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Abstract: The initial-boundary value problem for a
pseudo-parabolic equation exhibiting initial layer is
considered. For solving this problem numerically independence of the perturbation parameter, we propose a
diﬀerence scheme which consists of the implicit-Euler
method for the time derivative and a central diﬀerence
method for the spatial derivative on uniform mesh. The
time domain is discretized with a nonuniform grid generated by equidistributing a positive monitor function.
The performance of the numerical scheme is tested which
conﬁrms the expected behavior of the method. The existing method is compared with other methods available in
the recent literature.
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1 Introduction
This paper concerns with the following singularly perturbed pseudo-parabolic initial boundary value problem
S
(IBVP) in the domain D = Ω [0, T], Ω = (0, l), D =
S
Ω (0, T],
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(1.1)
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s(x),
x
∈
Ω,





u(0, t) = u(l, t) = 0, t ∈ (0, t],
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+
. Here ε is a small positive
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parameter.
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Singularly perturbed pseudo-parabolic problems
arise in the various ﬁeld of Physics, Mechanics applied
Mathematics. Typical models include problems such
as ﬂuid ﬂow in ﬁssured porous media, the emission of
radiation from a gas, ﬂow of second-order ﬂuids. etc, [24].
The study of pseudo-parabolic problems is important
because one can relate the solution of the parabolic
IBVP with the limit of some sequence of solutions of the
corresponding pseudo-parabolic problems [19, 23]. The
existence and uniqueness results have been extensively
studied for pseudo-parabolic equation [11, 15].
The equation (1.1) is an example of Sobolev equation
characterized by having mixed time and space derivatives
appearing in the highest order terms. These type of problems were ﬁrst studied by Sobolev. Ewing [11] gave a diﬀerence scheme to solve the pseudo-parabolic equation and
proved its convergence in L2 − norm with an (△x2 + △t2 )
discretization error. Grubb and Solonnikov [14] developed
a method to overcome the degeneracy of parabolic problem by transferring the model to pseudo-parabolic nondegenerate problems. Various types of numerical methods
for a parameter-free version of IBVP(1.1) has been studied
by many researchers. Very limited literature exists [1, 3] for
the problem of type (1.1) with the presence of the parameter ε which makes it singularly perturbed in nature. Singularly perturbed problems are more intrinsic and challenging due to the layer behavior of the solution. Duru [10]
analyzed Sobolev type equations involving a single space
variable through a ﬁnite-diﬀerence method to tackle the
boundary layers. Amiraliyev et. al. [2] developed parameter uniform method for IBVP(1.1) on the standard Shishkin
mesh [12, 17]. But to generate the Shishkin mesh, one
needs to have aprior information about the location and
the width of the layers. It is always desirable to provide
an eﬃcient numerical method in the simplest way. In order to serve this purpose, we have developed a ﬁnite difference scheme on a nonuniform mesh which is generated
adaptively using equidistribution principle. One may refer
[4, 13] and the references therein for more details on this
argument. The nonuniform mesh is so generated that we
hardly need any aprior information of the solution which
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is the advantage over the method discussed in [2]. The proposed scheme consists of the central diﬀerence scheme for
the spatial derivative on an uniform mesh and implicit Euler scheme for the time derivative on an adaptively generated nonuniform mesh. The fully discrete scheme for IBVP
(1.1) is analyzed on the adaptive grid. It is shown numerically to be uniformly convergent with respect to ε, however
the detailed converengence analysis theoretically is yet to
be done. Comparison results are shown which ensures the
eﬃciency of the proposed scheme.
Notations: ‘C’ has been used as a generic positive constant
which is independent of ε, the mesh points and the mesh
size throughout this paper.

where α0 = 21 λ0 and



α,





1 ∂b
λ0 =
−2 2
αl
π
+
min
c
−


2 ∂x

D


,
1 + l−2 π 2


1 ∂b
α ≤ min c −
;
2 ∂x
D





1 ∂b
α > min c −
.
2 ∂x
D

Proof: The proof follows from the idea given in Lemma 2.1
and Lemma 2.2 of [2].
The above bounds are are needed for the convergence
analysis. It is important to observe that the second order
derivative with respect to time is used for generating the
nonuniform mesh. The diﬀerence scheme and the idea of
generating the nonuniform mesh is discussed in the following section.

