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Abstract. This paper deals with oscillatory behavior of solutions of generalized second order quasilinear e—difference equation of
the form

Aoty (a((k — DE+ ) |Aaoy(k = DE+ D Ak = 1)E + j)) + F(k + j,v(k€ + j)) = GkE + j,v(kE + j), Aagey(kE + j)),

for k € Ny(ng), where y > 0 and @ > 1. Some sufficient conditions for all solutions of the equation to be oscillatory are obtained.

INTRODUCTION

Difference equations represent a fascinating mathematical area on its own as well as a rich field of the applications in
such diverse disciplines as population dynamics, operations research, ecology, biology etc. For general background as
difference equations with many examples from diverse fields, one can refer to [1].

The theory of difference equations is based on the operator A defined as

Au(k) = u(k + 1) —u(k),k e N=1{0,1,2,...}.
Even though many authors [1],[2] have suggested the definition of A as
Au(k) = I/t(k + 5) - M(k), ke [09 OO), te (09 OO), (1)

no significant progress took place on this line. In [3], they took up the definition of A as given in (1), and developed
the theory of difference equations in a different direction. For convenience, we labeled the operator A defined by (1)
as Ay and by defining its inverse Afl , many interesting results in numerical methods were obtained.

Jerzy Popenda, et.al., [4], while discussing the behavior of solutions of a particular type of difference equation,
defined A, as Ayu(k) = u(k + 1) — au(k). This definition of A, is being ignored for a long time. Recently, in [5], they
generalized the definition of A, by A, () defined as Ay pu(k) = u(k + €) — au(k) for the real valued function u(k) and
¢ € (0,00) and also obtained the solutions of certain types of generalized a-difference equations, in particular, the
generalized Clairauts a-difference equation, generalized Euler e-difference equation and the generalized a-Bernoulli
polynomial By (k, £), which is a solution of the a-difference equation u(k + €) — au(k) = nk"', forn e N(1).

Recently, there has been a lot of interest in the study of oscillation and nonoscillation of second order difference
equations see, for example [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] and the references contained therein.
Following this trend in this paper, we shall consider the generalized perturbed quasilinear a—difference equation

Bago(atk = 1DE+ ) Ao = DE+ ™" 8wk =1+ ) + FE + j,v(kE + 1)
= Gkl + j,v(kl + J), Aoy v(kC + ))), 2)

where k € Ny(ko) = {ko, ko + €, - - -}, (ko is a fixed nonnegative integer), A, is the generalized a—difference operator
defined by Ayv(k) = v(k + €) — av(k), @ > 1, a(kt + j) is a positive real valued function and y > 0. Moreover, F and
G are real valued functions with v(k€ + j) : Ny(kg) = R, F : Ny(kg) x R = R and G : Ny(kg) x R? — R.
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By a solution of (2) we mean a real valued function v(k¢ + j) satisfying (2) for k € N;(kp). A nontrivial solution
v(k€+j)is said to be oscillatory if it is neither eventually positive nor eventually negative, and nonoscillatory otherwise.

The purpose of this paper is to establish some new results on the oscillatory behavior of solutions of (2). The
results obtained here differ greatly from those in [21, 17, 18, 22, 19, 20] and other known literature.

Throughout this paper we shall assume that there exist real valued functions g(kf + j), p(k{ + j) and a function
f : R — R such that

(c1) xf(x) > 0 for all x # 0;
(c2) JX) = f() = g(x,y)(x —y) for x,y # 0, where g is a nonnegative function; and

(c3) B> gkt + j), T < pkt + j) for x,y # 0.

MAIN RESULTS

In this section we will establish some oscillation criteria for equation (2).

Theorem 1. Let f(x) = |x|”sgn x and the condition (c3) holds. Assume that function H(k( + j, st + j) satisfies

H(kE + j,kC + j) =0 for k > ko € Np(no), HKC + j, s€ + j) > O fork > s > ko and
AoqHKC + j, s+ j) <0 fork > s > ko whereAoqy H(C + j, sC + j) = H(KE + j, (s + 1)E + j) — aH(kE + j, sC + j).

Suppose there exists a real valued function h(kl + j, s + j) such that
~Agye FTH(KE + j, sC + ) = h(kt + j, sC + HIHKE + j, s€ + )]VE forall k > s > ko

where 8 = %‘ If sufficiently large k| € N¢(ko) such that k € Ny(k;)

gkl + j) = p(kt + j) = 0, 3)
- 1

— = 0,and “

k:kzo;fl a»((k = 1) + j)

k=1
1 s W+ (k
fim Zk] ol HK, )(q(st + ) = p(sC+ ) — (als — e+ j)ﬁ - oo 5)
then all solutions of equation (2) are oscillatory.

