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1 Introduction

Random approximations and random fixed point theorems are stochastic general-

izations of classical approximations and fixed point theorems. The study of ran-

dom fixed point theorems was initiated by Prague school of probabilities in the

1950’s. The interest in these problems was enhanced after the publication of the

survey article of Bharucha-Reid [5]. Random fixed point theory and applications

have been further developed rapidly in recent years (see [2, 3, 8, 9, 14, 18] and ref-

erences therein). In 2001, Xu and Ori [19] introduced implicit iteration process

to approximate common fixed of a finite family of nonexpansive mappings. This

process proved to be the main tool to approximate common fixed point of various

class of mappings in deterministic operator theory. Zhao and Chang [20] studied

convergence of modified implicit iteration process to common fixed point of a fi-

nite family of asymptotically nonexpansive mappings. Sun [17] proved a necessary

and sufficient condition for convergence of implicit iteration process to a common

fixed point of asymptotically quasi-nonexpansive mappings.

In 2007, Plubteing, Kumam and Wangkeeree [11] studied the implicit random

iteration process with errors which converges strongly to a common fixed point

of a finite family of asymptotically quasi-nonexpansive random operators on an
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unbounded set in uniformly convex Banach spaces. They gave a necessary and

sufficient condition of the said scheme and mappings and also they proved some

strong convergence theorems.

Recently Su and Li [15] and Su and Qin [16] respectively introduced the com-

posite implicit iteration process and the general iteration algorithm which properly

include the implicit iteration process.

Very recently, Beg and Thakur [4] introduced the modified general composite

implicit random iteration process and they proved a necessary and sufficient con-

dition for strong convergence of this iteration process to a common random fixed

point of a finite family of random asymptotically nonexpansive mappings in sepa-

rable Banach spaces. They also proved some strong convergence theorems for the

said iteration scheme and mappings in uniformly separable convex Banach spaces.

The purpose of this paper is to propose the modified general composite implicit

random iteration process and to give a necessary and sufficient condition for strong

convergence of this iteration process to a common random fixed point of a finite

family of asymptotically quasi-nonexpansive in the intermediate sense random op-

erators in separable Banach spaces. We also prove some strong convergence the-

orems for the said iteration scheme and operators in uniformly separable convex

Banach spaces. The results presented in this paper extend and improve the recent

ones announced by Plubtieng, Kumam and Wangkeeree [11], Beg and Thakur [4]

and some others.

2 Preliminaries

Let .�; †/ be a measurable space († is sigma algebra) and let C be a nonempty

subset of a Banach space X . A mapping �W � ! X is measurable if ��1.U / 2 †,

for each open subset U of X . The mapping T W � � C ! C is a random map if

and only if for each fixed x 2 C , the mapping T . � ; x/W � ! C is measurable

and it is continuous if for each ! 2 �, the mapping T .!; � /W C ! X is continu-

ous. A measurable mapping �W � ! X is a random fixed point of a random map

T W � � C ! X if and only if T .!; �.!// D �.!/, for each ! 2 �. We denote the

set of random fixed points of a random map T by RF.T /.

Let B.x0; r/ denote the spherical ball centered at x0 with radius r , defined as

the set ¹x 2 X W kx � x0k � rº. We denote the nth iterate

T .!; T .!; T .!; : : : ; T .!; x/ : : : ///

of T by T n.!; x/. The letter I denotes the random mapping

I W � � C ! C

defined by I.!; x/ D x and T 0 D I .
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Let C be a closed and convex subset of a separable Banach space X and the

sequence of functions ¹�nº is pointwise convergent, that is, �n.!/ ! q WD �.!/.

Then the closedness of C implies that � is a mapping from � to C . Since C is a

subset of separable Banach space X , if T is a continuous random operator then, by

[1, Lemma 8.2.3], the mapping ! ! T .!; f .!// is a measurable function for any

measurable function f from � to C . Thus ¹�nº is a sequence of measurable func-

tions. Hence �W � ! C , being the limit of the sequence of measurable functions,

is also measurable [2, Remark 2.3].

