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Abstract. This paper examines bulk arrival and batch service queueing system with functioning
server failure and multiple vacations. Customers are arriving into the system in bulk according
to Poisson process with rate 1. Arriving customers are served in batches with minimum of ‘a’
and maximum of ‘b’ number of customers according to general bulk service rule. In the service
completion epoch if the queue length is less than ‘a’ then the server leaves for vacation
(secondary job) of random length. After a vacation completion, if the queue length is still less
than ‘a’ then the server leaves for another vacation. The server keeps on going vacation until the
queue length reaches the value ‘a’. The server is not stable at all the times. Sometimes it may
fails during functioning of customers. Though the server fails service process will not be
interrupted.It will be continued for the current batch of customers with lower service rate than
the regular service rate. The server will be repaired after the service completion with lower
service rate. The probability generating function of the queue size at an arbitrary time epoch will
be obtained for the modelled queueing system by using supplementary variable technique.
Moreover various performance characteristics will also be derived with suitable numerical
illustrations.

1. Introduction

Mathematical modelling and analysis of queueing system plays a vital role in many real time systems
such as communication networks, production line systems, manufacturing industries, etc. Mathematical
analysis of queueing systems helps to reduce the congestion existed in many real time systems. Also it
helps to reduce the total average cost of the system.

Queueing system with vacation has been analysed by many researchers.Some of them which includes
a single server queueing models with vacations by Takagi [12]and vacation queueing models by Tian
and Zhang [13].Neuts[9] introduced general bulk service rule for batch arrival queueing systems.
Arumuganathan and Jeyakumar[1] analysed M* /G(a, b)/1 queueing system with multiple vacations,
setup times, closedown times and N-policy. Lee et al.[7]studied M*/G/1queue with N-policy and
multiple vacations. Recently Jeyakumar and Senthilnathan [6] introduced multiple working vacations
for MX /G(a, b)/1 queueing system. Niranjan et. al. [11] presented secondary service for bulk arrival
and batch service queueing system with vacation and breakdown.

It is clear that if breakdown occurs the server is allowed to interrupt immediately. But in most of the
situations it is not possible to disturb the server before completing the batch of service. Breakdown
without service interruption in a bulk arrival and batch service queueing model are also studied by
Jeyakumar and Senthilnathan[5]. They modelled with closedown time and derived probability
generating function of service completion epoch, vacation completion epoch and renovation completion
epoch. Wu et al. [14]analysed an M/G/1 queue with N-policy, single vacation, unreliable service station
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and replaceable repair facility. Niranjan et al.[10] used supplementary variable technique to derive
probability generating function of queue size at an arbitrary timefor state dependent service in bulk
arrival queueing system with server loss and vacation break-off.

In all the above queueing systems, when the server gets breakdown it will be send to repair station
immediately or after the service. But in this model though the server gets breakdown, service process
will not be interrupted it will be continued for current batch of customers by lower service rate than the
regular service rate. Addressing this the authors modelled M*X/G(a,b)/1 queueing system with
functioning server failure and multiple vacations.

2. Model description

In this paper bulk arrival and batch service queueing system with functioning server failure and multiple
vacations are considered. An arrival of customers into the system in bulk according to Poisson process
with rate A. Server provides service in batches according to general bulk service rule introduced by
Neuts[9].Server capacity ranges from minimum of ‘a’ and maximum of ‘b’ number of customers. During
service completionif the queue lengtht (say) is less than ‘b’ then the server picks only ‘b’ customers for
service. Remaining T — b customers will be served in succeedingbatch of service. On the other hand if
a < 7 < b then the server will take entire customers for service. The server may fails at any time. When
the server gets failure while serving customers, the service process will not be stopped because it is not
possible to repair the server in the small period, and therefore service process will be continued for
current batch with lower service rate than the regular service rate by doing some technical precaution
arrangements. The process of maintaining the server or identifyingthe server failure and repairing of the
server is called renewal of service station. The server will be repaired after the service process during
renewal of service station. At a service completion or renewal time completion epoch if the queue length
is less than ‘a’ then the server leaves for vacation (secondary job)of random length. If the queue length
is still less than ‘a’ even after a vacation then the server leaves for another vacation (multiple vacations).
Likewise the vacation period will be continued until the queue length attains the value ‘a’. The pictorial
representation of the proposed queueing system is depicted below.
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Figure 1. Schematic representation of the queueing model: J - Queue length