Proof. Let v(k¢ + j) be a nonoscillatory solution of equation (2). Without loss of generality we may assume

that v(k€ + j) > 0 for k > Ky € Ny(koy). From condition (3) and the equation (2), we get

Auiey (a((k — D+ ) |[Aaio(k = DE+ | Auey((k = D+ j)) <0, k> K

and hence a((k — 1) + j) |Aa(g)v((k -+ j)ryf1 Aweyv((k — 1) + j) is nonincreasing. We claim that
. A1 .
a((k = DE+ ) |Aaeyv(tk = DE+ | Aotk = DE+ j) > 0.

If a((k — D+ j) |Aaev(k — DE+ j)|7‘l AgoV((k = 1)€ + j) < 0, then there exists an integer K; € Ny(ko) such that

k=2
al(k = D+ ) [Aaev(k = DE+ D™ Aok = DE+ j) < (= 1) Z aGl + ) |Davl + P Aueyvlil + )

i=K|
+a((Ky = D+ ) [Aaov((Ky = DE+ j)|7’1 AgoV(Ky = DE+ j) <0

for k > K;. Since

a((k = 1+ J) [ Aok = 1E + j)|y_1 Aaov((k = D+ j) = —a((k = DE + )) (=Aav(k = DE+ ),
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we have
—a(tk = D+ )) (~Agpy((k = D+ ) < —aa((K; = D+ J) (=Aav(K; = DE+ )
or

ara " (Ky = DE+ ) (Bae(Ky = 1DE+ )

. s k> K;.
A= D)+ )

Agoyv((k = 1)+ j) <

Summing the above inequality from K;+1 to k and letting k — oo, we obtain, in view of condition (4), v(k{+ j) — —oo,
a contradiction. Hence there exists an integer Ky € Ny(kg) such that a((k — 1){ + j) |Aw([)\/((k -+ j)|’/71 Agoyv((k —

DE+ j) > 0 or Agyv((k — 1)E + j)*~! > 0 for all k > K.
Define
ol a((k = D+ ) (Aav(tk = DE+ )

Wikl + )) = (k=1 +J)

, fork > K.

For k > Ky, we get

Aayw(kl + j) < =(q(kC + j) = p(kt + J)) =

ot a((k = 1Y€ + j) (Daov(tk = DE+ ) A (k= 1)E + j)

V' ((k— D+ jvrke + j)
By the mean value theorem
Al (e =D+ j) =y ) Aaoyv(k = DE+ )
where v((k — 1){ + j) < t(k) < v(k€ + j). Using (7) in (6), we get
Aaoyw(k€ + j) < ~(q(kE + j) = p(kC + )
_yeltag = e+ ) Aaiov(th = DE+ DY V(K = 1DE+ DAV = DE+ )
VI ((k— D+ jvrkl + j)

Now using monotonic nature of v(k€ + j) and a(k€ + j)(Ayyv(kt + J))?, in (8), we obtain

altlyw* 17 ((k + 1)e + j)
al((k - 1)t + j)

Aaow(kt + j) < =(q(kl + j) = p(kl + ) = , forall k > K.

Then, for all k > K > kg,
k-1
D altlH@e + j ) (g(st + )= p(se+ j)) = HOL + j K+ jw(KE + j)
=K
k—

= " Mo HkE + j, sC+ yw((s + DE+ )+

©

YH(KE + j, sC + pwP((s + 1) + )

P oltla (s = e+ )
k=1
= H(kC + j, KL+ w(KL + j) - Z h(k€ + j, s€+ HHP(KE + j, s€ + w((s + D + j)
s=K

YHKE+ )50 D) s+ e+ b
altla'v((s = De+ )

k—1
= H(kl + j,KC+ j)w(KC + j) — Z h(ke + j, s€ + HHYP(kE + j, s€ + w((s + D+ j)
s=K

yH(kl + j, s€ + ) W((s + e+ )
altla'v((s = De+ j)
. h(ke + j, s€ + j**!
y+1

k-1 . .
. h(ke + j, s€ + jr+!
a((s—DE+ j)+
;{ v+1

a((s = D + j).

