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Abstract: This paper is concerned with the existence of positive solutions of three classes of nonlinear frac-
tional differential equations using fixed point results in non-zero self-distance spaces. We introduce new con-
cepts of generalized a-weakly (i, ¢)s-contractive mappings involving rational terms and then develop fixed
point results for weakly a-admissible mappings. Some new examples and counterexamples are given to illus-
trate the applicability and effectiveness of these results over existing ones. In that way, we extend some pre-
vious results. For applications to fractional g-difference boundary value problems, the use of a p-Laplacian
operator is suggested.
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1 Introduction

In recent years differential equations with fractional order have attracted many researchers because of their
applications in many areas of science and engineering. The need for fractional order differential equations
stems in part from the fact that many phenomena cannot be modelled by differential equations with integer
derivatives. Analytical and numerical techniques have been implemented to study such equations.

The “Bible” of Fractional Calculus are the book [17] and the survey paper [12]. Some of the applications
of fixed point theory in metric and ordered metric spaces to fractional differential and integral equations are
discussedin [1, 5, 6, 11]. Baleanu, Rezapour and Mohammadi [6] used fixed-point methods of the form given
in [16] to find the existence and uniqueness of a solution for the nonlinear fractional differential equation
D%u(t) = f(t, u(t)) involving the Riemann-Liouville fractional derivative, with various boundary-value con-
ditions. They considered three different classes of nonlinear fractional differential equations in their work.

The Banach contraction principle (BCP) is the most famous, simplest and one of the most versatile ele-
mentary results in fixed point theory in metric space structure. A huge amount of literature witnesses appli-
cations, generalizations and extensions of this principle carried out by several authors in different directions,
e.g., by weakening the hypothesis, using different setups, considering different mappings and a generalized
form of metric spaces.
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In this context, Matthews [13] is the one who introduced a generalization of metric spaces, called partial
metric spaces. He showed that the BCP can be generalized to the partial metric context for applications in
program verification. In partial metric spaces, the self-distance of an arbitrary point need not be equal to
zero. This concept was further generalized by Hitzler and Seda [8] and, independently, by Amini-Harandi
[3] under the name of dislocated metric spaces [8] resp. metric-like spaces [3]. This was further extended to
partial b-metric spaces by Shukla [18] with the inclusion of properties of b-metric spaces (due to Bakhtin
[4] and Czerwik [7]). Finally, Alghamdi, Hussain and Salimi [2] introduced b-metric-like spaces combining
properties of metric-like spaces and b-metric spaces.

Contraction-type mappings have also been generalized in many forms. In the series of generalizations,
Samet, Calogero Vetro and Pasquale Vetro [16] introduced the concept of a-admissible maps and gave the con-
cept of a-1-contractive mappings, and generalized the Banach contraction theorem. Recently, Sintunavarat
[19] introduced the notion of weakly a-admissible maps and discussed respective fixed point results in met-
ric space. In the subsequent work [20], he further derived fixed point results in b-metric spaces using weakly
a-admissible maps and gave application to the existence of a solution for nonlinear integral equations.

With the above discussion in mind, we prove the existence of a positive solution for three different classes
of nonlinear fractional differential equations through generalized BCP in a space where self-distance is non-
zero, that is, in a b-metric-like space. In order to do this, we first introduce a new concept of generalized
a-weakly (¥, @)s-contractive mappings involving rational terms, and then develop fixed point results for
weakly a-admissible mappings. Further, we give some examples and counterexamples to illustrate the ap-
plicability and effectiveness of the results over existing results in metric and metric-like spaces. Finally, we
use the constructed fixed point results to prove the existence of positive solutions of the aforementioned
boundary-value problems for nonlinear fractional differential equations. For further applications to fractional
q-difference boundary value problems, the use of a p-Laplacian operator is suggested.

Our improvements in this paper are five-fold:

The use of generalized metric spaces, i.e., b-metric-like spaces.

The use of the generalized weakly contraction condition with generalized distance.
The use of weakly a-admissible mappings as opposed to a-admissible mappings.

The contraction condition used by earlier authors is also sharpened.

Application to boundary-value problems for nonlinear fractional differential equations.

Ui &~ W N -

Moreover, from our fixed point results, we can derive the following types of fixed point results related to
weakly a-admissible mappings in b-metric-like spaces:
1. Fixed point results when the underlying spaces are endowed with a partial order.
2. Fixed point results when the underlying spaces are endowed with an arbitrary binary relation.
3. Fixed point results when the underlying spaces are endowed with a graph.
4. Fixed point results for cyclic mappings.

2 Preliminaries

Let us first recall some basic concepts and notations.

Definition 2.1 ([4, 7]). Let X be a nonempty set and s > 1 a real number. A function dj, : X x X — [0, c0) is
called a b-metric if the following conditions hold for all u, v, z € X:

(i) dp(u,v)=0ifandonlyifu = v;

(i) dp(u,v) =dp(v,u);

(iii) dp(u, v) < s[dp(u, z) + dp(z, v)].

Then (X, dp) is said to be a b-metric space.
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Definition 2.2 ([3]). Let X be a nonempty set. Let the mapping 0 : X x X — R, satisfy for all u, v, z € X the
following conditions:

(1) o(u,v)=0impliesu = v;

(i) o(u,v) = a(v, u);

(iii) o(u, v) < o(u, z) + o(z, v).

Then (X, 0) is said to be a metric-like space.

Every partial metric space [13] is a metric-like space. Some examples of metric-like spaces are as follows.

Example 2.3. Let X = R. Then the mappings 0; : X x X — R, (i € {1, 2}) defined by
o1(u,v) = lul +|vl|+a, 02(u,v)=|u-bl+|v-Db|
are metric-like on X, where a > O and b € R.

Definition 2.4 ([2]). Let X beanonemptysetand s > 1 areal number. A function g, : X x X — R, is b-metric-
like if the following conditions hold for all u, v, z € X:

(i) op(u,v)=0impliesu = v;

(i) op(u,v) = op(v, u);

(iii) op(u, v) < s[op(u, z) + op(z, v)].

Then the pair (X, 0p) is called a b-metric-like space and the number s is called the coefficient of (X, op).

In a b-metric-like space (X, o), the converse of condition (i) of Definition 2.4 may not be true and o (u, u)
may be positive for some u € X. Every b-metric-like 0}, on X generates a topology 7, on X whose base is the
family of all open oy-balls {Bg, (u, 6) : u € X, § > 0}, where By, (u, §) = {v € X : |op(u, v) — op(u, u)| < 8} for
allu e Xand § > 0.

Clearly, every b-metric and partial b-metric [18] is b-metric-like with the same coefficient s. However, the
converses of these facts need not hold [2].

Example 2.5. Let X = [0, 00). Define functions oy; : X2 — [0, 00) (i € {1, 2}) by
op1(6Y) = (x+y)?,  opa(x,y) = (max{x, y})?.