2.1. Notations

Let A be the Poisson arrival rate, X be the group size random variable of the arrival, g, be the
probability that ‘k’ customers arrive in a batch, X (z) be the probability generating function of X, N, (t)
be the number of customers waiting for service at time t, N _(t) be the number of customers under the

service at time t.y be the failure rate.
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0, when the server is busy with regular service
1, when the server is busy during server failure

Cit)= . .
2, when the server is on vacation

3, when the server is on renewal process
Y (t) =j. if the server is onjt"vacation
The state probabilities are defined as follows:
A, 0)dt = PANg(0) = iN, () = j,x < S,°() S x+dt, C) =0} a<i<b;j>0
Gij(x,)dt = PAN;(®) =iN, ®) =), x < S°() < x+dt, C(t) =1}
Hy(x,t)dt = B{ Ny#®)=nx < T°(t) <x+dt, C() =2,Yt)=)})1<n<a-1

Fy(x,t)dt = P.{ N4(t) =n, x < F(t)< x+dt, C(t) =35n=0

Cumulative Probability density | Laplace-Stieltjes | Remaining
distribution function Function transform time
Regular service S1(x) s1(x) $.(8) $:°(x)
Service during S, (x) s(%) $,(0) $,° (%)
server failure
Vacation T(x) t(x) T(0) TO(x)
Renewal time T(x) f(x) F(® U°(x)
3. Steady state queue size distribution
~ L 1o G0 = ~AAip () + (S Ami(0) + £ Hgi(0) + Fi(0)s;(a<i<b (1)
— Ay () = =AA1a1 () + They As joi (OAgy a<i<b-1j=1 (2
—ﬁAbj (x) = =Ah10-1 () + (Zh=. Amp+j(0) + X5y Hppyj(0) + Fpyj (0))s1(x)j = 1 3)
=2 6i(0) = =263(0) + T, Aij (1)5,(x) (4)
—F() = —(A+1E() + P Gy (0f () (5)
— = Hyo(x) = —AH;0(x) + 2, Ao (0)£(x) + Fo (0)t(x) (6)
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— == Hyj () = —AHy; () + Zhey Hy jo () Agie + Zhq Ay (O)E(x) + F(0)¢(x) (7)
1<j<a-1

— == Hyy(x) = =AHyo(x) + Hy_10(0)t(x) [>2 (®)

—%Hu (X) = —AH; () + Z0_ Hy () Agie + Hi_y ;(0)E(x) j=12,..a—1 (9)

— == Hyj () = —AHy; () + Zhy Hy ;i () gy jza 122 (10)

Laplace-Stieltjes transform

A (0) = [ e Aj (x)dx Gin(0) = [ ™% Gin (x)dx (11)

Hin(6) = [, e~ Hip(¥)dx Fa(6) = J; ™ Fip (x)dx

0410(0) — Aip(0) = A1A15(0) — (Zhic Ami(0) + X 5= Hpi (0) + Fi(0))$1(0)a < i< b (12)

04;;(6) — A;(0) = 24;;(0) = Xh_, Aijx (O)Agy a<i<b-1j=1 (13)

04,;(0) — Ap;(0) = 24,;(60) = (Xhec A+ (0) + X 51 Hpp1(0) + Fyi;(0))S1(6) (14)

0G;;(0) — G;;(0) = 2G;;(8) — XP_, A4;; (6)S,(6) (15)

0F,(0) — F.(0) = (A +y)F,(0) — X2, Gi; (0)F(6) (16)

0H,0(6) — Hi9(0) = AH;(6) — {ZF-; Aio(0) + F (0)}T(6) (17)

