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tiveness of our results.

Abstract In this paper, we have considered a mathematical model of commensalism between two
species (S and S,) with a limited resource of food, in addition the paper also highlights how the
commensal and host species are harvested. The model is characterized by a couple of first order
non-linear differential equations. Here, the stable equilibrium point is identified and its stability
(both local and global) criteria are discussed (both analytical and numerical). An optimal harvesting
strategy is being conversed using Pontriyagin’s maximum principle. We have explored the stochastic
stability by finding the corresponding variances. Finally numerical simulations illustrate the effec-
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1. Introduction

Ecology is the study of relationships between living organisms
and their environment. Research in the area of theoretical ecol-
ogy was started by Lotka [10] and Volterra [19]. Since then
many mathematicians and ecologists have contributed to the
growth of this area creating awareness as reported in the
dissertations of Meyer [11], Cushing [4], Paul Colinvaux [14],
Kapur [5,6], etc. The ecological interactions can be extensively
classified as ammensalism, neutralism, commensalism,
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competition, predation, and so forth. Srinivas [17] deliberated
competitive eco-system of two species and three species with
limited and unlimited resources. Later, Lakshminarayan and
Pattabhiramacharyulu [8.9] premeditated prey predator eco-
logical models with a partial cover for the prey and alternate
food for the predator. In recent times stability analysis of com-
petitive species was carried out by Archana Reddy et al. [1] and
Sharma and Pattabhiramacharyulu [2], whereas Ravindra
Reddy [16] investigated mutualism between two species. In
1996, Mesterton-Gibbons [12] described the skills to find the
finest harvesting strategy for a Lotka—Volterra eco-system of
two independent inhabitants. He also advocated that the tech-
nique may be extensively applicable in ecological modeling and
other recent claims. In 2009, Phanikumar et al. [15] inspected
the stability conditions for a mathematical model of commen-
salism between two species S; and S, with limited resources;
the linearized disturbed equations are solved and the trajecto-
ries are illustrated. In 2005, Kar and Swarnakamal [7] pro-
posed a prey predator model in a two patch environment: 1.
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Nomenclature

X biomass density of commensal species
y biomass density of host species

S commensal species

S, host species

a;, i = 1,2 natural growth rates of S;

a;, i = 1, 2 of decrease in S; due to limitations of natural

resources
aps commensal coefficient

7 represents the catchability coefficient of S; species
E, effort applied to harvest the S; species

Accessible to both prey and predators (patch 1) and 2. Being a
refuge for the prey (patch 2). They assumed that the prey ref-
uge (patch 2) constitutes a reserve zone of prey and fishing is
not permitted, while the unreserved area is an open-access fish-
ery zone. The existence of possible steady state points along
with their local and global stability is discussed. They also
examined the possibilities of the existence of bionomic equilib-
rium. Phanikumar et al. [15], Kar and Swarnakamal [7], and
Carletti [3] inspired us to consider a commensalism model,
incorporating harvesting in commensal species with a stochas-
tic term. The present exploration is devoted to the analytical
and numerical comparisons of commensalism with harvesting
for commensal species. This also includes stochastic immov-
ability. Two species commensalism is an ecological relation-
ship between two species where one species S| derives benefit
from the other species S; which would not get affected by it.
S1 may be referred as the commensal species, while S is the
host. Some of the examples are cattle Egrat, Anemonetish,
Barnacles, etc. The host species S| supports the commensal
species S; and has its own natural growth rate in spite of a sup-
port apart from S,. The commensal species S; in spite of the
limitation of its natural resources flourishes drawing strength
from the host species S,. The model is characterized by a cou-
ple of first order non-linear differential equations. All the four
steady state points of the system are recognized and their sta-
bility analysis is carried out. It is detected that the co-existence
state is the only stable state that pertains to specified clauses.
However, the other three steady states are unstable.