Then (X, 0p;) are b-metric-like spaces with constant s = 2. Clearly, (X, 0p;) are not b-metric or metric-like
spaces.

Example 2.6. Let X = R*, let p > 1 be a constant, and let g, : X x X — R* be a function defined by
op(x,y) = (x+y)P forallx,yeX.

Then (X, 0}) is a b-metric-like space with coefficient s = 2P~1, but it is not a partial b-metric space.

Proposition 2.7 ([9]). Let (X, 0) be a metric-like space and o (x, y) = [0(x, y)|P, where p > 1 is a real number.
Then oy, is b-metric-like with coefficient s = 2P~1.

Example 2.8 ([9]). LetX = [0, 1] and let p > 1 be areal number. Then the mapping g1 : X x X — R* defined
by
Op1 = (x+y - xy)P

is b-metric-like on X with coefficient s = 2771,

Example 2.9 ([9]). Let X = R. Then the mappings 0p, : X x X — R* (i € {2, 3, 4}) defined by
o2 (%, y) = (X + 1yl + @),  0p3(x,y) = (Ix=bl+1y - DI, 0pa(x,y) = (* +y*)P

are b-metric-like on X, wherep > 1,a >0and b € R.

Now, we define the concepts of Cauchy sequence and convergent sequence, as well as continuous mapping
in a b-metric-like space.
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Definition 2.10 ([2, 18, 19]). Let (X, 0}) be a b-metric-like space with coefficient s > 1, let {u,} be a sequence
inXandu € X.
(i) The sequence {uy} is said to be convergent to u with respect to 74, if limp_,co Oy (Un, u) = op(u, u).
(ii) The sequence {uy} is called a Cauchy sequence in (X, 0) if limp, m—c0o 0p(Un, Um) exists and is finite.
(iii) (X, op) is said to be a complete b-metric-like space if for every Cauchy sequence {u,} in X there exists
u € X such that
pHm 0b(Un, Um) = im0 (un, u) = 0p(u, W.

(iv) A mapping J : X — X is said to be gj-continuous if

lim op(xn, x) = op(x,x) implies lim op(JIxn, Ix) = op(Jx, Jx).

n—oo n—.oo
It is clear that the limit of a sequence is usually not unique in a b-metric-like space (already partial metric
spaces share this property).

Definition 2.11. For a nonempty set X, let a : X x X — [0, 0c0) and J: X — X be mappings. Then J is said
to be

(i) a-admissibleif x, y € X with a(x, y) > 1 implies a(Jx, Jy) > 1 (see [16]);

(ii) weakly a-admissible if x € X with a(x, Jx) > 1 implies a(Jx, Jx) > 1 (see [19]).

The following examples illustrate that a mapping can be weakly a-admissible but not a-admissible.
Example 2.12. Let X = [0, c0). Define mappings a : X x X — [0, 00)and J : X — X by

Jx) =

In3x otherwise.

" exty ifx,y €0, 1], 2tanh(3}) ifx € [0, 1],
X,Y) =
In(2x +y) otherwise,

It is easy to see that J is not an a-admissible mapping. Indeed, for x = 0, y = 1, we have
a(x,y)=a(0,1)=e>1

but
a(Jx, Jy) = a(Jo, J1) = a(0, 2 tanh 1.5) < 1.

However, J is weakly a-admissible. Indeed, suppose that x € X such that a(x, Jx) > 1. Then x = 1 and we
obtain

a(dx, ddx) = a(d1,331) > 1.
Example 2.13. Let X = [0, co0). Define mappingsa : X x X — [0, 00)and J : X — X by

cosh_1(37“+2v) ifu,vel0,4], s A ifu <0, 4],
u) =
5u -3 otherwise.

a(u,v) = Vatu?
In(Bu + 2v) otherwise,

It is easy to see that 7 is not an a-admissible mapping. Indeed, for u = 2, v = 0, we have
a(u,v) = a(2,0) =cosh }(3) > 1

but
a(Ju, Jv) = a(g2, J0) = a(%, o) = cosh™1(1.06) < 1.

However, J is weakly a-admissible. Indeed, suppose that u € X such that a(u, Ju) > 1. Then u = 2 and we
btai
e 2 1)—cosh*1(3 +2>>1
V8’3 V2 3 )
From now on, we use the following terminology from paper [20]: For a nonempty set X and a mapping
a: X xX — [0, 00), we denote by A(X, a) and WA(X, a) the collection of all a-admissible mappings on X

a(Ju, 3Ju) = a(J2, 332) = a(
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and the collection of all weakly a-admissible mappings on X, respectively, that is,

AX, a) :={J : X — X | J is an a-admissible mapping},
WA(X, a) :={J : X - X | J is a weak a-admissible mapping}.

Obviously,
A, a) ¢ WA(X, a),

and, by Examples 2.12 and 2.13, the inclusion can be strict.

Definition 2.14 (Altering distance function [10]). A function ¢ : [0, +00) — [0, +00) is called an altering dis-
tance function if the following properties are satisfied:

(i) ¢ is continuous and non-decreasing;

(i) pt)=0ot=0.

Definition 2.15 (Weakly contractive mapping [15]). Let X be a metric space. A mapping J : X — X is called
weakly contractive if
d(dx,dy) <d(x,y) - ¢(d(x,y)) forallx,yeX,

where ¢ is an altering distance function.

3 Main results

We first introduce the notion of a generalized a-weakly (i, ¢)s-contractive mapping in a b-metric-like space.

Definition 3.1. Let (X, o) be a b-metric-like space with the coefficient s > 1. A mapping J: X — X is said
to be a generalized a-weakly (i, ¢)s-contractive mapping if there exist altering distance functions ¢, ¥ and
a: X xX — [0, 00) such that

u,veXwitha(u,v)>1 = P(so(du, Jv)) < P(0(u,v)) - (0(u, v)), (3.1)
where
op(u, Jv) + op(v, Ju)

4s
op(u, Ju)op(u, Jv) + op(v, Jv)op(v, Ju)
1+ s[op(u, Ju) + op(v, Jv)]
op(u, Ju)op(u, Jv) + op(v, gv)op(v, Ju)
1+ o0p(u,Jv) +op(v, Ju)

>

O(u,v) = max{ob(u, v), op(v, gv), op(u, Ju),

il

(3.2)

We denote by As(X, a, i, @) the collection of all generalized a-weakly (i, ¢)s-contractive mappings on
(X, ap).

Now we are in a position to derive our first result of this section.

Theorem 3.2. Let (X, o) be a b-complete b-metric-like space with coefficient s > 1,leta : X x X — [0, co) and
Jd : X — X be given mappings. Suppose that the following conditions hold:

(A1) g € As(X, a, ¥, 9) N WA(X, a);

(A2) there exists ug € X such that a(ug, Jup) > 1;

(A3) a has a transitive property, that is, for u, v, w € X, a(u, v) > 1 and a(v, w) > 1 imply a(u, w) > 1;

(A4) Jis op-continuous.