6H,;(6) — Hy;(0) = AT, ;(8) — Thoy Hy j—1c(0) Agic — (T2 4:5(0) + F(0)) T(6) (18)
1<j<a-1

6H,0(6) — Hyo(0) = AH,4(6) — H;—1 o(0)T(6)1 = 2 (19)

0H,;(0) — H;j(0) = AH;j(0) — X4 Hy -k (0) Agy — Hi—y ()T (0) j=12,..a—1 (20)

6H,;(6) — H;;(0) = AH,;(6) — Zf;:l H, ;-1 (6) Agy jza (21)

4. Probability generating function

/L'(Z, 9) = Z;io AU(H)Z] Ai(Z, 0) = Z;’;O AU(O)Z] a<i<b (22)

Gi(2,0) = X372, G;;(0)z/ Gi(2,0) = X72,G;(0)2/

Hi(z,6) = X2, H,;(0)2/ H;(z,0) = X2, H;;(0)2/ j=1
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F(z,0) = Z E,(0)z"F(z,0) = Z R, (0)z"
n=0

n=0

(0 — A+ AX(2)Ai(2,0) = A;(2,0) = (Xhi=c Ami (0) + 25, Hz:(0) + F;(0))S1(6) (23)
a<i<b-1

(Zhiec Am(2,0) — 2025 Am; (0)2))

2(0 — 1+ 1X(2)) 4, (2,6) = Ay(z,0)z> — +F(z,0) — X225 F;(0)2) (24)

(0 — A+ AX(2)Gi(2,0) = Gi(2,0) — X0, A;; (6)5,(0) (25)
(6 — A+ 2AX(Z)Hp(2,6) = Hp(2,0) — T(6) TEZh Hi_1n (02 = 2 (26)
(0 — (A+¥) + AX(2)F(z,0) = F(2,0) — F(6)(Zhh=a Gm (2. 0)) 27)
(0 — 2+ X (2))H,(z,0) = Hy(z,0) — (X925 22, Ai;(0) + R;(0))T(6) (28)

4.1. Probability generating function of the queue size at an arbitrary time epoch
Let P (z) be the probability generating function of the queue size at an arbitrary time epoch, then

P(z) = Y21 A,,(2,0)+ A4,(z,0) +X2_,G,,(z,0) + Z?;Ll ITIB (z,0) + F(z,0) (29)

Substituting ® = A — A X (z) in equations from (23) to (27) and 6 = (1 + y) — AX(z)in equation (28),
after doing some algebra, the PGF of the queue size is defined in (29) is simplified as

M;YP2Y(A; + F; + H) + My Y2ZL(A, + E, + Hy)z"
((T(A=AX(@) — 1)M; + M;) Z824(An + Fy + Hy)z"
My(—2+ 2X(2))

P(z) =

where
My = (22 = 5,(2- 2X(2) - 512 - AX@)F(A+¥) - X ()5, (2 — 1X(2)))

My, =($:(A-2X2) - 1) +[(S:(A-2X@D)) - 1) + (F((A+7v) - X)) — 1)]5, (2 — 21X (2))

My = (512 = X)) = 1) (My +8,(2 = X (@) (14 5,(2 - @) + F((+ 1) - X))
+(F((A+y) - X)) - 1)

4.2. Computational aspects of unknown probabilities
To find the unknown constants, Rouches’s theorem of complex variables can be used. It follows that the

expression (zb —5i(A-2X(@) -5, (21— X @D)F((A+7v) — 1X(2))S, (2 — /IX(z)))has b-1 zeros
inside and one on the unit circle|z|=1. “Since P (z) is analytic within and on the unit circle, the numerator
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of P (z) must vanish at these points, which gives ‘b’ equations and ‘b’ unknowns”. These equations can
be solved by suitable numerical techniques. MATLAB 2015a is used for programming.