2. Basic mathematical model

(dx)/(dt) = x[(a1 — g, E1) — anx + any| (2.1)

(dy)/(dt) = ylaz — axny] (2.2)

where x(7) represents the biomass density of commensal species
S, ¥(¢?) represents the biomass density of host species S5. a;,
i = 1, 2 represents the natural growth rates of S;. a;, i = 1,
2 represents the rate of decrease in S; due to limitations of nat-
ural resources. a;, represents the commensal coefficient. ¢; rep-
resents the catchability coefficient of Sy species. E; represents
the effort applied to harvest the S; species. Throughout our
analysis, let us assume that

ar—q,Er >0 (2.3)

3. Analysis of steady states

The possible equilibrium points are £, (0,0), (%, 0), E5(0,7),
and E4 (x7,p").

Case (i): E; (0,0): This equilibrium point always exist.
Case (ii): E»(%,0):
Here X, is the positive solution of (dx)/(dt) = 0, which gives

x=[1/(an)|(a1 — ¢, Er) (3.1)

Clearly we observe that (3.1) is positive due to inequality
(2.3).

Case (iii): £5(0,7):

Here y is the positive solution of (dy)/(dt) = 0, which gives

V= a/(an) (32)

Case (iv): E4 (x",»") (The interior equilibrium):
Here x™ and y" are positive solutions of (dx)/(df) = 0 and
(dy)/(dt) = 0, which gives

V' =a/(axn) (3.3)

x' = [1/(an)][(ar — g, Ev) + [(a2a12)/ ax]] (3.4)

Clearly we have identified that (3.4) is positive due to the
inequality (2.3).

4. Local stability

To determine the local stability character of the interior equi-
librium E,(x",y"), we compute the variational matrix about Ej.

J(x, ) = ay = 2anx +apy +anz — g, Ey apXx
) 0 ay — 26122}’

(4.1
The characteristic equation of (4.1) at the interior equilibrium
Ey (x",y) is
(anx™+ 2)(any" + 1) =0 (4.2)
The roots 4 = —ayx: ir = fazzy* of the Eq. (4.2) are both
negative. Hence the steady state 1is stable. Since

}.1 + /12 = —(a”x* + Clzzy*) < 0and /11)»2 = —a“azzx*y* > 0,
E4 (x",y") is locally asymptotically stable.

5. Global stability

Theorem: The equilibrium point E, (x",y") is globally asymp-
totically stable.
Proof: Let us consider the following Lyapunov function

Vix,y) = [(x = x7) = x"In(x/x)] + 4{(y = »") =" In(y/y")]

where /; is the positive constant.

(@Nidn) = [(x = x")/xlldx/d] + LIy — y))/ylldy/dnl;
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(dV)/(df) = (x = x(anx" —ay’) +
hy—vy )(azzy — any);

@njdn = (x - x N=an(x — x) + apy —y)] +
Ly = y)l=ax(y —y ).
By choosing /; = 1/(as,), we get,
@idn = —an(x — X*) +oan(x - ’C*)(y y*) -0 y*)

@i(dn = —[an(‘C—X) —auz(x—X)(y )= y)]
which is in the form of —XT AX, where X” = (x —x"  y—");

1= (L ")

The equilibrium point E4 (x", ") is globally asymptotically
stable when (d7)/(dt) < 0. This is possible only when the ma-
trix A is positive definite, i.e. all principal minors of 4should be
positive. Obviously the principal minors M; =|1 and
M, =l ayl of A are positive. Hence the equilibrium point E,
is globally asymptotically stable.

(—anx + apy)] +

6. Bionomic equilibrium

In Section (2), we have already discussed about the biological
equilibrium. Now, we discuss about the bionomic equilibrium
which is the combination of biological and economic equilib-
ria. Let ¢; be the constant fishing cost per unit effort and p,
be the constant price per unit biomass of commensal species.
Then the economic rent (or) net revenue at any time is given by

R=(pig,x—a)E (6.1)

The bionomic equilibrium ((xX)os, ()oo> (E1)s0) is obtained from
the equations

ar(x), — an(x)% + an(x) (v — @ Ei(x), =0 (6.2)
az()’)oc - azz(y)ic =0 (6.3)
R=(p1q,(x)y, —c1)(E1),, =0 (6.4)

If ¢; < p191(X), 1.€. if fishing cost is less than the revenue, i.e.
if the net revenue is positive, then the fishery will be in
operation.

