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A B S T R A C T

This research article numerically studies the influences of an effective Prandtl number along with
magnetic field on the melting heat transport characteristics of Ethylene glycol/Water with
gamma Al2O3 nanoparticles over a stretching sheet. To analyse the impacts of effective Prandtl
number, the non-dimensional melting heat transfer boundary conditions are derived for the first
time with and without effective Prandtl number. A non-linear form of thermal radiation is used.
The experimental based thermo-physical properties of gamma Al2O3 nanofluids are considered.
The electric conductivities of Al2O3, water and ethylene glycol are used to calculate of effective
electric conductivity to study the magnetic field effects. Mathematical models are developed and
solved by numerical technique based on the Iterative Power Series (IPS) method with shooting
strategy. The numerical outcomes are discussed through plots and tables.

1. Introduction

The exploration on the topic of nanofluid heat transfer characteristics together with melting heat transport past a stretchable
surface has been considered by the recent researchers because of its applications in many engineering and industrial processes. The
Nanofluid concept was first proposed by Choi [1]. In recent decade, Nanofluids are used in industries to improve the thermal
performance of the thermal systems [2–21]. Different aspects on the boundary layer flow of nanofluids together with melting heat
transfer have been studied through similarity analysis [22–25]. In the above-mentioned similarity analysis, the governing PDE's along
with the boundary conditions have been converted to non-dimensional ODE's using appropriate transformations. The non-dimen-
sional form of melting heat transfer boundary condition depends on two parameters namely Prandtl number and Melting heat
parameter. In recent years, fractional model fluid flow problems are also studied by the following researchers [26,27].

The studies on the flow phenomena of γ Al2O3 nanofluids show its importance in cooling processes [28–37]. Moghaieb et al. [38]
used γ Al2O3eH2O nanofluid to cool an engine. The studies of Vishnu Ganesh et al. [39] and Rashidi et al. [40] reported that the flow
characteristics of γ Al2O3 nanofluids over stretchable surface through similarity solutions. They used experimental based thermo
physical properties in their studies. Rashidi et al. [40] considered an effective Pr on the flow of γ Al2O3 nanofluid and obtained some
significant results on the temperature of γ Al2O3 nanofluids. Vishnu Ganesh et al. [41] investigated the non-linear thermal radiation
effects on Marangoni boundary layer of γ Al2O3 nanofluids with effective Pr. Currently, Vishnu Ganesh et al. [42] analysed the
magnetic field effects on the Marangoni boundary layer of γ Al2O3 nanofluids in the presence of effective Pr.

This work is devoted to derive the melting heat boundary condition for γ Al2O3 nanofluids with an effective Pr model. The
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numerical results are discussed for γ Al2O3 nanofluids over a stretching sheet.

2. Formulation of the problem

Consider a 2D incompressible, laminar and steady state boundary layer flow of water/ethylene glycol based γ Al2O3 nanofluids
towards a horizontal stretching sheet under the influence of thermal radiation. The physical model of the flow is shown in Fig. 1. The
following assumptions are considered to develop the mathematical model:

(i) It is assumed that the sheet is stretching in the velocity uw(x)= ax, where a is a constant.
(ii) The applied transverse magnetic field strength is B0 in which the electric field and magnetic Reynolds number are negligible.
(iii) The temperature in the free-stream condition (T∞) is greater than the temperature of the melting sheet (Tm).
(iv) A thermal equilibrium state has been assumed between the base fluids and nanoparticles. Considering the above assumptions,

the governing equations with thermo-physical properties of nanofluids (Table 1.) can be written as
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The no-slip boundary conditions for flow over stretching sheet with melting heat transfer are
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Where u and v are the velocity components along the axis x and y, respectively, qr is the radiative heat flux, is the latent heat of the
fluid and cs is the heat capacity of the solid surface. Equation (4.1) shows the relation between the heat conducted to the melting

Fig. 1. Physical model and coordinate system.

Table 1
Thermo physical properties of water, ethylene glycol and alumina.

ρ (kg/m3) Cp (J/kg K) k (W/m K) σ (Ω. m)−1 Pr

Pure water (H2O) 998.3 4182 0.60 0.05 6.96
Ethylene glycol (C2H6O2) 1116.6 2382 0.249 1.07× 10−7 204
Alumina (Al2O3) 3970 765 40 10−12 –
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surface, the sensible heat mandatory to enhance the temperature of the solid T0 and the melting temperature Tm of the solid surface.
The radiative heat flux in non-linear form (Rosseland approximation) is given by Refs. [43,44].
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where k is the Stefan- Boltzman constant and also is the mean absorption coefficient.
Now Eq. (3) can be expressed as

+ + =v T
y

u T
x y

k
C

T
C k

T
y( )