Then Fix(J) + 0.

Proof. By the given condition (A2), there exists ug € X such that a(ug, Jug) > 1. Define a sequence {u,} € X
by up+1 =Jup forn=0,1,....If there exists no € N such that un, = un,+1, then u,, € Fix(J) and hence the
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proof is complete. Hence, we will assume that u,, # u,.1 for all n € IN. It follows that
op(Up, Uny1) >0 foralln € N.

Hence, we have

1
z—sob(un,aun) < op(up, Ju,) foralln e N.

Step I. First we need to prove that
lim oy (un, uns1) = 0. (3.3)

Using that J € WA(X, a) and a(ug, Jup) > 1, we have
a(uq, uz) = a(Juo, Jduo) = 1.

Repeating this process, we obtain
a(Uns1, Uns2) 2 1. (3.4)

It follows from J € Ag(X, a, i, @) that (owing to (3.4))
Y(op(Uns1, Uns2)) = P(Op(TUn, JUns1))
< P(sop(Jun, Juns1))
< P(O(un, uns1)) — P(O(Up, Uns1)) (3.5)
for all n € N, where

0b(Un, 3?un) + 0p(Jun, Jun)
4s

)

O(un, Uns1) = max{ab(un, Jun), 0p(Un, Jun), op(Jun, gzun),

0p(Un, Jun)0b(Un, J*Un) + b (Un, J*Un)0b(JUn, Jun)
1+ s[op(un, Jun) + 0p(Jun, §2un)]
0p(Un, Jun)op(Un, 3*Un) + 0p(Jtn, 3°un)op(Jun, Jun)
1+ 0p(un, J?un) + op(Jun, Jun)

>

= maX{ob(un, Jun), 0p(Jun, 3 un),

0p(Un, Jun) + 0p(Jtin, JUn) + 0p(Jun, Un) + 0p(Un, Juin)
4s
0p(Un, Jun)0b(Un, 3*Un) + 0 (Un, J*Un)[0b(Un, Un) + Ob(Un, Jtn)]
1+ s[op(un, Jun) + 0p(Jun, J2un)]
0p(Un, Jun)[0p(Un, Jun) + b (JUn, J?un)] + 0p(Jun, 3*un)[0b(IUn, Un) + Ob(Un, Jun)]
1+ 0p(Un, Jun) + 0p(Jun, J2un) + op(Jun, Un) + op(Un, Jun)

>

bl

305 (Un, Jun) + 0p(Jtn, J°un)
4s

>

= maX{ob(un, Jun), 0p(Jun, F*un),

305 (Un, Jun)op(un, 3>un)
1+ s[op(un, Jun) + 0p(Jun, J2un)l’
30p(un, Jun)op(Jun, qun) + 0p(Un, Jun)op(Un, Jun)
1+ 30p(Un, Jun) + op(Jun, J>un)

= maX{Ub(un, Jun), op(Junp, 321111)}-
If ©(up, Jun) = 0p(Jun, J*uy) for some n € N, then inequality (3.5) implies that

P(0p(un, 3%un)) < Y(sop(Jun, 3°un))
< Y(O(un, Jun)) — (O (un, Jun))
< PY(0p(Juun, 3un)) - P(0p(Jun, 3*un))
< P(op(Jun, 3*un)),

a contradiction. Therefore, ©(u,, Ju,) = op(un, Ju,) foralln € IN.
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From (3.5), we have

Y(0p(Jun, 3°un)) < Y(sop(Jun, 3*un))
< P(O(up, Jun)) - @(O(un, Juy))
< P(op(un, Jun)),

(3.6)

for all n € N. Since Y is a non-decreasing mapping, {op(un, Un4+1)} is a decreasing sequence in R and then

there exists p > 0 such that
nlim 0p(Un, Uns1) = P
—00

Passing to the limit as n — co in (3.6), we get
Y(p) < Y(p) - pp) < P(p)
and thus ¢(p) = 0. This implies that p = O, that is,
im0y (un, Jun) = im op(un, Uns1) = 0.
This proves that (3.3) holds.

Step Il. Next, we prove that {u,} is a b-Cauchy sequence in X.

(3.7)

Suppose, on the contrary, that there exist €p > 0 and subsequences {um,)} and {un} of {un} such that

m(k) > n(k) > kand
0b(Um(k)> Un(k)) = €0

and n(k) is the smallest number such that (3.8) holds, so that we have
Ob(Um(k) Un(k)-1) < €o-
By Definition 2.4 (iii), (3.8) and (3.9), we get
€0 < 0p(Um(k)> Un(k)) < STh(Um(k)> Un(k)-1) + SOb(Un(k)-15 Un(k)) < SE€0 + SOb(Un(k)-1, Un(k))-
Owing to (3.7), there exists N; € N such that
0p(Um()-1, IUm(o-1) < €0, Tp(Un(k), JUn(i) < €0,  Tp(Um(k), JUm(k)) < €0 forall k > Ny,
which, together with (3.10), shows o5 (Umk), Un(k)) < 25€o for all k > N;1. Hence
V(o (Umk)> Unek)) < Y(2s€p) forall k > Nj.

From (3.7), (3.8) and (3.11), we get

1 €0
Z—SO'b(um(k), Jum) < 5 < op(Um(iy, Uny) forall k > Ny.

Using the triangular inequality we deduce
0p(Um(kys Un(k)) < SOb(Um(k)s Um(k)+1) + S[Ob(Um)+15 Un(ly+1) + Tb(Un(i)+15 Un(k))]-

Passing to the limit as k — oo in (3.13), by (3.6) we obtain

€0 ..
s < lim sup 0 (Um(k)+15> Un(i)+1)-

k—00

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Therefore there exists N, € N such that o (Um()+1, Un@y+1) > O for k > N», i.e. 0p(Jumk), Junk)) > 0. Using

the transitivity property of a, we get a(um), Un)) = 1. Therefore J € As(X, a, P, @) implies that

Y(op(Umk)+15 Unky+1)) < P(STB (UMK > TUn(k)))
< PO Um(k)> Un(k))) — P(OWUmk)» Un(k)))-

(3.14)
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Using (3.2), (3.11)—(3.13), we have

O(Um(k), Unk)) = maX{Ub(um(k), Un(k))s Ob(Um(kys IUm(k))> Ob(Un(k)> TUn(k)),

Op(Um(ky> JUn(ky) + Op(Un(iys TUm(k))
4s ’
0p(Um(kys TUm()) Ob(Um(k)> TUn(iy) + Ob(Un(kys TUn(k)) Ob(Un(k)» TUm(k))
1+ s[op(Umys JUm)) + Ob(Uneky> JUn(k))]
0p(Um(kys TUmk) Ob(Um(k)> TUn(iy) + Ob(Un(kys TUn(k)) Ob(Un(k)» JUm(k)) }
1+ 0p(Um(kys JUne)) + Ob(Unek) > IUm(k))