From (6.2)-(6.4) we get,

(X) = a1/ (P141) (6.5)
(1) = @2/ (a) (6.6)
(E1)y = M/ aqllar = [(anc1)/(prg))] + [(ar2az) /ax]] (6.7)

For (E))s to be positive, we must have

ay+ap(y), > an(x), (6.8)

The non-trivial bionomic equilibrium point ((X)sc, (V)oos (E£1)s0)
exists if (6.8) hold. If (E;) > (E})«, then the total cost utilized
in harvesting the fish population would exceed the total reve-
nues obtained from the fishery. Hence some of the fisherman
would be in loss and naturally they would withdraw their par-
ticipation from the fishery. Hence (E;) > (E}),, cannot be
maintained indefinitely. If (E;) < (E1)s, then the fishery is
more profitable, and hence in an open access fishery, it would

attract more and more fisherman. This will have an increasing
effect on the harvesting effort. Hence (E;) < (E})s also cannot
be maintained indefinitely.

7. Optimal harvesting policy

In this section, we study optimal harvesting policy of the sys-
tem (2.1) and (2.2). We employ the Pontryagin’s maximum
principle to obtain the path of optimal harvesting policy.

We consider the following present value Jof a continuous
time-stream

J= / P(x,y, E)e™"dt (7.1)
0

where P is the net revenue given by
P(x,y, E) = (p1q;1x — c1) Ey (7.2)

Here, 0 is the instantaneous annual discount rate. The aim of
this section is to maximize Jsubject to the state Eqgs. (2.1) and
(2.2). Firstly, we construct the following Hamiltonian function

H= e_‘j’(plq]x — Cl)El + j.] [CIIX — CZIIXZ + apxy
— ¢ Eyx] + Aalary — axy’] (7.3)

where 4, 45, 43 are adjoint variables.
E, is the control variable satisfying the constraint

0< E < (E) (7.4)

max

and the switching function is given by

o(1) = e (pgix = ¢1) = gy (7.5)

Now, we aim to find an optimal equilibrium ((x)se, (1)so»
(E1)s0) to maximize the Hamiltonian A. Since the Hamiltonian
H is linear in the control variable E;, the optimal control can
be extreme control (or) the singular control, thus we have

(E\) = (E)),,, Where ¢(1) > 0ie. 2" <p, — (c1)/(q,x)
(7.6)
E, =0 where ¢(1) < 0ie. L >p, —(c1)/(q,%) (7.7)
when ¢(¢ ) =0
i€’ =py = (e1)/(qx) (or) (OH)/(0E:) =0 (7.8)

In this case, the optimal control is called the singular control
and (7.8) is the necessary condition for the maximization of
Hamiltonian H.

By Pontryagin’s maximum principle, the adjoint equations
are

(d20)/(dr) = —(OH)/(0x)
= —le"'pyqyEy + A1 (ay — 2ax + apy — ¢, E1)]
(7.9)
(d22)/(dt) = —(0H)/(9y)
= *U.] (alzx) -+ ;»2([12 — 2(122)/)} (710)

Now we seek to find the optimal equilibrium solution of the
problem so that x, y and E| can be treated as constants.
Eq. (7.10) can also be written as
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(dig)/(dt) + Ay Jy = —Ape™! (7.11)

where A4, = a, — 2022}'*; A> = apx’ (P — (CI)/(qIX*)) and
whose solution is given by

Jy = —Ay/ (A — e (7.12)
Eq. (7.9) can also be written as
(diy)/(dt) + A3dy = —Age™" (7.13)

where A3 = a) — 2[111)(,'* + alzy* — Q1E1§ A4 = [7141E1 and
whose solution is given by

b= —As/(4y = 8)e”?! (7.14)
From (7.8) and (7.14), we get the singular path
pr—(e)/(qx") = —A44/(45 = 0) (7.15)

Using (3.3) and (3.4), A;, i =
follows:
Ay = —ay; Ay =022 [(al - q,E) +M] —

an axn q1
Ay = —(a — g 1) =525 As = pgrE

Thus (7.15) can also be written as
F(x) = (py = (e1)/(q1x7)) + As/(A3 = 6) =0

There exists a unique positive root x° = x; of F(x") = 0 in
the interval 0 < (x),, < K, if the following inequalities hold.
F0) < 0; F(K) > 0; F(x") > 0,forx” > 0, where K = ay/(ay,).

