 2 1 Kyf
X3 X4

To get the values of K1, K», K3, K4 we take the coefficients
of x1x3,Xx1x4, X4,X3, X, equal to zero and solve the algebraic
equations in K, K>, K3, K4. This gives

_ Kiye Kiya
K, = K;; K (K3 =
1 = K23 Kg = I 3 d
Choosing K; = K, =1, we get
1
g(xr,x2,x3,x4) = Va(3 B —)2)
X1 X2 X3

1 x
ref3- L _n)
X1 X2 X4
Since the arithmetic mean (A.M.) is greater than or equal to
geometric mean (G.M.), we have

L 0% 0 53 and —+)ﬂ+— >3,
X1 X2 X3 X2 X4
Finally, we get

dV1 (S*—S)z 1 X1X3 X2
b S val3—— 218822
dr S ptya X1 X2 X3

1
+~,c<3___w_&)
X1 X2 X4
. dv, :
Thus it is easy to observe that o <0 and the equality
dv
d—tl =0 hold only for x; =x; = x3 =x4 =1 for which
§= S*aE =FE' I = Is*ala =1".
From the LaSalle’s invariance principle (LaSalle 1976),

the equilibrium E; of the given system is globally
asymptotically stable for Ry > 1. O

Numerical simulation

Here numerical simulation is performed to support our
analytical results. Most of our parameter values are from
the reference Pongsumpun and Tang (2011), and the
remaining parameters we have assumed. Here it is noted
that all the parameters are in per day. The system (1) is
simulated for different sets of parameters using MATLAB.
In Fig. 2, we have shown stability of DFE (E;) using the
following parameter values:

A =3, u=0.00421, B, = 0.025, B, = 0.075,
y = 0.0001,5 = 0.2,v = 0.02, = 0.071,b = 0.4.

For this set of parameters, the basic reproduction number
Ry =0.8179 and the disease-free equilibrium point is
(300, 0, O, O, 0, 0).In Figs. 3 and 4, we have
shown stability of the Endemic equilibrium (E;) using the
following set of parameters:

@ Springer
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Fig. 2 Variation of S E I, I,, O, R showing the stability of disease
free equilibrium point
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Fig. 3 Variation of § and R showing the stability of endemic
equilibrium point

70} —lal |

— s

Populations

0 500 1000 1500
Time(in Days)

Fig. 4 Variation of E, I, I, and Q showing the stability of endemic
equilibrium point

A =17, p1=0.00421, B, = 0.025, B, = 0.075,y = 0.0001,

§=102,v=0.02,y =0.071,b = 0.4,y = 0.04227.

For this parameters, the basic reproduction number Ry =
2.0378 and the endemic equilibrium point is (354.43,
31.68, 41.14, 51.14, 36.74, 225.31). The effect of
o0 on equilibrium levels of I, and I;, are demonstrated in the
Figs. 5 and 6. It is observed that the equilibrium level of
infective population decreases with the increase in .
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Fig. 5 Variation of I; with time showing the effect of ¢
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Fig. 6 Variation of I, with time showing the effect of &

Optimal control problem

Here we extend our model (1) by incorporating two optimal
control parameters, namely, u#; and u,. The control u;(¢)
corresponds to the reduction in the transmission rate () and
the control u,(f) corresponds to the increase in the rate of
movement of symptomatic infectives to quarantine class.
Our main aim is to minimize the transmission rate between
susceptible individuals and infective individuals and also
maximize the rate of quarantine of symptomatic infectives
by adding additional time dependent rate u,(¢) with minimal
cost of controls. Both control functions are bounded and
Lebesgue integrable on the interval [0, #], where f; repre-
sents a pre-selected length of time during which these con-
trols are applied. Our u; and u; must be equal to one for
maximum control (effort). If #; and u, are equal to zero, then
there is no effort being placed in these controls at time t. The
optimal control system is given below:

B s (1w (32)
dE

5 = (L= (O)IS = (B, + B,)bE — pE (3b)
% = B.bE — (8 + ur (1)L — pds — nl (3¢c)
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dI,

Fr = B,bE — v, — ul, (3d)
d

2 — (54 w0+ vy — 10— 0 (3¢)
dR

5 = V0~ uR. (3f)

The objective functional for fixed duration of control # is
given below:

fr 1 1
J:/ <A1[s+A2[a+—C1u12+—C2M22>dt,
0 2 2

where the parameter A} >0, A, >0, ¢; >0, ¢, >0, and it
represent the weight constants.

Our objective is to find the control parameter u;* and
up*, such that J(u;*, up*) = miny, y,eco J(u1,uz), where Q is
the control set and is defined as Q = {u;,u, : measurable
and 0 <uy,u, <1 for 1 € [0,]}.

The Lagrangian of this problem is defined as:

*

1 2, 1 2
L(Is, I uy,u2) :Alls+A2Ia+§clu1 +502M2

For our problem, we formed Hamiltonian H as follows:

5,
' dr TP dr
d0 . dR

di,
g — + As— —
+4dt+ 5dt+ﬂ6dt’

H= L(Imlaaulyuz) +4

where 4;, i = 1-6 are the adjoint variables and are given by
the solution of the following system of differential
equations:

ah

& = a5 = Akt (L= (O (2 = 4a) (4a)
dJ OH
ﬁ = 5 = Jal+ Bblia — i) + Bbli2 — is)

(4b)
dis M

G = _a_lx =—A+ (1 - ul(t))ys(il - j'2) (4c)

+ (04 u2)(43 — As) + Aspu+ A3n
Ay OH

e

+ V(}v4 — /15) + }4‘[1

dZs oH
— == -/ A 4
i 20 (4s — 26)Y + A5 (4e)
die oH
= =) 4f
& R~ e (4f)
satisfying the transversality condition

Zi(ty) =0, fori=1,2,...6.