>

< maX{Ub(um(k), Un@k))s 0b(Um(kys IUm(k))> Ob(Un(ky> TUn(i))>

0p(Um(k)s Un(k)) + Ob(Un(k)> JUn(k)) + Tb(Unck)> Um(k)) + Ob(Um(k)> TUm(k))
4s ’
Oy (Um(k)s IUm)) [Tb (Um(i)s Un(ky) + O (Un(iys TUn(k))]
1+ s[0p(Um(k)> IUmk)) + Ob(Unek)> TUn(k))]
Op(Un(kys JUn(io) [0b Un(k)> Um(k)) + Tb(Um(k)s TUm(K))]

1+ s[op(Umys TUmi)) + Ob(Un(iky> TUn(k))]

0p(Um) > JUm) [Ob(Um(k)s Uni)) + Ob(Un(iy > JUn(k))]
1+ 0p(Um(kys Unk)) + 0b(Un(k)s JUnk)) + Ob(Unck)s Um(k)) + Ob(Umk) > TUm(k))

. Op(Un(k)> Jun(k)) [0 (Un(k)> Um(k)) + Tp(Umi)> IUm(k))] }
1+ 0p(Umky» Un(y) + b (Un(kys JUn(k)) + b Un(k)s Um(k)) + Ob(Um(k)> TUm(k))

2S€p + €9 + 2S€p + €
4s
Op(Um(k) > IUm(K))[2S€0 + €0] + T (Un(k)> JUn(i))[25€0 + €0]
1+ S[€0 + 60]
[2s€g + €0] + €9[2S€Q + €0]
1+ 2s€o + 0p(Un(k), JUn(k)) + 25€0 + €0 }

)

< max{Zseo, 0p(Um) > JUm(k)), Ob(Un(k)> TUn(k))»

’

(3.15)

for k > max{Ny, N-,}. Passing to the limit as k — oo in (3.14) and using (3.15), we obtain

P(eo) < Y(eo) — @(eo).
This implies that ¢(eo) = 0 and hence €y = 0, a contradiction. Therefore {u,} is a b-Cauchy sequence in X.

Step lll. As (X, op) is a b-complete b-metric-like space, there exists u* € X such that
op(u*,u’) = nlLrgo op(Uup, u™) = n,}rizr—l}oo op(Un, uy) = 0.
We will show that u* is a fixed point for J. Owing to condition (A4), we get
Aim op(Jun, Ju*) = 0.
From the triangle inequality, we have
op(u*, Ju*) < slop(u”, Jun) + op(Jun, Ju*)] foralln e N.
Passing to the limit as n — oo in the above inequality, we obtain
op(u*,Ju*) =0
and then Ju* = u*. This shows that Fix(J) # 0, which completes the proof. O

We note that the previous result can still be valid for J not necessarily b-continuous. We have the following
result.
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Theorem 3.3. Let (X, o) be a b-complete b-metric-like space with coefficient s > 1,leta : X x X — [0, co) and

d : X — X be given mappings. Suppose that the following conditions hold:

(A1) J € As(X, @, 1, p) N WA(X, @);

(A2) there exists ug € X such that a(ug, Jup) > 1;

(A3) a has a transitive property;

(A4*) Xis a-regular,i.e., if {uy,} is a sequence in X with a(uy,, up+1) = 1 forn € Nand u, — u* asn — oo, then
a(uy, u*) >1forn e N.

Then Fix(J) + 0.

Proof. Following the proof of Theorem 3.2, we obtain a 03,-Cauchy sequence {u,} in the o;-complete b-metric-
like space (X, op). Hence, there exists u* € X such that

Jim oy (un, u*) =0,
thatis, u, — u* as n — oo. By a-regularity of X, we have a(u,, u*) > 1 for all n € N. It follows from (A1) that

Y(sop(Jun, Ju*)) < P(O(un, u*)) — P(O(uy, u™)), (3.16)
where

Op(Un, Ju*) + op(u*, Jun)
4s ’
0p(Un, Jun)0p(Uy, Ju™) + op(u™, Ju*)op(u*, Jun)
1+ s[op(un, Jun) + op(u*, Ju*)]
Op(Un, Jun)0p(Uy, Ju™) + op(u™, Ju*)op(u*, Jun)
1+ 0p(un, Ju*) + op(u*, Jun) ’

O(up, u*) = maX{ab(un, u*), op(u”, Ju*), op(un, Jun),

’

(3.17)

Applying the limit as n — oo to (3.17) and using [9, Lemma 16], we get

op(u*,Ju*)

= min{Ub(u*’gu*)’ #}

< liminf ©(u,, u™) < lim sup O(u,, u*)
n—00 n—oo

op(u*, Ju*)
452

sop(u*, Ju*)

< max{ab(u*,ﬁu*), 4s

} =op(u*, Ju™). (3.18)
Again, by using (3.16)—(3.18) and passing to the upper limit as n — oo and using [9, Lemma 16], we get
1
Y(op(u*, Ju*)) = ¢(S§0b(un+1, Hu*)>
< ¢(S lil;ln sup op(Uns1, 311*))
< l/)( lim sup ©(up, u*)) - fP( li%’lli()I.}fG)(un, u*))
n—oo -
< P(op(u™, Ju*)) - p(op(u*, Ju™)),

a contradiction, and hence o, (u*, Ju*) = 0. Therefore u* = Ju*. Hence Fix(J) # 0. O

3.1 Consequences

We can derive several results from our main results. For example:
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Corollary 3.4. Let the conditions of Theorem 3.2 or Theorem 3.3 be satisfied, apart from condition (A1), i.e.,
we have:

(A1) J € As(X, a, P, @) N A(X, );

(A2) there exists ug € X such that a(uo, Jug) > 1;

(A3) a has a transitive property;

(A4) Jis op-continuous, or

(A4*) Xis a-regular.

Then Fix(J) + 0.

Corollary 3.5. Let (X, dp) be a complete b-metric space with coefficient s > 1, let Y, ¢ : [0, c0) — [0, c0) be
altering distance functions, let a : X x X — [0, 00), and let J : X — X be a contractive mapping of the type
AL(X, a, Y, ), that is,

u,veXwitha(u,v)>1 = P(sdp(du, Jv)) < P(04(u, v)) — (04U, v)),

where

dp(u, gv) + dp(v, Ju)
4s ’
dp(u, Ju)dp(u, Jv) + dp(v, Iv)dp(v, Ju) dp(u, Ju)dp(u, Jv) + dp(v, Jv)dp(v, Ju)
1+ s[dp(u, Ju) + dp(v, Jv)] ’ 1+dp(u, Jv) + dp(v, Ju)

O4(u,v) = maX{db(u, v), dp(v, Jv), dp(u, Ju),

Suppose that the following conditions hold:

(A1) Je AL, a, ¥, @) N AX, @);

(A2) there exists ug € X such that a(ug, Jug) > 1;
(A3) a has a transitive property;

(A4) Jis b-continuous.