For x" = x5, »" = s, we get (Ep); = 1/(g)lar — aiix; +
anys)-

Here, (E))s > 0 if a1 + apys > appxs.

From (7.12) and (7.14), we observe that 4, i =1, 2 is
independent of time and is an optimum equilibrium. Hence
they satisfy the transversality condition at co. That is, they re-
main bounded as 7r—oo. From (7.15), we also have
Pihix — ¢ = —A4f(A3 — ) = 0 as 5 — oo. Thus the net eco-
nomic revenue R((X)oo, (1)oos (E1)so) = 0. This implies that an
infinite discount rate leads to the net economic revenue tending
to zero and the fishery would remain closed.

1, 2, 3, 4 can also be written as

(7.16)

8. Stochastic model

The foremost notion that leads us to broaden the determinis-
tic model (2.1) and (2.2) to a stochastic matching part is that
it is practical to imagine the open sea as deafening surround-
ing. There are a number of ways in which the located 'noise’
may be included in the system (2.1) and (2.2). This reminds
that the environmental noise should be discriminated from
demographic (or) internal noise, for which the variation over
time is due. External noise may arise either from random
fluctuations of one or more model parameters around some
known mean values or from stochastic fluctuations of the
population densities around some constant values. In this
segment, we compute the population intensities of fluctua-
tions (variances) around the positive equilibrium E4 due to
noise, according to the method introduced by Nisbet and
Gurney [13] in 1982. A similar method was also successfully
applied in Tapaswi and Mukhopadhyay [18] in 1999. Now
we assume the presence of a randomly fluctuating driving
force on the deterministic growth of the species S; and S,
(commensal and host species) at time ¢, so that the system

(2.1) and (2.2) results in the stochastic system with additive
noise as follows:

(dx)/(dt) = ayx — anx* + apxy — ¢, Eyx + o1&, (1) (8.1)

(dy)/(dr) = ary — any® + 026, (1) (8.2)

where x(7) stand for commensal species, y(¢) stand for host spe-
cies. oy, o are real constants and &(z) = [&(7), Ex(2)] is a two
dimensional Gaussian white noise process agreeable

EE(n)=0; i=1,2
E[&(E,(1)] = 650(1 — 1);

where J; is the Kronecker symbol; ¢ is the Dirac-delta
function.
Let

i=j=1,2

Xl([) =u1(t)+S*, Xz([) :M2(1)+P*;

dx; dul(t) dx, duz(l)
axt _ Lo 8.3
dt dt dt dt (83)
Using (8.3), Eq. (8.1) becomes
Z/l/l (l) = a1u1(t) + alS* — a“u%(z) — an(S*)z
— Za“u. (I)S* + apu; ([)Mz([) + apu; (l)P*
+ apuy(1)S* + anpS P — g Eyuy (1) — q, E\ S
+ oy & (1) (8.4)
The linear part of (8.4) is
u’l ([) = fa“ul(t)S* —+ alzuz([)S* + 06151([) (85)
Using (8.3), Eq. (8.2) becomes
u’z(l) = azuz(f) + azP* — azzug(l) — aZQ(P*)Z
— 2022u2(t)P* =+ Otzéz(t) (86)
The linear part of (8.6) is
U (1) = —anuy (1) P* + 0:85(1) (8.7)

Taking the Fourier transform on both sides of (8.5) and
(8.7) we get,

OC]%] (60) = (I(U —+ [l]]S*)ljll((U) — ale*ﬁz(w) (88)

06252(60) = (Z(U + dzzp*)ﬁz(a)) (89)

The matrix form of (8.8) and (8.9) is

M(o)i(w) = E(w) (8.10)
where

B A(w) B(w) - i (w
M(“’)‘(aw) D(w)) o) = [w}
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. . . L[~ ”
A(w) =io + a1 S B(w) = —apS™; Cy(r) = > / Sy(w)e' dw (8.15)
C(w) =0; D(w)=iw+ anP* (8.11) -

