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Abstract

In this paper, we characterize planarity and outer planarity of complement of graph domination graphs and provide a MATLAB program

for identifying graph domination graphs.
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1. Introduction

In [1], [2], M. Yamuna et al introduced y - uniquely
colorablegraphs and also provided the constructive characteriza-
tion of y -uniquely colorable trees. In [3], [4], they have intro-
duced Non domination subdivision stable graphs (NDSS) and-
characterized planarity of complement of NDSS graphs .In [5], M.
Yamuna et al have introduced graph domination graph.

2. Terminology

We consider simple connected graphs G with n vertices and m
edges. K, is a complete graphwith n vertices..Results related to
graph theorywe referto [ 6 ].

D is a dominating set if every vertex of V — D is adjacent to some
vertex of D. Minimum cardinality of D, is said to be a minimum
dominating set ( MDS). The cardinality of any MDS for G is said
to be domination number of G, represented by y(G). Results relat-
ed to domination we refer to [7].

3. Result and discussion

Ay -set D that covers all the vertices and edges of G is said to be
graph domination set.
R1:A y - set D is a graph domination set iff V — D is independent

<= A

G G,

Fig.1: Planar and non planar graph domination graphs

In Fig.1, G; and G are graph domination graphs,G, is planar while,
G, is non planar. So we observe that, when G is a graph domina-
tion graph,G need not to be planar. In this section, we characterize
the planarity of G, when G is a graph domination graph.

Ify (G) = 1,then G is disconnected. By R1, we know that every
vertex in V- D is independent. If |V —D | >5,thenas(V -D)
contains Ks implies G is non planar. So we restrict our discussion
to case where | V — D | < 4. We continue our discussion to graphs
wherey(G)>2and |V —-D | <4.ByOre’s, we know that y( G)
<[n/2Js0 it would be sufficient to consider graphs such that 2 <y
(G) <lny/2]such that V — D is independent | V — D | < 4.

Casei y(G)=|n/2]

A connected graph G satisfies y(G) =|n/2] iffG e £ =US, G
The six family of graphs ;i = 1 to 6 are defined based on two
family of graphs A, B seen in Fig.2.

Ll

<X >

Graphs in family A

Craphs in family B

Fig.2

Since | V —D | <4, can have a maximum of 8 vertices.
Let us list out the graph domination graphs belonging to the six
classes of graphs.

O
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£=4C v {G:G=HoK, whers His connectzd } Cs=Uy o (H), where o( H ) be the set of connected graph
formed from H o K; by joining each of u and w to one or more
| I I I I vertices of H and u, v, w be a vertex sequences of a path P3.

Let H be a graph and X eB. Let R(H, X )be the set of connected
graphs which may be formed from H o K; by joining each vertex
of U < V (X)) to one or more vertices of H such that no set with
fewer than y ( X) vertices of X dominates V ( X ) — U . The de-
fine s=Uy, x R(H, X).

~ Case iiy( G ) <d.n/2J
From case i, we know that | V (G )| <8andy (G) < 3.
- ¥(G)=3
Wheny (G ) =1ln/2] and y(G) = 3 the graph domination

graphs are listed incase 1, s0 |V (G) | <6, wheny (G) =3, all
possible graphs, when n= 1,2, ..., 6 are listed in [ 7 ]. We pick the
graphs that are graph domination graphs and list them as follows
n=6vyG)=3

Fig.3: &1

G=AuUB-{Cs}.

:X> Fig.6:n=6,y(G)=3

¥(G)=2

Since |V-D|<4,|V(G)|<6. The list of graph domination
graphs is given in Figure
n=4,y(G)=2

Fig.4: €,

C3=Uy S (H)where the union is taken over all graphs H, where S Bel.n=471(G
( H) is the set of connected graph formed from H o K . _

£={8(G):G =}, where 8 ( G ) is generated by joming G o, ~ 2= 1LE)=2
From Fig. 5, we know that any graph belonging to {3 has a mini-
mum of five vertices, implies any graph in {4should have a mini-
mum of nine vertices implies if any graph in family (4is a graph
domination graph, then |V —-D | >5.

/1< A <R

L
)
et

]

(3]

Fig.5: {3 Figh:n=§,1
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The graphs in Fig. 2,3,..., 8 gives the complete list of graphs that
are graph domination graphs such that | V — D | < 4. Table — 1
provides the complements of these graphs.

Table 1:Graph G and its complement

[any
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L

—

[N
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n G Complement of G
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1 1 2
6 \5 5
] 7
3 / a
Fig.10
% Number of edges in G + Number of edges in G=n(n-1)/2
8 + Number of edges in G = 28
Number of edges in G = 20
20 £3(8) -6, = G isnon planar .
1 2 3 4
1
8
5 6 7 8
Fig.11
Number of edges in G = 21
21 £ 3(8)—6, = G isnon planar .
1 2
5 a
1
9
8 T
3 a
Fig.12
20 £3(8) -6, = G isnon planar .
2
0
Fig.13
21 £ 3(8) -6, = G is non planar.

Case ii

Graphs for which the complements are planar are represented as
planar graphs in Table — 1. We prove that the remaining graphs
have a non — planar complement. We know that, 1 5 138

i ffesdn-0,then Gis nonplmar

i Aneessary and suffient conditon for 2 graph G 7 6 7 ﬁ
to be planar is that G doss mot contem either of K, 1’
or Ksz0r auy eraph homeomorphie to edther of 1 , 5 3 4
We show tEi\Etng_}l is non — planar in the remaining cases by using i x13
Case .
4 5 i
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Fig.14

Outer planar graph

We know that, G is outer planar iff it does not contain K, or K;3
or any graph homeomorphic to K, or Ky3as a subgraph. Let us
consider the set of graphs G for which G is planar from Table — 1.