Then Fix(J) + 0.

4 Examples

The following example verifies the conditions of Theorem 3.2 and involvement of rational terms.

Example 4.1. Let X = {0, 1, 2} and let g} : X x X — [0, co) be defined by
2 5
Ub(os 0)20’ Ub(ls 1): §’ 01,(2, 2): E’
1
00, 1)=05(1,0)= 3, 04(0,2)=05(2,0)= 3, 05(1,2)=0p(2,1) =4

It is clear that (X, 0p) is a b-complete b-metric like space with constant s = %, which is neither metric, nor
metric-like space. Define mappings J : X - Xanda : X x X — [0,00) by JO =0,71 =0, 72 =1, and

) t+tanh(Qu+v) ifuzv,
a(u,v) =
otherwise.

Under these assumption, we will show that all the conditions of Theorem 3.2 are satisfied.

Proof. Suppose that u,v € X, so that a(u,v) > 1. Consider the functions (t) = 2t and ¢(t) = % Now
a,(J0, J0) = 0,(J0, J1) = 0, so the following four cases can be distinguished:

Casel: Foru=0andv=2(oru=1andv=2),

|

1l
[
]
(%]

(4.1)

Wsou, 3v) = b 0,30, 82)) = ({2 )or 0, 1)) = (1o
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and
05(0, J2) + 0p(2, J0)
414
6
05(0, J0)op(0, 32) + 0(2, J2)0p(2, J0) 05(0, J0)o,(0, J2) + 0p(2, J2)0p(2, 30)}
1+ [05(0,30) +05(2,52)] 1+0p(0,32) + 05(2, J0)

’

0(0,2) = maX{ab(O, 2), 05(2,32), 0p(0, JO),

05(0, 1) + 0p(2,0)

@ ’
3

01(0,0)05(0, 1) + 0p(2, 1)0p(2,0) 05(0, 0)05(0, 1) + 05(2, 1)0p(2, 0)}
1+2[05(0,0) +0p(2,1)] ' 1+0p(0,1) +05(2,0)

8 9

= —,4,0,-,1.03,5.6 }

max{3 4 3 3,5.64

=5.64 (corresponding to rational term). (4.2)

= maX{Ob(O, 2),05(2,1), 0p(0, 0),

From (4.1) and (4.2) it is clear that inequality (3.1) will be in the form

Y(sop(du, Iv)) < P(O(u, v)) - p(O(u, v)),
thatis, 1.55 < Y(5.64) — ¢(5.64) < 8.46, which is true.
Casell: Foru=2andv =2,

Wson(@u av) = 9( 5 0032.82) = p( (4 o1, D) = (35 ) = 5 =311, 4.3)

and
05(2,32) +0p(2,32)
414
6
05(2,32)05(2,32) + 05(2,2)0p(2,d2) 0p(2,72)0p(2,32) + 05(2, J2)05(2, 32)}
1+ X 04(2,32) + 05(2, J2)] ' 1+05(2,32) +05(2,32)

0(2,2) = maX{ob(z, 2),05(2,32), 0p(2,32),

>

0p(2,1) +0p(2,1)

28
3

0p(2,1)05(2,1) + 0p(2, 1)0p(2, 1) 0p(2, 1)0p(2, 1) + 0p(2, 1)0p(2, 1)}
1+ 2op(2,1) +0p(2,1)] 1+0p(2,1) +0p(2,1)

= max{ab(zy 2)’ Ob(29 1)’ Ub(z’ 2),

:max{%,l;,%,0.85,1.6,3.55} = 4. (4.4)
Therefore, by (4.3) and (4.4), inequality (3.1) reduces to

Y(sopdu, Jv)) < P(O(u, v)) - p(0(u, v)),
thatis, 3.11 < Y(4) — @(4) < 6, which is true.

Caselll: Foru=2andv=1,

1 1
w(sop(u, ) = (= 030,82 1o ( (5 )on0, 1) = (15 ) = 5 = 1.5, (.5)
and
0y(2,d1) + 0p(1, J2)
414
6
05(2,32)0p(2,d1) + 0p(1,3d1)0p(1,J2) 05(2,d2)0p(2,91) + 0p(1, J1)0p(1, 32)}
1+ Y0,(2,392) + 0,(1, J1)] ’ 1+05(2,31) +05(1,72)

>

8(2’ 1) = max{ab(zy 1)a Ub(19 32), Ub(za 32),
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0p(2,0) +0p(1,1)

@ ’
3

0p(2, 1)op(2,0) + 0p(1, 0)0p(1,1) 0p(2,1)0,(2,0) + 0p(1,0)0,(1, 1) }

= max<|0b(2, 1), 05(1, 1), 05(2,1),

1+2[04(0,0) +0p(2,1)] 1+05(2,0) +0p(1,1)
2 4
= s S ’_92-2 ,2- }: . .6
max{43421 7,23l =4 (4.6)

Therefore, by (4.5) and (4.6), inequality (3.1) is satisfied, since
Y(sop(Ju, Jv)) < P(O(u, v)) - p(0(u, v))
reduces to 1.55 < (4) — p(4) < 6.

Case IV: Foru =2 and v = 0, it clearly follows as in Case I.

This implies that (3.1) holds for all the cases, thus J € As(X, a, ¥, @). It is easy to see that the mapping J
is not a-admissible but weakly a-admissible.
First, we show that J is not an a-admissible mapping. Indeed, for u = 1, v = 2, we see that

1
a(u,v) =a(l,2) = 3 +tanh(11) > 1

but
a(Ju, Jv) = a(d1,J2) = a(0,1) =0 < 1.

Next, we show that J is weakly a-admissible. Suppose that u € X such that a(u, Ju) > 1. Then u, Ju € [0, 2]
and 1
alu, Ju) = a(2,1) = 3 +tanh(19) > 1.

This implies that JJu € [0, 2] and so x = 2. Now we obtain
a(du, ddu) = a(32, 332) = a(1,0) = % +tanh(9) > 1.
Also, we can see that J is continuous and there is ug = 1 such that
a(xo, dxo) = a(1,J1) = a(1,0) > 1.

From the definition of a, it is clear that a has a transitive property.

Therefore, all the conditions of Theorem 3.2 are satisfied. Thus we can conclude that Fix(J) # 0. In this
example, it is easy to see that 0 € Fix(J).

It can be observed that inequality (3.1) is satisfied neither in metric d(x, y) = |x — y|, nor in metric-like
o(x, y) = max{x, y}. O

The following example shows that Theorem 3.2 is not true in metric spaces and metric-like spaces. We show
that the contraction condition (2.1) of Sintunavarat [20] is not suitable in b-metric like space (X, 0}) in this
example.