020165-3
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Hence for all k > K > K|, we have

~

1

N 1 ny+1
QU VH(E + j,sC+ (st + ) p(st+ ) — al(s — Dyt + jy " KEF L sEH I

y+1

“
ii
>

k-1
= H(kt + j,KC+ j)w(KE + j) — Z h(kt + j, s + HHPw((s + )€ + j)
s=K
YH(KE + j, s€ + ) W54 1)+ )+ h(kl + j, sC + jr*+!
olil@(s -1+ j) y+1

a((s — 1)+ )).

Since S > 0, we have

vyH(kC + j, sC + )) Wﬁ((S+1)€+j)

h(k + j, s+ HHPKE + j, s+ jyw((s + DE+ j) + —
altla'v(s= e+ j)

N h(kl + j, s€ + jr+!

vl al(s—=1)C+j) =0

for all k > s > Kj. This implies that for all kK > K

k=1

el H ke + j st + j)g(st + ) = p(st+ j)) = al(s = e+ j)
SZK()

< H(kE + j, Kot + w(Kol + j) < HKE + j, kol + )w(Kol + j).

h(kl + j, s€ + jr+!
y+1

Therefore,
k—1 . .
x h(kC + . sC+ )7
Sl TTHGE + st + ja(st + = plst+ ) = al(s — D+ R LD
S=k0 ’y +
Ko—1 . . 1
.Y h(kE + j,sC+ )7
= N ol H®KE + st + Dalst + )= plst+ ) — (ats = DE + 2 +; - )
S:k()

k-1 , ol
o >l + st + (st + ) - plsC+ ) - (ats - e+ HIEEELSCET

s=Kj v+ 1
. K[)*l
< alTHKE + j kol + ) D" @(st + ) = p(st + ) + HKE + j kol + Pw(Kol + j)
S=k0
. Ko—1
= ol HKC + kol + ) D (a(sC+ ) = plst + ) + w(Kol + )
S=k(]
for all k > K. This gives
k-1 . .
. 1 s . . . . Kk + st + !
1 - Ul HKe + j, st €+ j) = p(st + j) —a((s — 1)¢
msup = Zka HHKE + JosC+ la(sC+ = plst+ ) =alls = DE+ =27
Ko—1
< (gt + )= p(st + ) + w(Kol + j)
S=k(]
which contradicts (7). This completes the proof of the theorem. O

In the following theorems, we obtain oscillation criterion for equation (2) by using a generalized Riccati trans-
formation due to Yu [23].

020165-4



Theorem 2. Lety = 1 and the conditions (c;),(c2),(c3), equation (3) and (4), satisfies with g(x,y) > A > 0 for
x,y # 0. Let H(k(+ j, s€+ j) be such that H(k{+ j, k€+ j) = 0 fork € Ny(ko), H(kC+ j, s€+j) > 0 fork > s € N(ko) and
Mooy H(kC + j, st + j) is nonpositive for all k > s € N(ko). Suppose there exists a real valued function h(kt + j, s€ + j)
with

~ Mooyl TH(KE + j sC+ j) = h(k€ + j, € + HHKE + j, sC + j) for all k > s € Ny(ko).

If there exists a positive real valued function ¢(k€ + j) with ¢((k + 1) + j) < ﬁ and

k-1
1 .v
limsup—————— S ol HkE + j, st + st + j
H}jli?pH(kf+j,kof+j)s:Zma[ o patr e

= 1 a(st+ PDP*((s + DE+ )
42 altlg(st + j)

Wk + j, s€ + j) = oo

NS /2
where §(kl + )) = Tty potarp 219

Ykt + j) = Gkt + j)(qkt + j) = p(k€ + j)) + Ada(ke + NG ((k + DE + j) = Aaqpy (a(tk = DE + HPKE + j))

then all solution of equation (2) are oscillatory.

Proof. Let v(k¢ + j) be a nonoscillatory solution of equation (2). Without loss of generality we may assume
that v(k€+j) > O for k > Ky € Ny(ng). From the proof of theorem 1 and from equation (2). we have A, v((k—1)¢+ j) >
0 and a((k = 1)0 + j)Ayv((k = 1) + j) is noninceasing for all k > K; > K + £. Define

. k=1l + PAaoy((k— DE+ j
wikt + ) = altFge +  TEZD ;(Jv)(kf({:l)-vj(’;) o

+a((k = 1)+ j)p(kt + j) for k > K;.

Then

a(kl + )Aaeyv(kt + )
Y
. alt A (altk = DE+ YAk = D+ )
Fkt + j)
altakt + pAgeyke + PgVkE + ), v((k = DE + NAgoyv(kL + J)
FOKE + D)0k = DE+ )
+ Aoy (@((k = 1)E + gkt + ), k> K.

