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Abstract:

The simultaneous interaction of viscous dissipative and thermal radiationin MHD two
dimensional flows of ferro-liquid over a nonlinear moving surface is analyzed here. The slip on
velocity and convective boundary condition on temperature are imposed on stretching surface.

We used water as conventional base liquid which have magnetite (Fe,0,)and alumina (Al,0,) as

nanoparticles. The governing mathematical expressions are converted into non-dimensional form
via nonlinear type similarity variables. The resulting mathematical model is numerically solved
with the help of MATLAB solver bvp4c. The roles of non-dimensional constraints on velocity
and temperature are elaborated through plots. The numerical data of skin-friction coefficient and
Nusselt number is presented and visualized. The validity of computed results is analyzed through
comparative benchmark.
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Nomenclature

u,v  : Velocity components in x and y directions
X : Direction along the surface
y : Direction normal to the surface
C, : Specific heat capacity at constant pressure
f : Dimensionless velocity
m : Non-linear stretching parameter
B : Constant magnetic field
T : Temperature of the fluid
k : Thermal conductivity
T, : Temperature of wall
T, : Ambient temperature
Pr : Prandt]l number
L : Slip length
: Magnetic field parameter
C, : Skin friction coefficient
Nu_  :Local Nusselt number
g : Gravitation
Ec : Eckert number
K : Porosity parameter
S : Heat source/sink parameter
n : Power index parameter
C : Constant
u, : Slip velocity
k, : Thermal conductivity of nanoparticles
k, : Thermal conductivity of base fluid



k. : Thermal conductivity of the nanofluid

Greek Symbols

: Volume fraction parameter
: Similarity variable

: Electrical conductivity of the fluid

: Dimensionless temperature

9

n

(o

14 : Heat transfer parameter
0

A : Slip parameter

R

: Radiation parameter

P, : Density of the nanofluid
M, :Dynamic viscosity of nanofluid
U,  :Kinematic viscosity

u,,  :Effective viscosity

@,  :Thermal diffusivity

V4 : Stretching/shrinking parameter

k :Coefficient of mean absorption

o :Constant Stefan-Boltzmann constant

( pC, )f : Specific heat parameter of base fluid

pC, )S : Specific heat parameter of nanoparticles

Subscripts

f :Base fluid

S :Solid particles

nf :Nanofluid

oo :Ambient condition

w : Condition on surface

Superscript



: Differentiation with respect to 7

* : Dimensional properties

1. Introduction

The idea of nanoliquid was initiated by Choi [1] in 1995. He submerged the nanosized
particles of aluminum cooper in water and conclude that the involvement of these particles have
influential augmentation in heat transport. Nanoliquid is a new variety of fluids. These liquids
are very useful in modern technology and industry. The better cooling performance in industrial
processes can be achieved through the application of magnetic force. For example, the rate of
cooling can be controlled by drawing filaments and continuous strips in electrically conducting
nanoliquid [2].The electrically conducting nanoliquids in which the particles like Cobalt Ferrite,
Hematite, Magnetite or other compounds having iron are suspended in ordinary liquids are
known as ferro-fluids. The dependence on thermal conductivity is due to various factors like
shape and size of particle, material of particle, volume fraction, material of base liquid and
temperature [3-4].The features of magnetization are explored through ferro-fluids which are non-
conducting in nature. In equilibrium condition, the property of magnetization is explored by
liquid temperature, intensity of magnetic force, density and various expressions which describe
the static magnetization dependence on such quantities. The linear expression of state is the
simplest formula. The temperature function is not only described by the coupling of magneto-
thermo-mechanical. Here it is also need to involve an equation of magnetic force strength for
complete description [5].Based on the importance of ferromagnetic materials; Sheikholeslami et
al. [6] considered the ferro-liquid flow in an enclosure under radiation effect. They imposed the
constant temperature gradient condition at the wall of enclosure. Here they reported the magneto
hydrodynamic (MHD) and ferro-hydrodynamic (FHD) effects simultaneously. In another
analysis, Sheikholeslami et al. [7] discussed the features of non-uniform magneto hydrodynamic
flow of ferro-liquid with convective heat transport.

