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Abstract. This paper is imposed an oscillatory behavior of nonlinear delay differential
equation (NDDE). In particular, the main results got improve those studied in the literature
survey. A variety of oscillatory behaviorsare given.

1. Introduction

In this research, there has been an involving importance on the oscillatory behavior of NDDE. For example, see
the recent papers [1] - [15]. In this paper, we discuss our attention of NDDE of the form

(&) +pt)xr = 0,

where & =|x (t—r)|a_1 x(t-z), x="f[x(t-7)]
Here we will study the properties of hypotheses (H1) - (H5):
(H1) @ > 1 isareal constant;

(H2) p < Clt,, =), p(t) > O;

(H3) &e CTt, ), mx(t —7)=o0;

Hy) f e C(— 00, oo), fis non-decreasing o(— o0 ,0), fe C'(M), M =(-,0) U (0, «),
x>0 for x(t—7) = 0.

(H5) & e CHT,, o) The equation of (A) we assume X(t—7) € C'[T,, ), T, >t,. which has the
hypotheses (H5) and satisfies (A) on [TX ,oo). Hence we obtain the result of (A) that satisfy

sup{|x(t—r) Dt T|} >0 forall T>T,. The condition I p(s) ds = oo is oscillatory for the equation of
0

(A). This paper is to discuss oscillatory results that are consider for & =2, equation (A) for the NDDE

(@) +p(t)r = 0,
whereQ=|X' (t—T)| X'(t —T).
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2. Main Results of NDDE
In this section, we will prove the main results of this research work.

Theorem 2.1Let ¢ = 2. Let f'(x(t —r)) be increasing open interval (—oo,—t) and decreasing open

interval (t,oo) , 1>0. Letusassume that

I: p(s)‘ f [C (S—r):H ds = oo forall c# 0 )
And moreover
2 X(t—r)‘

e

Then equation (1) is oscillatory.
Proof : Assume that Equ .(1) has a positive solution of 7 = X(t - r). Then

@) =-pt) x <0.(4)
Hence Q is decreasing. Therefore, either 7' =X (t—7)>0,0rz'=x (t—7) < 0. since
0 >(Q) = 20,
We assume that 7" < 0. Then yields 7—> —co0 @S t—»o0, This is a contradiction. So we conclude that
>0, 7'>0, 7"< 0 and

()] =-p() 2.

12
We define y(t-7) = m(5)
X

ds = oo for some A >0 (3)

Then y(t—T) >0 and
y(t-r)= 2r [2] - [(”X) | e f}'{[zr](f-)z
=2 %y(t—f) _(2')2 p(t)—y(t_f)f'[%(f)zm)

We declare that 7' —0 as t —oo. To prove it is contradiction, thatis 7' —2cas t—o0,C¢>0. Then

7' > 2Cthat on integration implies titot
t>7, +2c(t —t)>ct()
We get (4) from t, to tand substitute (7)

[T +[r]?= jp(s) f[x(s—7)]ds > j p(s) f[c(s—z)]ds
Putting t —o0 we ha\lle 1

T p(s) flc(s—7)]ds < eo.

It contains that 7'— 0 @s t —oo.Hence , for any A > O there exists a t, such that 4/2 >7'. t >t,.

Integrate from t, tO t we have
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<7, + %(t—tl) < At t>t,>t,(8)

‘2 1 A(t-7)]
Conversely since * is decreasingand © > 0 8 t >

1 n 1 2
It consider that 27 Z(T) 9
Equating (8) and (9) substitute with (6) we have

y(t-7) < 72 p(t) + 2 %'y(t-r)-

_r'f'[ﬂ(t—r)]( N J ‘
_—7° p(t) 2 y(t )f'[;t(t—r)] (f'[ﬁ,(t—r)])z (10)

t2 to t we conclude in the point of (3) that y(t—r)—>—oo as

7' f'[/l(t—r)]

T

y* (t-7)

Integrating the above inequality from
{—o0. This is a contradiction. Hence the proof is complete.