2 Analytic behaviour of solution
Here, in this section we deal with the analytical properties of the exact solution which are needed later in the the
study for the numerical aspects.
We assume that the functions a(x, t), b(x, t), c(x, t),
f (x, t) and s(x) are suﬃciently smooth functions satisfying
certain regularity conditions with a(x, t) ≥ α > 0. At the
two corner points (0, 0) and (l, 0), the functions s(x) and
f (x, t) also satisfy the compatibility conditions given by:
s(0) = 0, s(l) = 0

(2.1)

3 Discrete problem and the
adaptive grid
We discretize the spatial mesh with uniform spatial step h
such that
Ω N = {x i = ih, i = 0, 1, 2, . . . N, h = l/N }
where N is the number of subdivisions in space. Consider
the ﬁnite diﬀerence approximation of time domain [0, T]
on a nonuniform mesh

and
∧M


t = { 0 = t 0 ≤ t 1 ≤ . . . ≤ t M = 1} ,

ds(0)
ds(0)
∂


+ b(0, 0)
+ cs(0) = f (0, 0),
 − ∂x a(0, 0) dx
and the step size is
dx


(2.2)

∂
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τ j = t j − t j−1 , j = 1, ..., M.

 −
+ cs(l) = f (l, 0).
a(l, 0)
+ b(l, 0)
∂x
dx
dx
Furthermore, denote v(x i , t j ) = v ji , deﬁne the backward,
Assuming (2.1) and (2.2) hold true, the IBVP (1.1) admits a forward and central operators in space by
solution which possesses exponential layer for small valv j − v ji
v j − v ji−1
v j − v ji−1
ues of ε along the line t = 0 (refer [2]).
D+ v ji = i+1
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,
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h
h
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and second order approximation is given as
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Under these assumptions, the solution u(x, t) of (1.1) satisﬁes the following inequalities:
The ﬁnite diﬀerence scheme for approximating (1.1) takes
l+m
the following form: For j = 1, 2, . . . , M:
∂ u

≤ Cε−l , (x, t) ∈ D, l = 0, 1, 2; m = 0, 1, 2.
− j
+ j
− j
M
− − + j
l
m
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Moreover,
+b i D0 U i + c i U i = f i , i = 1, 2, . . . N − 1,


N
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U i0 = s(x i ), x i ∈ Ω ,

≤ C 1 + ε−l exp(−α0 t/ε) ,


l
m

∂t ∂x 0
 j
U0 = U Nj = 0, t j ∈ ∧M
t ,
t ∈ [0, T], l = 1, 2; m = 0, 1, 2,
(3.1)
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where a ji−1/2 = a(x i − 2h , t j ).
In order to obtain ε-uniform convergent diﬀerence
scheme, we need to use the appropriate nonuniform mesh.
We need to have a priori idea to generate S-mesh and BS-mesh [7, 18, 22]. Here, we have used another kind of
nonuniform mesh i.e. adaptive grid for which we do not
need to have the a priori knowledge of the location and
the width of the layer. Adaptive grid is such a nonuniform
mesh which is obtained using the idea of equidistribution of a positive monitor function. A grid ∧M
t is said to be
equidistributing, if
Zt j

t j−1



Θ u(x m , s), s ds =

Zt j+1
tj


Θ u(x m , s), s ds,

j = 1, . . . , M − 1,
(3.2)

where M u(x, t), x > 0 is a strictly positive, L1 -integrable
function. Equivalently,
Zt j

t j−1


1
Θ u(x m , s), s ds =
M

Z1
0


Θ u(x m , s), s ds,

j = 1, . . . , M − 1.

(3.3)

Here, we consider the following monitor function

Θ u(x m , s), x = 1 + |u tt (x m , s)|1/p , p ≥ 2.

(3.4)

for j = 1, . . . , M − 1.

The discrete problem (3.1) and the equation (3.2) with
the help of above equation are to be solved simultaneously
to obtain the desired solution and the nonuniform grid.
This approach is also used by many researchers for different class of problems (refer [9, 13, 16]). Recently Shakti
and Mohapatra used this approach to solve nonlinear singularly perturbed problems [20, 21].
Many adaptive mesh generation based method have
been developed for the several parabolic problem [5, 6, 8].
We use the following adaptive algorithm to generate the
nonuniform mesh.

j,(k)
crete solution is calculated U m
at x m = mh from the
discrete problem.
Step 3: Compute the discretized monitor function Θ j,(k)
m .
Now

 j−1,(k)
+ Θ j,(k)
j,(k)
(k) Θ m
m
lm = τj
for j = 1, . . . , M,
2
− + j,(k) 1/p
where Θ j,(k)
and set Θ0,(k)
= Θ1,(k) ,
m = 1+[δ δ U m ]
PMm j,(k) m
j,(k)
M,(k)
M−1,(k)
Θm
= Θm
, L0 = 0 and L m := j=1 l m .
Step 4: Let C0 be a constant (usually chosen by the user
with C0 > 1). If,

C
max l j,(k)
m
≤ 0,
M
LM
m
then go to Step 6, else continue to Step 5.
Step 5: The new mesh can be generated through the
equidistribution of the proposed monitor function
using the current computed solution from Step 2
j,(k)
M,(k)
= jl m
/M for
from Step 3. Set Y m
and Θ j,(k)
m
(k) (k)
(k+1)
, Ym
(t j )) to
j = 0, · · · , M. Now interpolate (t j
j,(k)
(t(k)
j , l m )) using the piecewise linear interpolation.