The flows arisen due to stretched moving surfaces have multiple physical applications in the
branches of chemical engineering and metallurgical processes. Such important applications may
include paper production, glass fiber, cooling phenomenon of filaments and strips, plastic

production and many more. Crane [8] provided the concept of stretching phenomenon by



considering the problem of viscous liquid over moving surface. This outstanding work of Crane
has attained the special focus of researchers and engineers and they utilized this concept for the
investigation of various fluid flow problems under various circumstances [9-12]. Most of the
studies are carried out without slip condition, i.e. it is assumed that fluid particles have zero
velocity relative to solid boundary. But literature shows that the characteristics are different in
case of micro- and nano-scale fluid flow. Thus, the feature of slip boundary condition was first
discussed by Navier [13] in which he states that fluid slip is directly related to shear stress. Das
[14] developed a mathematical model by considering the nano-liquid flow over non-linearly
moving surface with partially slip condition.

Strek [15] reported the laminar time-dependent ferro-magnetic liquid under the impact of
dissipation. Simulations through finite element technique for magneto-ferro-liquid induced by
flat surface have been made by Tangthienget al. [16]. Aaiza [17] considered the convective flow
of magneto-ferro-liquid past a vertical channel. Puneet [18] studied the magneto hydrodynamic
nano-liquid flow under slip and radiation effects. Wahiduzzaman [19] investigated the rotatory
flow of nanofluid with dissipation, radiation and magnetic field. Hady et al. [20] elaborated the
features of nonlinearly stretched flow of nano-liquid with variable temperature and radiation.
Convective heat transport phenomenon of ferro-liquid with magnetohydrodynamic and
hydrodynamic effects has been addressed by Sheikholeslami et al. [21]. Li et al. [22] described
the features of time-dependent radiative flow of nano-liquid with thermophoresis, magneto
hydrodynamics and heat generation impacts. Sheikholeslami and Shehzad [23] reported the
importance of radiation in ferro-magnetic fluid flow under the effect of Lorentz force and
computed the numerical results. The authors [24-29] are depicted flow over different kind of
geometries with various types of flow properties (magnetic field, non-uniform heat source or
sink, thermal radiation etc.). The simultaneous effects on heat generation or absorption and
thermal radiation in magnetohydrodynamic flow of Maxwell nanofluid towards a stretching
sheet explained by Hayat et al. [30]. Recently, the magnetohydrodynamic nanofluid forced
convection in a porous lid driven cubic cavity and also the influence of magnetic field on free
convection in an open cavity by means of lattice Boltzmann method analyzed by Sheikholeslami

[31-32].The influence of Coulomb forces on Fe,O, — H,O nanofluid thermal improvement was

analysed by Sheikholeslami [33]. Sheikholeslami et al. [34] reported the impact of nanofluid



two-phase model analysis of induced magnetic field. Sheikholeslami [35-40] investigated about

nanofluid thermal behaviours in different configurations.

The main purpose of current study is to investigate the effect of thermal radiation, magnetic
field, and viscous dissipation for steady-state ferro-fluid and nanoliquid flow over nonlinearly
stretched sheet with convective condition. The governed partial differential relations of flow are
reduced into nonlinear coupled ordinary differential systems by using similarity variables. These

relations are numerically solved using MATLAB bvp4c.

2. Mathematical Formulation

N vy Momentum boundary laver
Thermal boundary laver z
w—=0,v—-0 T -7 1

pus particles
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Fig. 1 Physical configuration of the problem

We consider laminar, two-dimensional flow of electrically conducting ferro-liquid over non-
linearly stretched sheet with viscous dissipation, radiation and convective condition. Water based
nanoliquidis considered which has magnetite and alumina type nanoparticles. A constant
magnetic field B =B, is implemented in the transverse direction to liquid flow. Here the
submerged nanoparticles and base liquid are in thermal equilibrium. The sheet is stretched with a
velocity U, (x) = Cx", where Cis a constant, n is a power index and wall mass suction velocity is
v =y, (x) (see Fig. (1)). The pressure gradient and external forces are neglected. Under the above

assumptions, the governed expressions (Hady et al. [20]) of momentum and thermal energy are:
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and the associated conditions to present flow( Parida et al. [41]) are
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In the present study, we used the subsequent definitions are defined as [7]:
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Table 1: The thermo-physical features of base liquid (water) and nanoparticles (iron oxide and

alumina oxide).