For « =2 theorem 2.1 gives.
Corollary 2.1 Let f'(x(t —r)) be increasing on (—oo, 0) and decreasing on (0, ©) , t>0. Let us consider
that (2) holds for any ¢ #0 and

ﬂx(s_a o(s) - X(S_f)(?_[l)z(s)ﬂ 7 or same 42000
Then we have
() + p(t) 7 =00

is oscillatory

Theorem 2.2 Let o = 2. Let f'(z') be decreasing on (—oo, 0) and increasing on (0, oo) ,t> 0. Letus
consider that (2) holds for any c= 0. If

J'((x(s—r))2 p(s) - M x(s—r)r')ds = o forsome M > 0.(13)
0
Then Egn. (1) is oscillatory.

Proof: Let M>0. Intheorem 2.1, we prove thatz' > 0,
2 <0 and £—>0ast—oo. Then thereexistsc>O0suchthat 7 > C. If y(t —z) be defined by (5),

then y(t —z') > 0 and (6) is determined. It is uncomplicated to verify that

Q> f(c)(s) ()2 (4)
Since 7' — 0 then for any 1> 0 we have 7' <A.see from (14) that

1

y(t-7) < —(%)p(t)+ 2 Sy(t-7) - K%yz(t—r)
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= 2 p(t) - Kj—z[(y(t—r)— ﬁj - ;—}

< - 77p(t) +%n'.(15)

Integrate from t; to t, and then putting t — oo, This is contradiction. The proof is over.

For « = 2 theorem 2.2 gives
Corollary 2.2 Let o = 2.Let us assume that

o0

[x(s—7)'p(s)ds = ooqs)
0
and for some M >0

o0

[(x(s=7) p(s) ~Mx(s=7)" r') ds = @)
0

Then we have

(Q) + p(t) x =08y

is oscillatory.

Theorem 2.3
Let us assume that

h(z)sgn(z) = f(z)sgn(z) ,z#0 (19)
and (H1 —H5) holds. Then Egn. (1) is oscillatory.
Proof:  Let us consider that 7 is a positive solution of Eq. (1). Then 7' >0, 7"<0 and

(eT)= =P n[z] == p(z) 2.
Let y(t —T) be defined by (5) . Then y(t—r) >0 and

y(t-r)s 2 T?'y(t‘f)—fzp(t)—y(t—f)%

The proof is same to the previous proof and so it can be absent.

Example 1 Consider the second order NDDE
"+ p(t)In( 1+|7])sgn = = 0.(20)
From Eq.(20),

I p(s)ln(1+c(s—r))ds =0 for any ¢ > Oand
I{X(S—T)p(s)— %X(S—T)}ds = for some 4>0.

We take 7=t —7, p(t)=t + % therefore we get

el 7 + 11‘ t— % +lz' t —Z 1| | +124/33et 7 t—iarctan@ =0.
2 2 2 2 2 4

Hence, equation (1) is oscillatory.
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Remark 1 Let (H4 and H5) and (19) holds. We consider that all results of Theorem 2.1 is verified. Then Eqgn.
(1) is oscillatory. It gives the same oscillatory criteria proof to Theorem 2.2 and 2.3 for (1) with & = 2.

It is an open problem how to conclude oscillatory behavior similar to Theorem 2.1 t02.3 for Eqgn. (1) with
= 2. The following theorem gives a different result.

Theorem 2.4
We assume that

< OOand

I |t (ﬂ)\y

J.X' (s- T)U p(x) dxj Ya ds =o0. Then Eq.(1) is oscillatory.

)
Proof:
Let us assume that 7 is a positive solution of (1). Here 7'> 0 and 7" < 0. Integrate (1) from t to s we have

—[z]%+[']" = p(x) f [7] dx = f[7] Ip(s) ds.
t

Using conditions of u'(t - 7) and putting s — oo we have

(') = (") “2f[7] [ p(s) ds.(20)

It contains from (21) that

Up )

integrate fromtl to t gives

j _ds th x'(s_r)@p(x) de% ds. (22)

e fle(s)

The left side of the inequality (22) is bounded; on the other hand the right side of the inequality (22) as t — oo.
Hence the proof is complete.

Remark 2: Theorem 2.4 cannot be developed to equation (1) with f(x — 7) = Xx(t — 7) and a > 1.

S

- —

-

1
Fora = E theorems 2.4 gives:

Let us assume that

]‘3 du
—— <®
%‘f(if)‘

and

jUp jdm

Then Eqgn. (1) is oscillatory.
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