16
3 ( )

0.nf

p nf p nf

3

(6)

The relationships between the effective dynamic density ( )nf , the heat capacitance C( )p nf , the effective electric conductivity

( )nf

f
, dynamic viscosity

µ
µ
nf

f
, effective thermal conductivity ( )k

k
nf

f
and effective Pr ( )Pr

Pr
nf

f
are given as follow [28–31]:

= = = +
+

( )
( ) ( )C C C(1 ) 0, ( ) (1 )( ) ( ) 0, 1

3 1

2 1
,nf f s p nf p f p s

nf

f

s
f

s
f

s
f (7)

= + +
µ
µ

123 7.3 1, (for Al O Water),nf

f

2
2 3

(8)

= +
µ
µ

306 0.19 1, (for Al O Ethylene glycol),nf

f

2
2 3

(9)

= + +
k
k

4.97 2.72 1, (for Al O Water)nf

f

2
2 3

(10)

= + +
k
k

28.905 2.8273 1 , (for Al O Ethylene glycol),nf

f

2
2 3

(11)

= + +
Pr
Pr

82.1 3.9 1, (for Al O Water),nf

f

2
2 3

(12)

= +
Pr
Pr

254. 3 3 1, (for Al O Ethylene glycol),nf

f

2
2 3

(13)

where is the solid volume fraction of nanofluid.
By applying the similarity transformations.
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the governing boundary layer equations (2) and (6) take the following non-dimensional form
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The skin friction coefficient Cf, is given by
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Using Eqn. (14), the skin friction can be derived as
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Using the similarity transformations (14), we derived the following Nusselt number
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3. Numerical method for the solutions

The transformed governing boundary layer equations in (15)–(17) with the corresponding no-slip and melting heat boundary
conditions in (18) and (18.1) are solved using the Iterative Power Series (IPS) Method along with a shooting technique [45,46]. The
BVP is initially converted into an IVP and then the IVP is solved numerically by taking the step size of = 0.01 with = 20, where

represents the infinity in the domain. The solutions are obtained with the convergence criterion of 10−8 in all cases.

4. Results and discussion

Before solving the present problem using above numerical scheme, a code validation has been made with Hamad [2] for the clear
fluid case. The results obtained for (0) are in good agreement which is tabulated in Table 2. In order to know the significance of
the effective Pr on the melting heat boundary condition, the above numerical procedure is applied to find the numerical solutions of
transformed governing boundary layer equations with the corresponding no-slip and melting heat boundary conditions. The nu-
merical results are plotted to understand the importance of physical parameters on the velocity and temperature profiles, skin friction
coefficient and reduced Nusselt number for both the cases with effective Pr and without effective Pr. The nanofluids considered in the
study are γ Al2O3-Water and γ Al2O3- Ethylene glycol and the Prandtl numbers are fixed as 6.96 and 204 for the base fluids water and
ethylene glycol respectively. In all graphical illustrations, the solid lines are used to represent the with effective Pr case and the
dashed lines are used to represent the without effective Pr case.

The effects of ϕ and Mn on the velocity profile of the nanofluids γ Al2O3 - Water and γ Al2O3 - Ethylene glycol are depicted in
Fig. 2(a)and (b) respectively. It can be seen that an increment in ϕ accelerates the velocity profile and the increasing values of Mn
decelerate the velocity profile of the nanofluids in both the cases with and without effective Pr. On comparing theses figures, a greater
velocity profile is observed for γ Al2O3- Ethylene glycol. The presence of effective Pr leads to increase the nanomomentum boundary
layer thickness.

It is worth mentioning that our intensive simulations show that M Mn, and Rd have similar effect on the temperature profile of
nanofluids, . Therefore, we will discuss only the effect of Mn. Fig. 3(a)and (b) show the effect of Mn on the temperature profile of γ
Al2O3-Water and γ Al2O3- Ethylene glycol nanofluids respectively with melting heat transfer. It is clear that an increment in the Mn
increases the nanothermal boundary layer thickness. This is because, the increasing values of Mn leads to increase B0. Due to the
increase of B0, a force called Lorentz force is generated in the flow region which leads to increase the thermal boundary layer
thickness. The temperature of γ Al2O3-Water is higher than γ Al2O3- Ethylene glycol. It is also noted that the effective Prandtl number
has a significant effect on the temperature profile. The inclusion of effective Pr increases the nanothermal boundary layer thickness of
γ Al2O3- Ethylene glycol nanofluid and decreases the nanoboundary layer thickness of γ Al2O3- Water nanofluid.