Example 4.2. Let X = [0, co) and let 0 : X x X — [0, co) be defined by
op(u, v) = maxfu?,v?} forallu,ve X.
Clearly (X, 0p) is a complete b-metric like space with constant s = 4. Let a mapping J: X — X be given by
3 ifu € [0, 4],
u-=
In(5u-2) ifu> 4.
Leta : X x X — [0, co) be given by
sinh'Gu+2v) -2 ifu,vel0,3],
a(u,v) =
In(¥3Y) otherwise.
Now, using control functions Y (t) = t and ¢(t) = 15—6t, we have to prove that
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(A1) J € As(X, &, P, ) N WA(X, );

(A2) there exists xo € X such that a(xg, Jxg) > 1;
(A3) a has the transitive property;

(A4) Jis op-continuous.

Proof. In order to prove that J: X — X is a contractive mapping, without loss of generality suppose that
0<v<uc<4.Then

Y(sop(du, Jv)) < w(amax{(%u)z, (%)2}) < lp(496_u:> - ¢(91_H62> — 91_“62

and
_ 2 2 o wWHv W)+ (vVA)HvA) WH) + (),
®(u,v)—max{u,u,v, IR W T el Sy s }_u.
Hence,
ou? 2 5 o 2 2
P(sop(du, Jv)) = 16 W T g¥ < Yu) - ) = PO(u,v)) - (0(u, v))

and inequality (3.1) is satisfied. Thus J € As(X, a, P, @).
We will show now that J € WA(X, a) and J ¢ A(X, a). First we show that J is not an a-admissible map-
ping. Indeed, for u = 0, v = 2, we have that

2
a(u, v) = a0, 3) = sinh™(6) — 30
but
1 2
a(Ju, Jv) = a(Jo, J3) = a(O, 2) = sinh‘l(—8> -2 <.
8 8 3
Suppose now that u € X is such that a(u, Ju) > 1. Then u, Ju € [0, 4]. This implies that JJu € [0, 4) and so

u = 3. Now we obtain

3 (9 27\ . ,1(§)_g
a(gu, J3u) = (g3, 393) = a(s, 64) =sinh (537 ) -5 > 1.
Hence, J is weakly a-admissible.
Also, we can see that J is continuous and there is ug = 1 such that

3 . 4/15
a(up, Jup) = a(1,J1) = a(l, §) = sinh (T) -3 > 1.
We can also see that a has a transitive property, for all u, v, w € [0, 4].
Therefore, all the conditions of Theorem 3.2 are satisfied. We conclude that Fix(J) # 0. In this example,
it is easy to see that 0 € Fix(J).
Finally, we show that in this case the contraction condition (2.1) of Sintunavarat [20] is not true in the
b-metric like space (X, o). Indeed, in this space the mentioned condition takes the form

x,y € Xwitha(x,y) =1 = P(s>0p(dx, Jy)) < Y(Ms(x,y)) - p(Ms(x,y)) + LP(N(x, )), (4.7)

where

Ms(x, y) = {ob(x, V), 0v(x, 3%, 0y, dy), 22D );Sm’ . 3% }
and

N(x,y) = min{o(x, Jx), op(y, Ix)}.
Denote by £ and R, respectively, the left-hand and right-hand sides of condition (4.7). Take 0 <y < x < 4,

and s = 4, L = 0. Then ,
3x 3y 9x

_ 3 X YN\ _ 42X 9,2

L_¢(4Ub(8’8)) 64 gs =X
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and
R = PpMs(x, y)) - p(Ms(x, y)) + Lp(N(x, y)),
Ms(x, y) = max {xz,xz,yz, X Zyz} =x?,
N(x,y) = max {x?, y*} = y2.
Then we get

_ 2y 2 2 2 5 o 11,
R=9Pp(x%) —px°)+ Lp(y?) <x 16x S16X'

Consequently, we have £ ¢ R and hence the contraction condition (4.7) is not true in the b-metric-like space
(X’ O-b)-

It can again be observed that inequality (3.1) is satisfied neither in metric d(x, y) = |x — y|, nor in metric-
like o(x, y) = max{x, y}. O

5 Application to fractional differential equations

This section is devoted to the existence of solutions for a nonlinear fractional differential equation as an
application of Theorem 3.3. It is inspired by the paper [6].
Recall that the Caputo derivative of fractional order f is defined by

t
J(t— s)"P1gMW(s)yds (n-1<B<n, n=[B]+1),
0

‘DP(g(t) =

1
I'(n-p)

where g : [0, c0) — Ris a continuous function, [] denotes the integer part of the positive real number  and
I is the gamma function.

In addition, the Riemann-Liouville fractional derivative of order f3 for a continuous function g(t) is de-
fined by

t
oty = — - (Y [_89 - -
D (g(t))_ F(n—ﬁ)(dt) J(t_s)ﬂ—n—l dS (n 1 <B<ns n= [ﬂ]"’l)’

provided the right-hand side is point-wise defined on (0, c0).

In what follows, we consider three different classes of nonlinear fractional differential equations and
prove the existence of their positive solutions through assumptions using three forms of distance functions
via Theorem 3.2.

Class 1. First we consider the nonlinear fractional differential equation of the form
DE(x(t)) = f(t, x(t)) (0<t<1, 1<B<2) (5.1)

with the integral boundary conditions
n
x(0)=0, x(1)= Jx(s) ds (0<n<1),
0

where x € C([0, 1], R), and f : [0, 1] x R — R is a continuous function.

To get the result, we consider X = C([0, 1], R) endowed with the b-metric-like
op(u,v) = max [[u(t) + v(t)]]*,
te[0,1]

with the constant s = 2.
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Theorem 5.1. Let J: X — X be the operator defined by

t

t
ST PPRPA7 Y 2t [q_g®D
Ju(t) = r(/;)(!“ $)#Df(s, u(s)) ds (2—112)1"([3)(!(1 $)#Df(s, u(s)) ds
n S
2t _ ) B-D
+ G-I J(J(s m) f(m, u(m))dm) ds, (5.2)

0o 0

where t € [0, 1]. Suppose the following assertions hold:
(F1) f:IxR — Ris a continuous function, non-decreasing in the second variable;
(F2) there exists xo € X such that xo(c) < Jxo(c) forall c € [0, 1];
(F3) foreacht € [0,1] and x,y € X with x(w) < y(w) for all w € [0, 1], we have

1

5 T'(B + DA1(x, y)(D),

[Ifct, x(t))] + Ifct, yO)I]) < TG

where

A1 (x, y)(8) = maX{(IX(t)I +ly(®D?, (X1 + 13x@OD?, (y O] + [y®D?,

(X1 + 13y©OD> + (y@)] + [3x(@)))?
8 ’
(Ix(O1 + 1Ix@OD* (x| + 1Ty OD* + (y@©)] + 1dyOD>(y (O] + [3x())?
1+ 2[(x(®O] +1dx@®)D? + (Iy O + 1y (O)?] ’

(X1 + 13D (Ix@®)] + [Fy@©)D* + Uy + 1Fy@OD>* Uy @OI + 13x(O)])? }%
1+ (Ix(O1 +13y(OD? + (Ix(@®)] + 1dy(D)])? '

Then equation (5.1) has at least one solution u* € X.