4.3. Steady state condition
The probability generating function P (z) has to satisfy P (1) = 1. “In order to satisfy this
condition, applying Hospital’s rule and evaluating lin} P(z) and equating the expression to 1, it is derived
yAd
that, p < 1,is the condition to be satisfied for the existence of steady state for the model under
consideration”, where

oo AE(X)[2E(S;) + E(S,) + E(F)]
- b

5. Performance measures

In a waiting line, it is customary to access the mean number of waiting units and mean waiting time. In
this section, the system’s measures of effectiveness are derived from the steady-state probability
distribution function, which are useful to find the total average cost of the system.

5.1. Expected queue length
E(Q) = lim P'(2)

nr

AMy (AECO) (WX, A) + M3 T2 o + 3M," T iw + M3 T2 ;)
6(M,"AX"" (1) + My"AE(X)){(2M,' ¥4 nw, + Ty My + My') T2 w, + Q(X, 1)}
3(4M,"AX"" (1) + 6My""AX" (1) + 4M,""AE(X))(M5' T224 w; + My X023 w;)

EQ) = 241 E(X)(b — 2C, — F{ — D1)?

Ci= AE(SDE(X) G = E(S)AX" (1) + 22E(S %) (E(X))?

C; = E(S)AX""(1) + 3 A2E(S;2)EX)X" (1) + 2E(S,*)(E(X))?
Dy = AE(S)EX) D, = E(S)AX" (1) + A2E(S; 2 (E(X))?

D3 = E(S,)AX"" (1) + 3 A2E(S,)EX)X" (1) + BPES)EX)) w; = A; + F; + H;
F, = A+ y)E(F)EX) F=EF)QA+nX" 1) +@A+ y)ZE(FZ)(E(X))Z

F3 =EF)A+ X" (D) +3A+y’EF)EXX" (D) + A+ )’ EF)(EX))’
T, = AE(MEX) T, = E(MAX"(1) + 2ET?)(EX))*
Ty = E(T)AX"" (1) + 3 2E(T?)EX)X" (1) + BE(T)(E(X))3
M, =b—2C, —F —D;M;," = b(b—1) — 2C,—F, — D, — 2C,(F;+Dy) — 2D, F,
M;"" = b(b —1)(b — 2) — 2C3—F3 — D3 — 2C,(F;+D;) — 2C; (F,+D;) — 2D F, — 2D, F,

MZI = Cl + Dl + F1M2” = CZ + DZ + FZ + 261(D1+F1)
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M,"" = C3 + D3 + F3 + C;(D,+F,) + 3C,(D;+F,) + 2C,(D,+F,)
M3, = C1 + F1M3” = 2C1(M1, + D1 + F1 + Cl) + Cz + Fz

M;"" =3C,(M;" + D, + F, + 2C;(D1+F;) + C,) + 3C,(M;" + D; + F; + C,)+C3 + F;

a-1 a-1

WX, ) = 32T, M, + My) Y nw, + My’ z n(n - Day,

n=0 n=0

a-1 b—-1

+@BTyM," +3T,M;" + M,""") Z wy + 3M,' Z i(i —Dw;

n=0 i=0

b-1 b-1

b-1
Qx, 1) = M;" z w; + 2M,’ z nw, + M," z w;
i=0

i=a n=0
5.2. Expected length of busy period
Let ‘S’ be the busy period random variable and N be the residence time that the server is rendering
service or under renewal
E(N) = E(Sy) + E(S,) + E(F)
where E(S;) is the expected regular service time
E(S,) is the expected service time during server failure
E(F) is the expected renewal time

We define a random variable J as

0, if the server finds less than a' customers after service
1, if the server finds atleast 'a' customers after service

Then expected length of busy period is given by
E(S) = E(S/I =0)P(I =0) + E(S/I = 1)P(I = 1)
=EN)P(I=0)+(E(N) +E(S))P(I =1)
ES)(1-PU=1)= EN)(PU=0)+ P(I=1))
Since P (1=0) + P (I1=1) = 1, solving for E (S), we get

E ()= 2o
E(S) = E(S,) + E(Sy) + E(F)
YEMNA + G+ F)
E(T)

- E(Y) = (PU=0)+P(J=2))

5.3. Expected length of idle period
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Idle period is defined as “the time period between the first service completion epochand succeeding

service initiation epoch.”