Physical Fluid Phase

Properties (Water) Fe,0, Al O,

¢,/ Kg K) 4,179 670 765
p(Kglm?) 997.1 5180 3970
k(w/mK) 0.613 9.7 40
Lx107°(1/K) 21 0.5 0.85

The radiative heat flux term by using Roseland approximation is given by [10]:
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It is supposed that the differences of temperature in the flow are like that T*may be written as a

linear combination of temperature [25]:
T* =4T°T -3T" (7)

Substituting (5) and (6) in (3), we have

T  oT 3T 60T T v, [aujz

U—=+v—=a, + + — (8)
nf * 2
ox  dy oy’ 3(pCp )nfk dy (Cp )nf dy
3. Method of Solution
Now, we introduce the following similarity transforms and dimensionless quantities as
C(n+1) ! o C(n+l)o, ! n—-1_
n=y (nr) 5 Lu=Cx"f (17),v=-y cluae, (f(ﬂ)+—77f (ﬂ)j,
20 2 n+1
! )
T-T

o(n) = =

(m T T
The implementation of above variables leads to the following expressions
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In above expressions,
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The interested physical quantities are the coefficient of skin-friction C, and Nusselt number Nu,

21U .
areC, :%(a—”j (13)
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The above equations in non-dimensional form can be described as

C n+l
/ C, = 2 0 15
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——X

L Nu, = 26 (0) (16)
f
4. Results and Discussion
The derived nonlinear ordinary differential expressions (10)-(12) are tackled numerically by
using bvp4c with MATLAB package. The numerically computed results are visualized for
various values of flow parameters on liquid velocity and temperature to describe the features of
these parameters. Figs. 2-13 are prepared for this task. The factor of skin-friction and Nusselt

number are computed and shown in tabular form. The role of volume fraction of ferro-liquid ¢ on
flow and heat transport is examined in range 0 < ¢ < 0.2, where ¢ =01is the case of pure liquid.

The thermo physical features of base liquid, the nano and ferrofluids are listed in Tablel.
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Fig. 2: Curves of velocity for different M with fixed value y =1,

R=0.1,5=2,7=0.1,n=10,m=20,4=2,Pr=6.2,K =0.1,Ec=0.1
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Fig. 3: Curves of velocity for different 4 with fixed value y =1,

§S=2,M =05R=0.1,y=0.Ln=10,m=20,A=2,Pr=62,K =0.1,Ec=0.1.
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Fig. 4: Curves of velocity for different K with fixed value y =1,

§=2,M =05R=0.Ly=0.Ln=10,m=20,A=2,Pr=6.2, Ec=0.1.
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Fig. 5: Curves of velocity for different n with fixed value ¥ =1,

§=05M=02,R=0.1,y=5,m=2,A=05,Pr=62,Ec=0.5,K =5.
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Fig. 6: Curves of velocity for different ¢ with fixed value y =1
§S=2,M=05R=0.1,y=0.1,m=20,A=2,Pr=6.2,Ec=0.1, K =0.1.
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Fig. 7: Curves of velocity for different R with fixed value y =1,

§S=2,M=0.5,y=0.,n=10,m=20,A=2,Pr=6.2,K =0.1, Ec=0.1.
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Fig. 8: Curves of temperature for different Ec with fixed value y =1,

§=2,M =0.5R=0.1,y=0.,n=10,m=20,4=2,Pr=62,Ec=0.1,K =0.1.
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Fig. 9: Curves of temperature for different y with fixed value y =1,

§S=2,M =05R=0.1,y=0.Ln=10,m=20,A=2,Pr=62,Ec=0.1,K =0.1.