. . . < t(k+1)
= 1} and return to Step 2.
M

Step 6: Set t* = {t0 , t1 , . . . , t M } = t(k+1)
and U = U ij,(k) ,
j
where U is the desired solution and t* is the desired
nonuniform mesh capturing the layer. STOP.
From the idea of [2] and [8], we can state the following result.
Proposition 3.1. Let u(x i , t j ) and U N,M (x i , t j ) be the exact
solution and the numerical solution obtained by the proposed scheme on the adaptive grid (deﬁned in Section 3)
respectively. Then, there exists a constant C such that the
following bounds holds:
max
(x i ,t j )∈G

where G

N,M

N,M

|u(x i , t j ) − U N,M (x i , t j )| ≤ C(N −2 + M −1 ),
N

= Ω × ∧M
t .

4 Numerical results and discussion
This section provides some numerical results to show the
applicability and eﬃciency of the proposed scheme.

Adaptive Algorithm
Step 1: Let us consider the starting mesh {t(0)
j
0, 1/M, 2/M, . . . , 1} as the uniform mesh.

Step 2: For k = 0, 1, . . . assuming {t(k)
j } is given, the dis-

=: {0 = t(k+1)
< t(k+1)
<
Generate a new mesh t(k+1)
0
1
j

Let us ﬁxed the spatial nodal point x m , since the boundary layer exhibits near t = 0 and has no role in the spatial
component. One can refer [4] to see the eﬀect of increasing
‘p’ to smoothen the monitor function.
In order to compute the approximation of

Θ u(x m , t), t at some ﬁxed space level x m = mh,
0 ≤ m ≤ N, we assume
j 1/p
| ,
Θ j = 1 + |δ− δ+ U m
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u(x, 0) = sin(πx) − 0.5x2 (1 − x),





u(0, t) = u(1, t) = 0, t ∈ [0, 1].

x ∈ (0, 1),

max
(x i ,t j )∈G

N,M

|u(x i , t j ) − U N,M (x i , t j )|,
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Figure 1: Mesh movement with ε = 10−2 , x m = 0.5, N = 10 and
M = 20
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Figure 2: Numerical solution with ε = 10−2 for Example 4.1
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Figure 3: Numerical solution with ε = 10−4 for Example 4.1

and the corresponding rate of convergence is deﬁned by,
 N,M 
Eε
r N,M
= log2
.
ε
E εN,2M

0
0

0.8

0.2

The exact solution is given by u(x, t) = 21 x2 (1 − x) +
2
exp( tπε ) sin(πx). For each value of ε, N and M, we calculate the maximum point-wise error by
E N,M
=
ε

1

u

Example 4.1. Consider the following test problem:

∂3 u
∂u ∂2 u
π4 2

4

−ε
+
ε
+
π
u
=
−
x (1 − x) + 1 − 3x,


∂t ∂x2
2
∂t∂x2



(x, t) ∈ (0, 1) × (0, 1],

1

Figure 1 shows the movement of mesh points towards
the initial layer. It can be observed that the mesh points
start moving towards the initial layer and the ﬁnal mesh is
dense near the layer. In Figures 2 and 3, the numerical solution is plotted with N = 20 and M = 40 for ε = 10−2 and
ε = 10−4 respectively, which clearly shows the existence of
the initial layer near t = 0. The computed maximum pointwise errors and the corresponding rate of convergence for
Example 4.1 on adaptive grid are precisely presented in
Table 1. Clearly, from the results given in Table 1, we observe that the computed maximum errors decrease monotonically as M increases and is independent for suﬃciently
small values of ε. This ensures that the proposed scheme
is parameter uniform. In order to show the eﬃciency of the
proposed scheme, the results obtained by the proposed
scheme is compared with the results given in [2] in Table 2.
From this comparison, it is evident that the error obtained
in the proposed scheme is less whereas the corresponding
rate is more as compared to the result of [2]. The numerical
outcome indicates that the method yields highly accurate
results and is computationally more eﬃcient.
In this article, we propose a numerical method to solve
one-dimensional singularly perturbed pseudo-parabolic
problem with initial layer of the form (1.1). We develop
the method for solving this problem, which generate parameter uniform convergent approximation to the solution. To discretize the domain, we use nonuniform adaptive grid obtained by equidistribution of a positive monitor function in the temporal direction which is ﬁtted to
the initial layer and uniform mesh in the spatial direction.
First, we use the backward Euler method for the discretization of time derivative and a central diﬀerence scheme for
the spatial derivatives. The detailed theoretical analysis
and the error bound is yet to be obtained. The proposed
scheme having an advantage over the scheme proposed
in [2] where we need to know about the prior information
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about the location of the layer to construct the nonuniform
mesh. Numerical experiments are carried out to show the
eﬃciency and accuracy of the proposed method.
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ε
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ε
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