Eq. (8.10) can also be written as #(e) = [M(w)]"%(w) The related variance of fluctuations in Y(¢) is given by

Let [M(®)]”" = K(w), then 1 [
. a5 = Cy(0) :—/ Sy(w)dw (8.16)
i(w) = K(o)&(w) (8.12) 21 Joo
where and the auto correlation function is the normalized auto
D) B(w) covariance
ko= | M ] @ .
M) M) r(z) = ) 0) (8.17)

If the function Y(¢) has a zero mean value, then the fluctuation
intensity (variance) of its components in the frequency interval For a Gaussian white noise process, it is
[w, o + dw]is Sy (w)dw, where Sy(w) is spectral density of ¥ _

and is defined as S..(w)= lim [E,(w) j(0)]
’f T—+00 T
e )l 15 r L
Sl =i T *1 = lim 2 / | E[E0E@)] e dal =5y (8.18)
)

If Y has a zero mean value, the inverse transform of Sy(w) is

the auto covariance function From (8.12), we have

900 T T T T 100
commensal
800 IL[ 90}
700 80y
600 s or
c =
S T 60f
® 500 =
S 8_ 50
Q 400
g S a0t
[0}
300 2 3of
200 20
100 10}
0 : : : ' o
0 10 20 30 40 50 0 100 200 300 400 500 600 700 800 900
time commensal population

Figure 1 The variation of population against time initially with x = 5; y = 3 and the variation between commensal and host
populations for the parameters a; = 4; a;; = 0.01; a1, = 0.05; ¢; = 0.02; E; = 15; a; = 2; ay, = 0.02.

50 . . . . 20
commensal
40 16_
35 S 1l
& 30 ®
= 5 12f
©
S 257 &
8_ a 10+
8 20 g g
15 { £ I
10 | ] 6t
SW 4t
0 . . . . 2 " " . " " " "
0 20 40 60 80 100 10 15 20 25 30 35 40 45 50

time commensal population

Figure 2 The variation of population against time initially with x = 10; y = 20 and the variation between commensal and host
populations for the parameters a; = 1.5; a;; = 0.1; a;; = 0.5; ¢; = 0.02; E; = 5; a, = 1.5; axp = 0.5.
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() = S K@) 3wk i=1,2 R
u(w) = jlw)gilw); 1=1, : .
= |M(w)| = R(w) + il(w) (8.23)
From (8.14) we have R(®) = —0* + 01,03, S"P* (8.24)
2
Su(w) = Z@”Kij(w)‘z% i=12 (8.20) I(w) = o(anS" + anP") (8.25)
=1
! Finally from (8.11), we get
Hence by (8.16) and (8.20), the intensities of fluctuations in the ) s 5 s 5
variable u; i = 1, 2 are given by l[A(o)]" =" + (an )" [B(w)]” = (a12S");
1 [ |C(@)[? =05 [D()] = 0’ + (anP')’ (8.26)
o =—Z/ | Ky(w)[do; i=1,2 (8.21) . ,
T 2n o By substitution of (8.23) and (8.11) in (8.22), we get,
. 1 o 1
and by (8.13), we obtain 2 _ 1 v 2 2 2
y ( ) i i Gul 271{/7OO Rz(a))—i—Iz(w) |:OC]{U) +(L122P ) }+062(a125 ) ]dw}
1 > | D(w) > | B(w) (8.27)
2 _ 1 .
% = 2n{/w°“ T R B vy
1 * 1
ol =— wd @’ + (o18%)? dw}
Ly e O P B K O 8.22 v {/w R (0) + F() fo + sy}
% =20 e @ | oy 2 62 (8.28)
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Figure 3 The