If G has atleast four independent vertices, then G is non — outer
planar. The only graphs for which the independence number is
atleast three are the one’s in Fig.15

1e
1 2 3
2 3
1 2 3 4 5
4 s [
a b 4 5
N ¢
2[ i Is 1 2, 1 s .
4 5 3 4 4L3 SL [ 4
d o £ =
Fig.15

The complement of these graphs are shown in Table — 1. The
complements of the graphs in Fig a and b. K4 can be generated for
their complements by edge contraction as seen in Fig.16

5
4 1 2
il x: 13 s x: 24
Fig.16

The complements of the graph in Fig c,d,e,f,g is seen in Fig. 17

= 2

L 3
E 2 1
a4 3

=

Fig.17

Since all the complements have a representation to that all their
vertices lies in the same region, they are outerplanar.

From this discussion, we conclude that the only graphs for which

G 1is outer planar are the one’s seen in Fig. 18

1 2 5 1 5

> 4 4 3 4

Fig. 18

4. Matrix representation for graph domination
graphs

Let G be any graph with n — vertices. Let A represents the adja-
cency matrix of G. Let N denots 2 n »p matrix, where
) 1 ifi =
N=[zgl ""_[ a;; the (1] 3y entry in the adjacency matrix
Letx =(X(V1), X (V2), ..., x(va)) bea{0, 1} vectors. We
know that, if x represents the any dominating set, then Nx> 1, that
is in a resulting matrix Nx, all the entry values are non zero.

1
3 4
2 5
Fig.19
N X NXx
o 11 iy 21
[0 1 0 0 1fl0] [1]]1]
[1 0o 1 1 ollol= 11l
lll 01 1 OJ”lOJl H H
11 0 0 11 24 11

That is { vy, vs} is a dominating set for G.

Ay -set D that covers all the vertices and edges of G is said to be
graph domination set.

Consider the non — zero columns of NV. Let X be the set of all
vectors such that Nx;> 1, i.e., Ns>1. Let|s|=q,q<p.

By [8], we know that if a vector v is a dominating set, then Nv> 1.
We know that whenever D is dominating set, V — D is an inde-
pendent dominating set for some dominating set D. Let S; be a n x
g matrix obtained by replacing 0 by 1 and 1 by 0 in matrix S. In
NS1 , if for atleast one x; for all non zero entry in x; the nx;entry in
the corresponding positionisalso 1, then no two vertices in V — D
are adjacent, that is VV — D is independent, implies 3 one y - set D >
V - Dis independent = G is a graph domination graph [5] .

Example
19
2 3
4 5

Fig. 20



954 International Journal of Engineering & Technology

For the graph in Fig. 20, y ( G ) = 2. We consider all possible sub- 4\ MATLAB _ O W
sets with 2 vertices and label themas { S, S, Ss, ..., S10} = {{ v1,
Vot { v, vab, { v, Vb, {va, vsh { Vo, va b { Vo, Va b { Vo, Vs 1, File Edit View Web Window Help
{Vs Va}, { V3 s} { Va, Vs } }. 0O = ﬁ | Current Directo J
NV = ﬂ| Command Windoe: ﬂﬂ|
/1 1 00 0\ /0 0 00 0 0 11 1 1\
1 1 1 10 0 0 01 1.1 00 O0 1 1 1 1 1
0110 1[/0 1 10 01 0 1 0 3 2 2 5
0101 1f/{1 010 10 0L 0 0 1 5 L 2
00 111 1 1 01 0 0 10 0 O 1 1 2 3
0 0 01 1 1 22 2 3 2 z 2 2
1 1 22 3 3 12 2 3
NvV=|1 3 22 1 3 10 2 1
31 22 3 1 12 0 1 W=
3 3 22 11 21 10
[]
00 0 1 1 110
1 110 0 0 0 1
S=lo 0o 1 oly=]l1 1 0 1 _
0100 101 1 £
1 0 0 1 0110
1 1 1 1 1
3 2 2 3 3
Ny=[1 2 1 2]
\1 12 2 /
2 2 2 2 [
. . d =
For any column, the non zero entry in y, the entry in the corre-
sponding position of Ny is also 1, = V — D is independent for 1
atleast one y - set. 5
MAT Lab program for graph domination graphs 4
Snapshot — 1 provides the output for the graph in Fig. 20.
c_g\. rAATLAE _ — =1 = W o=
Pus Eae viee e nee ew g
e Eormmmne wance m =1
=1 [Frcer che adlacency matesix R- [1 1 0O O O:1 1 _= l
E ; E § E G iz a Graph domination graph.
a : z Fy T =
o= P
I z : : e >
a : : I z = |
I - = | -
= 1| | 3
3 ¥ o= Ll =
4 start |
o o o 1
1 1 1 a
0 o 1 o Snapshot - 1
[u] 1 [u] a
1 [u] [u] 1
5. Conclusion
S
1 1 1 o We conclude that G isplanaronlyif G is one of the graph domina-
7 7 o I tion graphs listed in Table — 1 for which G has a planar representa-
1 o 1 1 tion. In other cases Gis nonplanar that is only 20 possible com-
B * * " plements of G are planar when G is graph domination graph and
the only graphs for which G is outer planar are the one’s seen in
BE - Fig. 17.
1 1 1 1
3 =2 =2 3
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