Let S, E, I, I,, O, R be the optimum values of S, E, I,
1,, O, R, and also let )71 )Tz )73 )L~4, }~5 i~6, be the solution
of the system. By using Pontryagin and Boltyanskii (1980)
and Pontryagin et al. (1962) we state and prove the fol-
lowing theorem:

Theorem 4 There exist optimal controls
such that
system (3).

Ml*,uz* cQ
J(ui*, up*) = miny, e J(u1,up) subject to

Proof To prove this theorem we use Pontryagin et al.
(1962). Here the state variable and the controls are positive.
For this minimizing problem, the necessary convexity of
the objective functional in (i, u,) is satisfied. The control
variable set 2, where u;,u; € 2 is also convex and closed
by the definition. The integrand of the functional

1 1
(Alls + Asl, +§clu12 —&—Eczuzz) is convex on the con-

trol set € and the state variables are bounded.

Since there exists an optimal control for minimizing the
functional subject to given mathematical model and adjoint
variables. To derive necessary condition and to find
optimal solution, we use Pontryagin’s maximum principle.

If (x, u) is an optimal solution of an optimal control
problem, then there exist a non-trivial vector function A =
M, A2, 43, . . ., A, satisfying the following inequalities.

dx o aH([,x7u,)u)

dr o4
0= OH (t,x,u, )
oA
di  OH(t,x,u,A)
de

With the help of Pontryagin’s maximum principle (Pon-
tryagin and Boltyanskii 1980) we proved the following
theorem: |

Theorem 5 The optimal controls (u1*,u*) which mini-
mize J over the region Q are given by

u* = min{1,max(0, iy )}
uy" = min{1,max(0, i)}
where

y(Lo + L)S(o — )
C1

uy =

(23— s)l
u2:(3 2s5)1s
2

Proof Using optimally condition:

oH oH
a_ul_oa 6_142_0’
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Jo — M )pST
& = and, w =
Ccq C2

(A3 —Is),

uy = = Uy

Again upper and lower bounds for these control are 0 and 1
respectively. i.e. uy =up, =0 if ;<0 and u; <0, and
uy =uy =11if u; > 1 and u, > 1, otherwise u; = u; and
uy = u. Hence for these controls u;*, u,* we get optimum
value of the function J. This completes the proof of the
theorem. O

Simulation of the optimal control model

The following set of parameters are used to simulate the
optimal control model. Here it is noted that most of the
parameters used here are same as the parameter values used
to get endemic equilibrium for the model (1).

A =17, 1=0.00421, B, = 0.025, 8, = 0.075,y = 0.0001,

§=102,v=0.02,y =0.071,b = 0.4,y = 0.04227.

The time interval for which optimal control is applied is
taken as 300 days. At first we solve the state equations by the
forward Euler method in the time interval [0, 300] starting
with an initial guess for the control. Then we solve the adjoint
system using the solutions of the state system and the
transversality conditions backward in time. The control
profile of u; (#) and u (¢) are shown in Figs. 7 and 8. Variation
of the symptomatic infective population with and without
optimal control is demonstrated in Fig. 9. From this figure,
one can see the significant decrease in the infective popula-
tion in presence of optimal control. From Figs. 7 and 8, it is
observed that the control u;(¢) is required more compared to
the control u; (¢). So in Figs. 10 and 11, we have tried to see
the effect of different values of weight constant ¢, on the
control profile u, () and the corresponding effect on the
symptomatic infective population /;. From these figures it is
observed that when we increase the weight constant C,, the

0.25

015 b

0.1} 1

0.05 i

0 50 100 150 200 250 300
Time(in Days)

Fig. 7 Control profile of u;
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Fig. 8 Control profile of u,
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cost of efforts increases and optimal control decreases,
leading to increase in the number of infectives due to
reduction in the intensity of intervention.

Conclusion

An epidemic model for transmission dynamics of Swine flu
disease is proposed and analyzed. There exist two equi-
libria, namely the disease-free equilibrium (DFE) and the
endemic equilibrium (EP). The DFE is globally asymp-
totically stable whenever the basic reproduction number R
is less than unity. The endemic equilibrium (EE) is also
globally asymptotically stable whenever it exists. Numer-
ical simulation is performed to support our analytical
results. Also it supports the fact that increase in the
parameter J (rate of quarantine) causes the decrease in the
equilibrium level of the infective population. Finally, we
extend our model to optimal control problem and analyze
it. Numerical simulation is extended to this model too to
see the effect of optimal controls. The symptomatic
infectives is plotted against time with and without optimal
control. The control profile for both the controls are
obtained and it is observed that optimal control gives better
result in reducing the number of infectives in desired time
interval. The effect of weight constant C, associated with
the optimal control parameter u, on the infectives are also
studied. Here it is noted that u,(¢) is the additional time
dependent rate of quarantine and increase in the cost of
quarantine leads to increase in the number of infectives.
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