0.9 T T T T

0.8L "% Al O -water B
\ Solid Line  : ¢=0
0.7F % Dashed Line: ¢=0.15 i
‘\
\
0.6 \ b

0.5

o)

0.4 n=0.1,0.2,0.3,0.4

0.3 4
0.2 4
0.1 4

OO 0.2 0.4 0.6 0.8 V ~;~ .:.2 1.4 116 1:8 2

Fig. 10: Curves of temperature for different n with fixed value y =1,
§S=2,M=05R=0.1,y=0.1,m=20,4=2,Pr=6.2,Ec=0.1,K =0.1.
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Fig. 11: Curves of temperature for different ¢ with fixed value y =1,

§S=2,M =05R=0.1,y=0.Ln=10,m=20,A=2,Pr=62,Ec=0.1,K =0.1.
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Fig. 12: Curves of temperature for different Pr with fixed value y =1,

§S=2,M =05R=0.1,y=0.Ln=10,m=20,4=2,Pr=62,Ec=0.1,K =0.1.
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Fig. 13: Comparative results of ferrofluid ( Fe,O, ) velocity with nanofluid ( A,O; ) velocity

when@=0.5.

Fig. 2 shows the variation of velocity profiles of ferro-fluid for various M. The liquid velocity
adjacent to wall and inside boundary layer is improved with an enhancement in magnetic

parameter. The addition of last two terms in momentum expression is positive due to which



liquid motion in region of boundary layer enhances. Generally, the magnetic force pushes the
electrically conducting liquid due to which magnetic field has influential role to manipulate the
liquid in the system of micro scale.

Fig. 3 displays the curves of velocity for various values of slip parameter for the case of ferro-
fluid. The velocity of ferro-liquid boosts up for larger A. The motion at liquid-solid interface
enhances due to the increasing velocity slip factor. The velocity of stretched surface and adjacent
velocity of solid surface match in the case of no-slip assumption i.e. f"= y = 1.The changes in
the velocity for various permeability parameter K are reported in Fig. 4. Here we noted that K
is the inverse of Darcian drag force in porous space. Thus, a larger value of K signifies rather
low resistance by the porous medium to cause more ease for fluid transversal in porous medium.
Hence, for larger values of K, the thickness of momentum boundary layer increases. The effect
of stretching parameter n on the velocity and temperature distribution is elaborated in Figs. 5 and
10. The flow is observed to be strongly decelerated with higher n. The effect of increasing
stretching rate is to destroy velocity and temperature development.

Figs. 6 and 11 described the enhancement in volume fraction ¢ leads a retardation in velocity but
the temperature increases. We also noticed that the temperature of Fe,O, -water ferrofluid is
lesser as the temperature of Al,O, -water nanoliquid. The enhancement in volume fraction is

responsible for the larger profiles of temperature. Generally, the thermal conductivity is stronger
for larger volume fraction factor. The influence of radiative parameter R on temperature of
ferro-liquid is shown in Fig. 7. The temperature of ferro-liquid is retarded for the higher radiative
parameter. A thinner thickness of boundary layer is appeared with the use of larger radiative
parameter. Fig. 8 displays the variation of on temperature for various Eckert number in the cases

of water based magnetite ferrofluid and A/,O, nanofluid. The liquid temperature is larger for

magnetite and non-magnetite Eckert number. For Ec =0, the term of viscous dissipation can be
ignored in the expression of energy. Hence the temperature is smaller when Eckert number goes
to zero. The energy is enhanced with an increase in Ec due to which liquid temperature is boost
up.