Aaowk€ + ) = Do 1171 gk + j)

+a(kt + Dok + DHE+ j)

In view of condition (c;) and from the monotonic nature of v(k£ + j) and a((k — 1) + j)Auyv((k — 1)¢ + j), we obtain

Aaoyal 11 gkt + pra(k + DE+ )

@k + D+ ))

altly 2+ D+ ))

alkl + ) bk + DE+ )
oltly gkt + j)

a(kt + j) p2((k + DE + j)

Aa([)W(kf + ]) =

+ ¢kl + ) = (q(kl + j) = p(kl + j))

—a(kt + gtk + D+ j)* + Mg (a(tk = DE+ Pkt + j))

= —y(kl + j) - w((k + D + j).
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Hence for all k > K > K(1), we have

k-1
ol bt + st + jwst + ) < HO + j,KE+ it + j, K+ (KL + j)
s=K
k-1
" el T (= Aoy HKE + j, st + jw((k + DE + j))
s=K
yH(tl + j, sC + )

$(st+ w* (s + 1E+ )
altla(st + Hg2((s + DE+ j)

k—1

=altlHke + j KO+ K+ j) - Z h(k€ + j, s€ + HHKE + J, sC+ Hw((s + DE+ j)
s=K

Y P(st + j)

. w2 .
+ a[ﬂa(s€+j) S(s+ 1)€+j)H(k€+J’ sC+ Hw (s + D+ j)

yo(st + HH(KE + j, st + j)
a(st + HNP*((s + DL + )

k=1
= ol ke + j KO+ ke + = w((s + D+ j)
s=K

1 Akl + j, s€ + )P((s + DE + j)~Ja(sC + j)? 14 Rkl + j, s€+ DP*((s + DE+ pa(st + j)
+ = + — Z - .
2 Vye(st+ j) & olilp(st + j)
Then, for all k > K > K,

~

- 1 a(st+ DP((s + DE+ PR + j,sC+ )

4y altlg(se + j)

ot H@KE + j st + st + j) -

i
>

s

yo(st + HHKC + j, s + )
a(st + j)¢2((s + 1)C+ )
N 1h(k€ + j, sC+ Do((s + DE+ j) Va(st + j)2
2 Vro(st+ j)

This implies that for every k > K,

k-1
<oltlH®EK + j, K£+j)¢(1<£+j)—z w((s + D+ j)
s=K

k—1 N w12 . .
ZH(k€+j,s€+j)w(s€+j)—ia(sg+])¢ (s + )+ pHh=(kl + j, sC+ j)

= 4y alilp(st + j)
< HE + J, K\ €+ DN €+ j) < HKE + j, K €+ PN E+ )l < HKE + j, ko)W (N € + ).

The rest of the proof is similar to that of Theorem 1 and hence the details are omitted.
To prove the next result, we need the following well-known inequality which is due to Hardy, Littlewood and
Polya ([24]Theorem 41). |

Lemma 3. If U and V are nonnegative, then
UP+(B-1DVE-BUVF ! >0, B> 1,
where equality holds if and only if U = V.

Theorem 4. Let conditions (c), (c3), (c3) with g(x{ + j,yC + j) > 0 for x,y # 0, and condition (3) and (4) hold.
If there exists a positive (nondecreasing fory # 1) real valued function c(k{ + j) such that

00

D, ckt+ gkt + j) = pkC + ) = oo ©)

n:k1+1

020165-6



and

(e

Z a((k = D+ Ace(tk = D+ ! -

= . . (10)
W ) Bt + ) = pst + )Y
then all solutions of equation (2) are oscillatory.
Proof. Suppose there exists a nonoscillatory solution v(kf + j). Without loss of generality, we may assume
that v(k€ + j) > O for k € Ny(kg). From the proof of Theorem 1,
Agoyv((k — )¢+ j) > 0 and a((k — 1) + )(Apyv((k — DE+ ) < atki€ + )(Aayv(kC + ) = My. (11)
for all k > k; € Ny(ko).
Since,
1 ak-1ye + - e+ )y
altl™a + N Aok = DE+ ))) . .
A —(gq(kt — p(kt for k > k.
© ) < —(gq(kl + j) = p(kl + j)) for I
Summing the last inequality from k € Ny(k), to K + € and letting K — oo, we have
0 < tim A NAKE S PAaerKE+ Yol a( = DE+ PBay(hk = DE+ )Y
- Koe JO(KL+ ) B J(kt + )
= > (st + j) = plst + ).
s=k
Thus
1 S T Atk = DE+ )y
—_— C+ j)—p(st+ ))) < for k € Ny(ky). 12
S ;(qw + )= p(st + ) FOKETT) or k € Ny(ky) (12)
Now,

ot a((k = 1) + etk = DE+ HAa@v(k — DE+ )