The effect of ϕ on the temperature profile is shown in Fig. 4(a)and (b). It is observed that the increasing values of nanoparticle
volume fraction parameter (ϕ) increase the temperature profile and decreases the nanothermal boundary layer thickness for γ Al2O3-
Water nanofluid (Fig. 4(a)). The nanoparticle volume fraction parameter shows a notable result on the temperature of γ Al2O3-
Ethylene glycol nanofluid. The increasing values of ϕ enhance the temperature profile in the presence of effective Pr and diminish the
temperature profile in the absence of effective Pr. On observing theses figures, it is noted that the nanothermal boundary layer
thickness of γ Al2O3-Water decreases in the absence of effective Pr and the nanothermal boundary layer thickness of γ Al2O3- Ethylene
glycol increases in the absence of effective Pr.

The variation of skin friction coefficient withMn and ϕ for γ Al2O3-Water and γ Al2O3- Ethylene glycol nanofluids in both cases with
and without effective Pr is shown in Fig. 5(a)and (b). The magnitude of skin friction coefficient increases with Mn and ϕ. It increases
for γ Al2O3- Ethylene glycol and decreases for γ Al2O3- Water in the presence of effective Pr.

Fig. 6 (a) & 6(b) display the variation of reduced Nusselt number of γ Al2O3-Water and γ Al2O3- Ethylene glycol nanofluids with
magnetic parameter and melting heat parameter. The magnetic parameter is taken as x - axis and the reduced Nusselt number is taken
as y- axis. It is observed that the magnitude of reduced Nusselt number increases withMn andM for both γ Al2O3 -Water and γ Al2O3 -
Ethylene glycol nanofluids. The magnitude of reduced Nusselt number is higher for γ Al2O3 - Ethylene glycol and also it is higher in the
presence of effective Pr.

Table 2
Comparison of results for -θ′(0).

Pr Hamad (2011) Present results (ϕ = 0, Mn = 0, Rd = 0 and M = 0)

0.2 1.16909 0.16908858
2 0.91136 0.91135764
7 1.89540 1.89540311
20 3.3539 3.35390647
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Fig. 2. Effects of nanoparticle volume fraction (ϕ) and magneitc parameter (Mn) on velocity profile with Rd=2.5, θw= 1.5 and M=2 (a) γ Al2O3

− H2O with Pr=6.96 (b) γ Al2O3 − C2 H6O2 with Pr=204.

Fig. 3. Effect of magneitc paramete (Mn) on temperature with ϕ =0.1, Rd=2.5, θw= 1.5 and M=2 (a) γ Al2O3 − H2O with Pr=6.96 (b) γ Al2O3

− C2 H6O2 with Pr=204.
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5. Conclusion

In the present research, the influences of an effective Prandtl number on the melting heat transfer of Water/Ethylene glycol based
γ Al2O3 nanofluids over a stretching sheet with magnetic field effects are investigated. Melting heat transfer boundary condition is
derived in the presence of effective Pr. Numerical solutions are obtained for the governing ODE's using the IPS method with shooting
technique. The significant results noticed from the present study are as follows:

➢ The consideration of effective Pr leads to increase the thickness of Nano-momentum boundary layer.
➢ The presence of effective Pr increases the nanothermal boundary layer thickness of γ Al2O3 - Ethylene glycol nanofluid and de-

creases the nanoboundary layer thickness of γ Al2O3-Water nanofluid.
➢ The nanothermal boundary layer thickness of γ Al2O3-Water decreases in the absence of effective Pr and the nanothermal

boundary layer thickness of γ Al2O3 - Ethylene glycol increases in the absence of effective Pr.
➢ The increments in melting parameter decrease the temperature profile and increase the thickness of the nanothermal boundary

layers of γ Al2O3-Water and γ Al2O3- Ethylene glycol nanofluids.
➢ The magnitude of skin friction coefficient increases for γ Al2O3- Ethylene glycol and decreases for γ Al2O3-Water in the presence of

Fig. 4. Effect of nanoparticle volume fraction parameter (ϕ) on temperature with Mn=4, Rd=2.5, θw= 1.5 and M=2 (a) γ Al2O3 − H2O with
Pr=6.96 (b) γ Al2O3 − C2 H6O2 with Pr=204.

Fig. 5. Effect of magnetic parameter (Mn) and nanoparticle volume fraction (ϕ) on local skin friction coefficient with θw= 1.5, Rd= 2.5 and M=2
(a) γ Al2O3 − H2O with Pr=6.96 (b) γ Al2O3 − C2 H6O2 with Pr=204.
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effective Pr.
➢ The magnitude of reduced Nusselt number increases with magnetic parameter and melting parameter and decreases with na-

noparticle volume fraction parameter and radiation parameter for both γ Al2O3-Water and γ Al2O3- Ethylene glycol nanofluids.
➢ Both nanomomentum and nanothermal boundary layers can be controlled by effective Pr.
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