It is observed from Fig. 9 that temperature corresponding to larger convective heat transfer

parameter ¥ is risen. Physically, a decrease in hot fluid side convection is produced with an

increase in convective heat transfer and resultantly the surface temperature increases. The



variation of temperature profiles against different Prandtl number ( Pr) is presented in Fig. 12 for
both ferrofluid and nanofluid. Here we revealed that the temperature retards for larger values of
Pr. The thermal diffusivity is reduced with the enhancing values of Pr due to that thinner
thickness of layer is achieved. The comparison of velocity profiles for nanofluid and ferrofluid is

shown in Fig. 13. From this figure it was found that the velocity of A/,O, nanofluid was greater

than the velocity of the ferrofluid. This is due to fact that conductivity and viscosity of ferro-

liquids greater than A/,O, nanoliquid.

To verify the accuracy of present computations, we considered the solutions of Cortell [24] in a
limiting way. We compared the values of Nusselt number with [24] for pure liquid (¢ =0). Table
2 is computed for this analysis. Our present computations have good match with [24] in limiting
sense (see Table 2).The numerical values of convective heat transport parameter y, radiative
factor R and Eckert number Ec on coefficients of skin-friction and heat transport for both
nanofluid and ferrofluid is presented in Table 3.An enhancement in ¥ and Ec reduces the Nusselt

number while it enhances for higher R .Moreover, the coefficient of skin-friction decrease due to

an increase in y .

Table 2: Comparison of the values of =@ (0) with¢=0, R=0,1=0, y=1,S=0and y — .

-0'(0)
Ec n Pr=1 Pr=5
Cortell [24] Present results Cortell [24] Present results

0.0 0.75 1.252672 1.253490 3.124975 3.123644
L.5 1.439393 1.439370 3.567737 3.566540

7 1.699298 1.698746 4.185373 4.184382

10 1.728934 1.728344 4.255972 4.254931

0.1 0.75 1.219985 1.220306 3.016983 3.013652
1.5 1.405078 1.404797 3.455721 3.453163

7 1.662506 1.661711 4.065722 4.063753

10 1.691822 1.690995 4.135296 4.133331




Table 3: Numerical values of skin friction coefficient f "(O) and Nusselt number —6'(0) for

both nanofluid and ferrofluid with § =2,Pr=6.2, y =1,A=2,M =0.5,K =0.1

Y | R Ec | ALO, Fe,0, AL, Fe,0,
-6(0) |-6(0) | f(0) |f(0)
0.2 |05 0.2 0.990229 | 0.990699 | 0.406550 | 0.409797
0.4 |05 0.2 0.980621 | 0.981548 | 0.404857 | 0.407631
0.6 | 0.5 0.2 0.971172 | 0.972541 | 0.397239 | 0.406921
0.5 0.1 0.2 0.899297 | 0.911060 | 0.401754| 0.409618
0.5 0.2 0.2 0.945867 | 0.949865 | 0.401754 | 0.409618
0.5 10.3 0.2 0.962363 | 0.964566 | 0.401754 | 0.409618
0.5 105 0.3 0.944217 | 0.975509 | 0.401754 | 0.409618
0.5 105 0.4 0.942568 | 0.973991 | 0.401754 | 0.409618
0.5 0.5 0.5 0.940918 0.972473 | 0.401754 | 0.409618

S. Conclusions
The aim of present analysis is to obtain the solutions of nonlinearly stretched flows of ferro-
liquid. The involvement of radiative heat flux in energy expression is described by the
approximation of Roseland. The effect of the pertinent constraints on liquid velocity and
temperature is visualized graphically. The most important concluding remarks can be reported as
follows:
The velocity with the increasing slip parameter Ais enhanced. Physically, this happens
due to fact that the velocity slip enhances the velocity at the fluid-solid interface.
The dimensionless temperature increases with increasing Eckert number Ec while it
decreases with increasing thermal radiation parameter R .

The larger convective parameter yleads to higher temperature and thicker thickness of

boundary layer associated to temperature.

Increase in the value of y, and Ec results in decrease of the rate of heat transport.
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Highlights

The simultaneous interaction of viscous dissipative and thermal radiation is incorporated.
MHD two dimensional flow of ferro-liquid is modeled.

We used water as conventional base liquid which have magnetite (Fe,0,) and alumina

(AL,0,) as nanoparticles.

The validity of computed results is analyzed through comparative benchmark.