populations for the parameters a; =

commensal population

variation of population against time initially with x = 10; y = 20 and the variation between commensal and host
15, ay = 01, ajp = 05, q1 = 002, El = 5, a, = 15, ar = 0.5.
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Figure 4 The variation of population against time initially with x = 15; y = 20 and the variation between commensal and host
populations for the parameters ¢, = 3; a |, = 0.01; a;o = 0.05; ¢, = 0.2; E; = 15; a = 3; axpp = 0.5.
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Figure 5 The variation of population against time initially with x = 15; y = 20 and the variation between commensal and host
populations for the parameters a; = 3; a;; = 0.01; a1 = 0.05; ¢ = 0.2; E; = 15; a, = 3; ap, = 0.5.
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Figure 6 The variation of population against time initially with x = 15; y = 20 and the variation between commensal and host
populations for the parameters a; = 3; a;; = 0.01; a1, = 0.05; ¢; = 0.2; E; = 15; a, = 0.32; ap, = 0.2.
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Figure 7 The variation of population against time initially with x = 15; y = 20 and the variation between commensal and host
populations for the parameters a; = 3; a;; = 0.01; a1, = 0.05; ¢ = 0.2; E; = 5; a, = 0.32; a», = 0.2.

If we are interested in the dynamics of system (8.1) and (8.2) 2 az(ale*)z © 1 5
with either o; = 0 or o = 0. Ou = o [w R () + P(o) do (8.29)
If ; = 0, then O'Zz -0 (830)
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If a0, = 0, then

TR LS B .
7 T 2n ) Ro(w)+ Plo) [ + (@nP)’] do (8.31)
LTI D S 2

% =2 o R} (@) + P(w) [w + (a1 S") ]dco (8.32)

The expression in (8.22) gives two variances of the popula-
tions. The mergers over the real line can be judged which gives
the variances of the populations.

9. Numerical simulations

In this section, we assign numerical values to the parame-
ters of the model system (2.1) and (2.2) and compute some
simulations using those values. For the purpose of simula-
tion experiments we mainly used the software MATLAB
(7.2).

10. Conclusion

In this paper, a model of a distinctive two species syn eco-sys-
tem with a stochastic term was invented. Initially the model
was discussed without the stochastic term. The survival of
equilibrium points is discussed. The local stability by using
Routh-Hurwitz criteria and conniving global stability using
Lyapunov function are computed and analyzed. The idea of
bionomic equilibrium and optimal harvesting strategy through
Pontryagin’s maximum principle are computed. Later, we
introduced the stochastic term into the model and the popula-
tion intensities of fluctuations (variances) around the positive
equilibrium due to ’noise’ are computed and analyzed for
stability.

The numerical results agree with the analytical results of
two species eco-system model and this shows that the deter-
ministic two species eco-system model is stable. The stable
nature of the interior equilibrium point (870,100) is revealed
in Fig. 1, where the trajectory of the system for the chosen
parameters is converging to the interior equilibrium point.
From the Figs. 2 and 3, it is clear that the trajectories of
the model oscillate due to addition of noise and the oscilla-
tions are increases as increase in the amplitude of noise .
Figs. 4 and 5 exhibit the periodic time series evolution of
populations and the limit cycles of phase-portraits confirm
the periodic behavior of the system due to increase in noise
effect. It is also observed that when we control the effect of
random noise by decreasing «, the mean square fluctuations
of populations are reduced and the stochastic stability with
the decreased intensity is shown in Figs. 6 and 7. Hence
we conclude that insertion of stochastic perturbation creates
a momentous change in the intensity of our dynamical sys-
tem due to amendment of the receptive parameters, which
cause huge environmental fluctuations leading to chaos in
realism.

References

[1] Archana reddy R, Pattabhiramacharyulu NCh, Krishna Ghandhi
B. A stability analysis of two competitive interacting species with
the harvesting of the both the species at a constant rate. Int J
Scient Comput 2007;1(1):57-68.

[2] Sharma Bhaskara Rama, Pattabhiramacharyulu NCh. Stability
analysis of two species competitive eco system. Int J Logic Based
Intell Syst 2008;2(1).

[3] Carletti M. Numerical simulation of a Campbell-like stochastic
delay model for bacteriophage infection. An IMA J Math Med
Biol 2006;23:297-310.

[4] Cushing JM. Integro differential equations and delay models in
population dynamics. Lecture notes in bio-mathematics, vol. 20.
Springer Verlag; 1997.

[5] Kapur JN. Mathematical models in biology and medicine.
Affiliated East west press; 1985.

[6] Kapur JN. Mathematical modeling. Wiley Easter; 1988.