Let ‘L’ be the random variable defined for ‘idle Period and the randomvariable ‘J’ is defined as follows
0,if the server finds at least 'a’ customers after the first vacation

1,if the server finds less than 'a’ customers after the first vacation

Then the expected length of idle period E (L) is given by
E(L)=E(L/J=0)PU=0)+E(L/I=1)PJ=1)

= EV)P(U = 0) + (E(V) + E(L)PJ = 1)
where E(V) is the average vacation time.

Solving for E (L), we get

E(V)
1_2(1 . ?OYlATl i

E(L) =

Where ; is the “probability that ‘i’ customers arrive during a vacation and A, is the probability of ‘n’
customers being in the queue at a departure epoch.”

5.4. Expected waiting time in the queue

“The mean waiting time of the customers in the queue E (W) can be easily obtained using Little’s
formula”
_ E@)
E (W)= AE(X)

5.5 Probability that the server is busy with regular service

P(B) = lim E A (2,0) + 4,(z,0)
zZ—
i=0

b1 w [2C,M," + 242 +2C, (c1 +4D,) 4+ 3C, + 2D, + 2F,(3C; + D,)] + zc1 420 jw;
+(C,Ty + 2C,) X920 wj — X220 w;(2C, + 3G Dy + 2D, + 2C,%) — 2C, X024 jw;

P(B) = 2M, AE(X)

5.5. Probability that the server is on vacation

P(V) =lim ) Hz(z0)
BZ s

z-1

a-1
P(V) =E(T) A; + R;
; j TR
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6. Special cases.

Case. 1: Single server batch arrival queue with hyper exponential vacation time

Now, the case of hyper-exponential vacation time random variable is considered. The probability
density function of hyper- exponential vacation time is given as follows

t(x) = kpe™P*+ (1 — k)qe™ ¥
where ‘p’ and ‘q’ are the parameters.
7 — pk q(1-k)
Then, T —2X(2) = <p+7\(1—7\X(Z))) * (q+7\(1—7\X(Z)))
Hence, the PGF of the queue size distribution of this model hyper exponential vacation time can be
obtained as follows

M3 Y - (A + Fi + H) + My Y23 (A, + B, + Hy)z™

pk q(1-k) _ a-1 n
<<<p+x(1—xx(z))) + (q+x(1—xx(z)))> 1) My + M, |X520(A, + F, + Hy)z

Pla) = My (—2+ X(2))

Case. 2: Single server batch arrival queue with exponential service time
Now, the case of exponential service time random variable is considered. The probability
density function of exponential service time is given as follows:
s1(X) = s5;(X) = pe ™, where p is the parameter. Then,
$i 0=2X@) = (5aay) = S - @)
Hence, the PGF of the queue size distribution of this model with exponential service time can be
obtained as follows

My YP-Y(A; + F, + H) + My ¥2Z4(A, + F, + Hy)z"
((T(A-2X(D) = 1)M; + M;) Z38(An + Fy + Hy)z"

@ = My (-2 + 21X (2))

where

= I 0 2 _
e (Zb - (u + A1 - X(Z))) - (u + A(1 —X(Z))) F(A+p) - lX(z)))

Mz = <(u n x(1u— X(z))) - 1)

1) -
+ <(u+ a _X(Z))) - 1) +(F(A+y)—21X(2) - 1)

(u + )L(lu— X(z)))

Ms = <<u n A(1u— X(z))) N 1) My

H W _
F (u T A - X(z))) (1 * (u A= X(Z))) +F((+n - lX(z)))
+(F(A+7y) - X)) - 1)
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7. Numerical illustrations
The following assumptions are made to obtain the numerical results
Regular service time distribution is 4-Erlang with parameter
Service time distribution during server failure is 2-Erlang with parameter
Batch size distribution of the arrival is geometric with mean
Vacation time is exponential with parameter
Renewal time is exponential with parameter
Failure rate
Minimum server capacity
Maximum server capacity

Yu>uh

STSQAR3IM NDNE T
I
N W

7.1. Effects of failure rate on the performance measures

In this section an effect of failure rate on performance measures is given in table 1. It is clear that when
failure rate increases expected queue length, expected length of idle period and expected waiting time
in the queue are increases, whereas expected length of busy period decreases.