Aatt F((k = Dl + )
(kb4 i Gkt + j,v(kl + ), Agoyu(kl + j)) = F(kC + j,v(k€ + )))
=kl )) FO*E+ )

ekt + attk = D+ DoV = DE+ ) g0k + (k= D + )
FOE + DOk — D+ ))
= DE+ Bk = DE+ ) Aotk = DE+ )
Folk =D+ )
. . Qe+ paltk—DE+ ek — D+ !
—c(kt kt — p(kt -
ekl + 1)Nq(kl + ) = p(kt + 1) FOKE+ DOk - D+ )
= DE+ D Baiop((k = DE+ ) Aok = DE+ )
Fo(k— D+ )
. . a1+ DK+ ) AcKE + (Daeov((k — DE+ 7!
—c(kt k€ — n(kt -
c(ké + Ng(ke + ) = p(ke + 1) Fo— D+ ) (ke + pT

. ) YAa@c(k=De+j) Y+
_ Buoik = DE+ Y Agoeth= D+ ) (P45

IA

IO+ ) YUK + J)
a((k— 1)t + j)y—ZlAa(g)c((k - D+ jrt! FY(kE + j))
’ YUK + ) Folk= e+ )

020165-7



Since by lemma

Ac(kl + ) Aaov((k = DL+ DI Ak = DE+ ) Aupe(tk = DL+ )
foce FOGE+ )
Aayc((k = 1)E + jr*!

Yy (kl + j)

for all k > k;. Then we have

.
y+1

ol a((k = 1)+ je(tk = DE+ PAa@v(k = DE+ )Y
Sk =D+ j))
a((k = DC + P35 8ae(k = DE+ D e + j))
YA Ykl + ) SOk =DE+ )))

Aae)

< —c(kl + j)(q(sC + ) = p(sC+ ))) +

= —c(kl + j)(q(kt + j) = p(kl + j))

.\ a((k = DC + P35 Agre(k = DE+ 7 (Daov((k = DE + DY LYk + )
YK+ PAayv((k = DE+ ) fF((k = DE+ /)

= —c(kl + j)(q(kt + j) = p(kl + )

a (k= DE+ P35 Aaoc(k = DE+ 7 alk = DE+ Dok = DE+ )Y

+ : (13)
. oy V((k— 7\Y .
YUk + j) (PG ) fok = DE+ )
Using (11), (12) in (13), we obtain
al 1 la((k = DE+ ek = DE+ HBaevk = DE+ )Y
0 FO(k =1+ j)
. . L Ma(k = 1)+ ) (Aae(k = DE+ )™
< —c(kl + gkl + j) — p(k€ + ))) + — - -
PSSP T+ ) B2lqGl+ ) = pGsl+ )Y
(14)
M, y v+l .
where M = m Summing (14) from k; + 1 to k, we have
bt lagkt + ekt + Dok + ) _ ol ata £ + et + Aaovkal + )
Sk + ))) B JO(ki€ + )
k k . . 1
. . . a(tk = Dl + PAgpye(tk = DE+ Py
- c(kl + gkt + j) — p(k€ + ))) + M ST Ry .
;1 P P Z‘l okl + )) Doy ql + ) = pGl+ )7
Letting k — oo and noting (9) and (10), we get
. alt)take + jyetke + DNAapvkl + ))) _
k—eo JOkl + )
which is a contradiction. This completes the proof of the theorem. O
Remark 5. When y = 1 and f(x) = x Theorem 4 reduces to Theorem 2 of B. Liu and J. Yan [25].
Example 6. Consider the generalized a—difference equation
1 o 2%kl + )) =2Yv(kt + j) 2
Aoty ————|DaV((k = DE+ P Agov(kl + j) + = (Agov(kC + J))?, (15
Ot gy e &= DO DI Bav RO D+ G 00 = ar e s Co@ (1)

for k € Ny(1), wherey >0, 0 < § < 1. Let c(kl + j) = k€ + j, q(kl + j) = W and p(kl + j) = 0, k € N(1) and
f(kl + j)) = v(kt + j), then we find that all conditions of Theorem 4 are satisfied. Hence all solutions of (15) are

oscillatory. In fact v(kf + j) = —1¥ is such a solution.
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