[7] Kar TK, Swarnakamal M. Influence of prey reserve in a prey—
predator fishery. Nonlin Anal 2006;65:1725-35.

[8] Lakshminarayan K, Pattabhiramacharyulu NCh. A prey—preda-
tor model with an alternative food for the predator, harvesting of
both the species and with a gestation period for interaction. Int J
Open Prob Comput Math 2008;1(1):71-9.

[9] Lakshminarayan K, Pattabhiramacharyulu NCh. A prey predator
model with cover for prey alternate food for the predator and time
delay. Int J Scient Comput 2007;1:7-14.

[10] Lotka AJ. Elements of physical biology. Williams and Wilking
Company; 1925.

[11] Meyer WI. Concepts of mathematical modelling. McGraw-Hill;
1985.

[12] Mesterton-Gibbons Michael. A technique for finding optimal two
species harvesting policies. Ecol Modell 1996;92:235-44.

[13] Nisbet RM, Gurney WSC. Modelling fluctuating populations.
New York: John Wiley; 1982.

[14] Paul Colinvaux A. Ecology. New York: John Wiley; 1986.

[15] Phanikumar N, Seshagirirao N, Pattabhiramacharyulu NCh. On
the stability of a host — a flourishing commensal species pair with
limited resources. Int J Logic Based Intell Syst 2009;3(1):45-54.

[16] Ravindra reddy B. A model of two mutually interacting species
with limited resources for both the species — a numerical
approach. Int J Math Comput Appl Res (IIMCAR) 2013;3(1):
185-92.

[17] Srinivas NC. Some mathematical aspects of modelling in bio-
medical sciences. Ph.D. thesis. Kakatiya University; 1991.

[18] Tapaswi PK, Mukhopadhyay A. Effects of environmental fluctu-
ation on plankton allelopathy. J Math Biol 1999;39:39-58.

[19] Volterra V. Leconssen La Theorie Mathematique De La Leitte
Pou Lavie. Paris: Gouthier-Villars; 1931.

M.N. Srinivas received his Ph.D. degree from
JNTUK, Kakinada, Andhra Pradesh, India.
He is currently working as an Asst Professor
at VIT University, Vellore, India. He has
about 12 years of experience in academics and
has published a number of papers in national
and international journals. His major research
interest is in Mathematical Biology and
Ecology.

Please cite this article in press as: Srinivas MN et al., Optimal harvesting strategy and stochastic analysis for a two species com-
mensaling system, Ain Shams Eng J (2013), http://dx.doi.org/10.1016/j.asej.2013.10.003



http://refhub.elsevier.com/S2090-4479(13)00112-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0010
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0010
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0010
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0015
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0015
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0015
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0030
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0050
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0050
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0065
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0065
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0070
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0075
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0075
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0075
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0085
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0085
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0090
http://refhub.elsevier.com/S2090-4479(13)00112-3/h0090
http://dx.doi.org/10.1016/j.asej.2013.10.003

Optimal harvesting strategy and stochastic analysis for a two species commensaling system 9

K. Shiva Reddy is pursuing his Ph.D. degree
from JNTUH University, Hyderabad, India.
At Present he is working as an Asst. Professor
in, Anurag Group of Institutions, Hyderabad.
He has published various research papers in
national and international journals. His major
research interests are in Mathematical mod-
eling (biological and ecological models).

A. Sabarmathi is an Asst. Professor and a
Ph.D. scholar at VIT University, Vellore,
India. She has about 9 years of experience in
academics and has published various research
papers in international journals. Her major
research interests are in Disease models and
stochastic biological models.

Please cite this article in press as: Srinivas MN et al., Optimal harvesting strategy and stochastic analysis for a two species com-
mensaling system, Ain Shams Eng J (2013), http://dx.doi.org/10.1016/j.asej.2013.10.003



http://dx.doi.org/10.1016/j.asej.2013.10.003

	Optimal harvesting strategy and stochastic analysis  for a two species commensaling system
	1 Introduction
	2 Basic mathematical model
	3 Analysis of steady states
	4 Local stability
	5 Global stability
	6 Bionomic equilibrium
	7 Optimal harvesting policy
	8 Stochastic model
	9 Numerical simulations
	10 Conclusion
	References