Proof. Define a function a : X x X — [0, co) by

(5.3)

1 ifx(c) <y(c)forallc e,
alx,y) = ]
n otherwise,

where 1 € (0, 1). It is easy to see that a has a transitive property. Indeed, for all x, y, z € X:

aix,y)>1, a(y,z) 21 = x(c) <y(c), y(c) <z(c)forallc el
= x(c)<z(c)forallcel

= a(x,y) > 1.

Since J is non-decreasing in the second variable, it follows that J € A(X, a). From (F2) and (5.3), we get
a(xo, Jxo) = 1. To prove condition (A4*) of Theorem 3.3, let {x,,} be an increasing sequence in X. Then by
definition (5.3) of a, we have a(x,, x,+1) = 1 foralln € N.If x, — x € X asn — oo, then as in the paper [14],
we get x,(c) < x(c) for any c € I. Therefore by (5.3), a(xy, x) > 1 for all n € N. Thus condition (A4*) holds.

Now we have to check that g € As(X, a, Y, ¢). For this, let u, v € X be such that a(u, v) > 1, that is,
u(t) < v(t)forall t € I. For all t € I, by the conditions (F3) and (5.2), we have

1

j(l — $)EDf(s, u(s)) ds

0

2t

t
1 _
|gu(o)] +13v(D)] = ‘— j(t— $)PDf(s, u(s)) ds - FEEET)

I'(B)
0

2t

+ PR f ( Js(s - m)®Vfm, u(m)) dm) ds

0o 0
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¢ L _ o\B-1)
F(ﬂ) J(t s)PVf(s, v(s)) ds + T J(l $)B-Vf(s, v(s)) ds
1
2
W;)r(mj (J (s = m) = fm, v(m))dm)ds

1
2t
(1 - 8)2B-D[|f(s, u(s)| + If(s, v(s))l]
2 nz)r(ﬁ)J
ns
(s - m)*BV||f(m, u(m))| + If(m, v(m))| dm| ds
T2- nz)r(ﬁ) J J
< %ﬁ) J It — 5| r(ﬁlg ) Ay (u, v)(s) ds
0
1
2t rg+1)
(1-s)#D A1 (u, v)(s) ds
(2—n2)r(ﬁ)l
n S
Y- nZ)r(mJ(J' 07 =G damy dm ) s

t
<558+ 06t s (g et

1

2t J(l -5)B-Vgs * BTGB

- _ m|B-1)
+ PEEONT ) |s —m| dmds)

O sy 11

n
2)1"(ﬁ) J

—\/_ @(u V)) 2

which implies that
1
0p(d(u), J(v)) < ge(u, v),

where ©(u, v) is given in (3.2).
Now, considering the control functions i, ¢ : [0, +00) — [0, +00) given by

Y=t @)= % fort >0,

we get
Y(so(du, Jv)) < P(O(u, v)) - 9(6(u, v)).

Thus J € As(X, a, i, @). Therefore, by Theorem 3.3 we conclude that there is a fixed point u* € X of the oper-
ator J and u* is also a solution to the integral equation (5.2) and the fractional differential equation (5.1). [

Class 2. Secondly, we consider the nonlinear fractional differential equation of the form
DP(x(t)) + f(t, x(H) =0 (0<t<1, 1<p) (5.4)
with the two-point boundary conditions
x(0)=0, x(1)=0
where f: I = [0, 1] x R — R is a continuous function.
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This problem is equivalent to the integral equation
1
u(t) = J G(t, OF G, u(Q) d¢ forall t e 1,
0

where the corresponding Green function is given by

(‘(1;(2))a_1 ifo<t<{<1.

_ B-1 _ _np-1 .
G(t,o:{(t(1 9 (t-9 ifo<{<t<1,

Here we consider X = C([0, 1], R) endowed with a different b-metric-like,
op(u, v) = maxu(0)] + v,

making (X, o) a b-metric-like space with the constant 271,

Theorem 5.2. Let J: X — X be the operator defined by

1
Ju(t) = j G(t, OFC u() d¢, 5.5)
0

where t € [0, 1]. Suppose the following assertions hold:
(F1) f:IxR — Ris a continuous function, non-decreasing in the second variable;
(F2) there exists xo € X such that xo(c) < Iol G(c, Of(s,x0({)) d( forall c € I;

(F3) there exists p > 1 such that the following condition holds: for all t € I and x, y € X with x(w) < y(w) for
allw e I,

It X(O)] + If¢t, y(0)] < [%ﬂ)(l #(1- %m)%ﬁ)]flm(x, Y,

where

Az (x, y)(t) = (% maX{(IX(t)I + Iy, (Ix@©1 +13x@®DP, 1y + 1y (D))",
(IX@I + 1Fy@ODP + (ly @) + [dx ()P

2p+1
(Ix(@®)] + [Ix(@) )P (1x ()] + [Ty O)DP + (ly @] + [Ty )DP (y ()] + [Ix(B)])P
1+ 2P 1 [(Ix(O] + [Ix(@)DP + (ly(@)] + 1dy()])P] ’

(O] + [BXODP(X(O] + [3YWODP + (O] + [aYEODP (O] + [FX(OD? })

1+ (Ix(@)] + 1dy(ODP + (Ix(®)] + |Jy(O))P
Then there exists a fixed point u* € X of J, that is, equation (5.4) has at least one solution u* € X.

Proof. We can define a on X and prove conditions (A1)—(A4*) as in Theorem 5.1 (see (5.3)).
Here we have only to check that J € As(X, a, ¥, @). For this, let x, y € X be such that a(x, y) > 1, that is,
x(c) < y(c) forall ¢ € I. For all ¢ € I, by the conditions (F3) and (5.5), we have

1(@x) ()] +1(@y)(e)] = 1 G(c, Of(G, x(O) d¢| + 1 G(c, Of(G y(D) d¢
| |

1

16te, 01d¢ )( 11 X1 + 116, ye@l] ¢
0

<

2
S
=
QU
~
SN———
—
—_—

[%ﬁ)(l + <1 - %ﬁ))%ﬁ)]_lAz(x, N d()

0
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1

i (JC[‘C“ P - e- P Mg+ | o
0

%)

1 1\1\1! 1
X[Tﬁ)(“(l_ﬁ)ﬁﬂ 26707
X maX{(IX(OI +y(QDP, (Ix(O +13x(ONP, (y ()l + 1Ty (DD*,
(Ix(Q1+1dy(ODP + Iyl + 1dx(HP

2p+1
(Ix(Q1 + 1dxQDP (Ix(D1 + 1dy(QDP + Ay (O] + [Ty QNP Iy (D] + 1Tx(DI)P
1+ 2P71[(|x ()] + 13x(ODP + (ly (O] + 1Ty (DI)P] ’