Definition 2.1. Let T W � � C ! C be a random operator, where C is a nonempty

convex subset of a separable Banach space X .

(1) T is said to be asymptotically nonexpansive random operator if there exists a

sequence of measurable mappings hnW � ! Œ1; 1/ with limn!1 hn.!/ D 1,

for each ! 2 �, such that for x; y 2 C , we have

kT n.!; x/ � T n.!; y/k � hn.!/kx � yk; for each ! 2 �: (2.1)

(2) T is said to be asymptotically quasi-nonexpansive random operator if for each

! 2 � we have

G.!/ D ¹x 2 C W x D T .!; x/º ¤ ;

and there exists a sequence of measurable mappings hnW � ! Œ1; 1/ with

limn!1 hn.!/ D 1, for each ! 2 �, such that for x 2 C and y 2 G.!/, the

following inequality holds:

kT n.!; x/ � yk � hn.!/kx � yk; for each ! 2 �: (2.2)

(3) T is said to be asymptotically quasi-nonexpansive in the intermediate sense

random operator provided that T is uniformly continuous and

lim sup
n!1

sup
x2C

y2G.!/

�

kT n.!; x/ � yk � kx � yk
�

� 0; for each ! 2 �; (2.3)

where G.!/ D ¹x 2 C W x D T .!; x/º ¤ ;.

Definition 2.2. The modified random Mann iteration scheme is a sequence of func-

tion ¹�nº defined by

�nC1.!/ D .1 � ˛n/�n.!/ C ˛nT n.!; �n.!//; for each ! 2 �; (2.4)

where 0 � ˛n � 1, n D 1; 2; : : : and �0W � ! C is an arbitrary measurable map-

ping.

Since C is a convex set, it follows that for each n, �n is a mapping from � to C .
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Definition 2.3. The modified random Ishikawa iteration scheme is the sequences

of function ¹�nº and ¹�nº defined by

�nC1.!/ D .1 � ˛n/�n.!/ C ˛nT n.!; �n.!//;

�n.!/ D .1 � ˇn/�n.!/ C ˇnT n.!; �n.!//; for each ! 2 �;
(2.5)

where 0 � ˛n; ˇn � 1, n D 1; 2; : : : and �0W � ! C is an arbitrary measurable

mapping. Also ¹�nº and ¹�nº are sequences of functions from � to C .

Definition 2.4. Let ¹T1; T2; : : : ; TN º be a family of asymptotically quasi-nonex-

pansive in the intermediate sense random operators from � � C ! C , where C

is a closed, convex subset of a separable Banach space X . Let

F D

N
\

iD1

RF.Ti / ¤ ;;

where RF.Ti / is the set of all random fixed points of a random operator Ti for each

i 2 ¹1; 2; : : : ; N º. Let �0W � ! C be any fixed measurable map, and ¹˛nº � Œ0; 1�,

then the sequence of function ¹�nº defined by

�1.!/ D ˛1�0.!/ C .1 � ˛1/T1.!; �1.!//;

�2.!/ D ˛2�1.!/ C .1 � ˛2/T2.!; �2.!//;
:::

�N .!/ D ˛N �N �1.!/ C .1 � ˛N /TN .!; �N .!//;

�N C1.!/ D ˛N C1�N .!/ C .1 � ˛N C1/T 2
1 .!; �N C1.!//;

:::

�2N .!/ D ˛2N �2N �1.!/ C .1 � ˛2N /T 2
N .!; �2N .!//;

�2N C1.!/ D ˛2N C1�2N .!/ C .1 � ˛2N C1/T 3
1 .!; �2N C1.!//;

:::

(2.6)

is called the modified implicit random iteration process for a finite family of

asymptotically quasi-nonexpansive in the intermediate sense random operators

¹T1; T2; : : : ; TN º.

Since each n � 1 can be written as

n D .k � 1/N C i ;

where i D i.n/ 2 ¹1; 2; : : : ; N º, k D k.n/ � 1 is a positive integer and k.n/ ! 1

as n ! 1. Hence the above iteration process can be written in the following com-

pact form:

�n.!/ D ˛n�n�1.!/ C .1 � ˛n/T
k.n/

i.n/
.!; �n.!//; for all n � 1: (2.7)
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Random fixed point theorems 333

Now, we define a modified general composite implicit random iteration process.