7.2. Effects of failure rate on the performance measures

An effect of renewal rate on performance measures is presented in table 2. It can be seen that when
renewal rate increases expected queue length and expected length of idle period increases, whereas
expected length of busy period and expected waiting time in the queue are decreases.

Table 1. Failure rate Vs performance measures
(For A=4,p=3,ut=2,£=3n1=2)

Failure E (Q) E(S) E (L) E (W)
rate(y)

2.0 45281 5.2349 3.1429 4.1291
2.3 4.7613 4.1195 5.0345 6.2138
2.6 4.8904 2.7391 6.2392 7.8426
2.9 5.1163 1.4729 8.2329 9.3361
3.2 7.2974 0.9542 11.4268 10.6541
3.5 8.6192 0.2741 12.9341 13.0462

Table 2. Renewal rate Vs performance measures
A=45p=3ut=2,y=3n=2)

Renewal rate E(Q) E(S) E(L) E(W)
(m)

2 5.932 2.912 0.324 1.732

3 5.134 2.516 0.336 1.662

4 4513 2.089 0.343 1.554

5 3.927 1.736 0.379 1.332

6 2.623 1.223 0.396 1.247
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8. Conclusions

In this paper bulk arrival and batch service queuing system with functioning server failure and multiple
vacations are analysed. The model taken into consideration is unique because functioning server failure
is introduced forM*/G(a,b)/1 queueing system with multiple vacations. For the modelled system
probability generating function of the queue size at an arbitrary time is derived by using supplementary
variable technique. Various performance characteristics are also derived with suitable numerical

illustrations.

References

[1] Arumuganathan, R and Jeyakumar, S. Appl. Math. Modell. 29, 972-986.

[2] Choudhury G, Ke J C 2014 Applied Mathematics and Computation230 436—450

[3] Cox D.R 1965 Proceedings of the Cambridge Philosophical Society 51 433-441.

[4] Haridass M and Arumuganathan R 2012 RAIRO-.Operations Research46 305-334

[5] Jeyakumar S and Senthilnathan B 2012 Applied Mathematics and Computation219 2618-2633.

[6] Jeyakumar S and Senthilnathan B 2016 International Journal of Mathematics in Operational
Research 9 375-394.

[71 Lee, HW,, Lee, S.S., Park, J.O. and Chae, K.C. 1994 J. Appl. Prob31 476-496.

[8] LiH, ZhaoY Q 2005 Stochastic Models 21 531-550

[91 Neuts, M.F 19674nn.Math. Statis38, 759-770.

[10] Niranjan S P, Chandrasekaran, V M, Indhira, K 2017 International journal of Knowledge
Management in Tourism and Hospitalityl 176-207

[11] Niranjan S P, Chandrasekaran, V M, Indhira, K 2017 International journal of pure and applied
Mathematics 113 178-186

[12] Takagi, H. 1991 Queueing Analysis: A foundation of performance evaluation, vacation and

priority systems. North Holland, Amsterdam, 1.

12


http://www.inderscienceonline.com/loi/ijmor
http://www.inderscienceonline.com/loi/ijmor
http://www.inderscienceonline.com/toc/ijmor/9/3

National Conference on Mathematical Techniques and its Applications (NCMTA 18) IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 1000 (2018) 012112 doi:10.1088/1742-6596/1000/1/012112

[13] Tian, N and Zhang, S.G 2006 Vacation queueing models: Theory and applications. Springer, New
York

[14] Wenging Wu, Yinghui Tang and Miaomiao Yu. 2015 Operational Research Society of India, 52,
670-691.

13