(IXCO1 + 1dxQDP (1x(DI + 1Ty (NP + (ly (DI + 1Ty QNP Iy (DI + 1dx(D)N)P };
L+ (Ix(Q1 + 1y (QDP + (Ix(I + 1y (DI)P

I S OV SRR S OOSRY ) WOl B TR Y e
_F(ﬁ)(c + gl c)])x[r(ﬁ)(1+(1 F(ﬂ))4ﬂ)] o
X maX{(IX(OI + 1y QNP (Ix(O1 +13x(ONP, Uyl + 1Ty (DD*,

(X1 + 1dyQDP + (y( QI + 1Ix(DP

2p+1
X1+ 1Ix QNP Ux(O] + 1dy QNP + Uy (DI + 1Ty (ONP Iy (I + 1Ix(O)P
1+ 2P71[(Ix ()] + 13x(ODP + (ly(] + [Ty (D))P]

X1+ 1Ix QNP XD + 1dyQDP + Uy (DI + 1Ty QNP Iy (DI + 1dx(OI)P }’1’
1+ (X1 + 1Ty QDP + (Ix()1 + 1Ty ()P ’

i)

This implies that
1

2p+l

op(3(x), 3()) = su?(l(HX)(C)I + 1@ < 0(x,y),

where O(x, y) is given in (3.2).
Now, considering the control functions i, ¢ : [0, +00) — [0, +00) given by

Y()y=t, @)= % fort >0,
we get
P(2Pa(dx, Jy)) < P(O(x, ) — p(O(x, ¥)).

Thus J € As(X, a, i, @). Therefore, by Theorem 3.3 we conclude that there is a fixed point u* € X of the oper-
ator J and u* is also a solution to the integral equation (5.5) and the fractional differential equation (5.4). O

Class 3. Finally, we consider the nonlinear fractional differential equation of the form
D%(x(t)) + DP(x(t)) = f(t,x()) (0<t<1l, 0<B<a<1) (5.6)
with the two-point boundary conditions
x(0)=0, x(1)=0,
where f: I = [0, 1] x R — R is a continuous function.

This problem is equivalent to the integral equation

1
u(t) = J G(t - OfG u(Q)d{ foralltel,
0
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where the corresponding Green function is given by
G(t, ) = t* L Eqp(-t*F),

where E, g is the generalized Mittag-Leffler function.
Here we consider X = C([0, 1], R) endowed with a different b-metric-like,

op(u,v) = ntlaIX[Iu(t)I +v(t)] +al?,

making (X, 0}) a b-metric-like space with the constant 2P~! (a > 0 is fixed).

Theorem 5.3. Let J: X — X be the operator defined by

1
Ju(®) = | 6(e- OAG. u() ds, (5.7)
0
where t € [0, 1]. Suppose the following assertions hold:
(F1) f:IxR — Ris a continuous function, non-decreasing in the second variable;
(F2) there exists xo € X such that xo(c) < fol G(c - {f(s, xo({))d( forall c € I;
(F3) thereexistp > 1 and a > 0 satisfying the following condition: for all t € I and x, y € X with x(w) < y(w)
for allw € I, we have
1
Ife, X(O) + If(E, ()] < | SA3(x, y)(6) - a|,

where

As(x, y)(0) = (% max{(lx(t)l +ly(Ol + @), (O] + 13x(O] + @), (ly(O)] + 13y ()] + a)?,

(Ix(@®O] + 1dy @) + a)? + (ly(®)| + 1Ix(t)| + a)?
2p+1 ’
(Ix(@®] + 13x(@®O)] + a)P (Ix(O)] + [Ty ()] + a)? + (ly(O)] + 1dy (O] + a)P (ly(O)] + [Ix(O)] + a)?
1+ 2P71[(Ix(O)] + [Ix(O)] + a)? + (ly(O)] + [Ty (O] + a)P] ’

(Ix(@®)] + 13x(@)] + a)P (Ix(O)] + 1Ty(O)] + )P + (ly(O)] + 1Ty ()] + a)? (ly(t)| + 1Ix(t)| + a)? })‘1’
1+ (Ix(O)] + 1dy ()] + a)? + (Ix(6)] + [dy(O)] + a)P '

Then there exists a point u* € X which satisfies (5.7), that is, equation (5.6) has at least one solution u* € X.

Proof. We can again define @ on X and prove conditions (A1)—(A4*) as in Theorem 5.1 (see (5.3)). We have
again only to check that J € Ag(X, a, i, ). For this, let x, y € X be such that a(x, y) > 1, that is, x(c) < y(c)
forall ¢ € I. For all ¢ € I, by the conditions (F3) and (5.7), we have

@]+ 1@ = | Jl G, DG, x(©) dg| + | jl Gle, DS, y(§) |

0 0
1

16e. 916 )(([IRG. X1+ 1. y(@I] ¢
0

1

6, ) d()( j IX[%Az(X, o - a] d()

0

Y
Y

O ey 1 O e,

< sctg) ( Jl G(c, Od()( Jl a[%A(x, y)(Q) - a] d().
0 0
Here it should be noted that

G(c) = ¢ 1 Eqp(-c"P) < c”“l% +]-c®Pl <! foralltel
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Thus
1

supj |G(c, {)|d{ <

cel
0

|-

Therefore

1 1 p 1
op(d(x), 3()) = sup(|(@x)(c)] +1@y)(c)] + a)? < [— xax-0(,y)| <50y,
cel a 2 2P+
where O(x, y) is given in (3.2).
Now, considering the control functions i, ¢ : [0, +00) — [0, +00) given by

Yo =t, <p(t)=¥ for t >0,

we get
PP o(@x, 3y)) < P(O(x, ) - 9(O(X, y)).

Thus, J € As(X, a, P, @). Therefore, by Theorem 3.3 we conclude that there is a fixed point u* € X of the
operator J and u* is also a solution to the integral equation (5.7) and the fractional differential equation
(5.6). O

6 Some suggestions for further work

On the lines of our work, the following fractional g-difference boundary-value problems with p-Laplacian
operator can also be discussed:
(1) Dg(qbp(Dgu(t))) +flt,u(t)=0,0<t<1,2<ac<3,

u(0) = (Dqu)(0) =0,  (Dqu)(1) = B(Dqu)(n),

where O0<y<1, 2<a<3,0< Br[“‘2 <1, Dg , is the Riemann-Liouville fractional derivative, and
¢p(s) =IslP~%s,p > 1.
(i) DY(pp(DSy(D)) +ft,y() =0,0<t<1,0<y<1,3<b6<4,

y(0) = (Dgy)(0) = (DFy)(0) =0, a1 (Dgy)(1) + ay(Dzy)(1) =0, a1 +laz| #0, D{y(t)le=o0 =O.

Funding: The first author is thankful to the United State-India Education Foundation, New Delhi, India and
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