Definition 2.5. Let ¹T1; T2; : : : ; TN º be a family of asymptotically quasi-nonex-

pansive in the intermediate sense random operators from � � C ! C , where C

is a closed, convex subset of a separable Banach space X with

F D

N
\

iD1

RF.Ti / ¤ ;:

Let �0W � ! C be any fixed measurable map. Then the sequence of function ¹�nº

defined by

�n.!/ D ˛n�n�1.!/ C .1 � ˛n/T
k.n/

i.n/
.!; �n.!//; for all n � 1;

�n.!/ D an�n.!/ C bn�n�1.!/ C cnT
k.n/

i.n/
.!; �n.!//

C dnT
k.n/

i.n/
.!; �n�1.!//; for all n � 1;

(2.8)

where ¹˛nº; ¹anº; ¹bnº; ¹cnº; ¹dnº � Œ0; 1� such that an C bn C cn C dn D 1, and

n D .k � 1/N C i , where i D i.n/ 2 ¹1; 2; : : : ; N º, k D k.n/ � 1 is a positive

integer and k.n/ ! 1 as n ! 1.

Remark 2.6. By proper selection of the sequences ¹anº, ¹bnº, ¹cnº and ¹dnº it

can be seen that the modified Mann iteration scheme, modified Ishikawa iteration

scheme, and modified implicit iteration process can easily be obtained from (2.8).

In the sequel we need the following lemmas to prove our main results:

Lemma 2.7 (see [10]). Let ¹anº, ¹bnº and ¹ınº be sequences of nonnegative real

numbers satisfying the inequality

anC1 � .1 C ın/an C bn; n � 1:

If
P1

nD1 ın < 1 and
P1

nD1 bn < 1, then limn!1 an exists. In particular, if ¹anº

has a subsequence converging to zero, then limn!1 an D 0.

Lemma 2.8 (Schu [12]). Let E be a uniformly convex Banach space and 0 < a �

tn � b < 1 for all n � 1. Suppose that ¹xnº and ¹ynº are sequences in E satisfying

lim sup
n!1

kxnk � r; lim sup
n!1

kynk � r; lim
n!1

ktnxn C .1 � tn/ynk D r

for some r � 0. Then limn!1 kxn � ynk D 0.
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334 G. S. Saluja and H. K. Nashine

3 Main results

Theorem 3.1. Let E be a real separable uniformly convex Banach space and C be

a nonempty closed convex subset of E. Let ¹Tiº
N
iD1 be N uniformly L-Lipschitzian

asymptotically quasi-nonexpansive in the intermediate sense random operators

from � � C ! C . Let F D
TN

iD1 RF.Ti / ¤ ;. Let ¹�n.!/º be the sequence de-

fined by (2.8). Put

An.!/ D max
°

sup
�.!/2F

n�1

�

kT n
i .!; �n.!// � �.!/k � k�n.!/ � �.!/k

�

_ 0 W i 2 I
±

:

(3.1)

Assume that
1

X

nD1

An.!/ < 1 and

1
X

nD1

.1 � ˛n/ < 1

where ¹˛nº is a sequence in .0; 1/ with 0 < a � ˛n � b < 1 for some a; b 2 .0; 1/.

Then:

(a) limn!1 k�n.!/ � �.!/k exists for all ! 2 �.

(b) limn!1 d.�n.!/; F / exists, with d.�n.!/; F / D inf�.!/2F k�n.!/ � �.!/k.

(c) limn!1 k�n.!/ � Tl.!; �n.!//k D 0, for all 1 � l � N .

Proof. Let �.!/ 2 F . Using (2.8) and (3.1), we have

k�n.!/ � �.!/k D kan�n.!/ C bn�n�1.!/ C cnT
k.n/

i.n/
.!; �n.!//

C dnT
k.n/

i.n/
.!; �n�1.!// � �.!/k

� ank�n.!/ � �.!/k C bnk�n�1.!/ � �.!/k

C cnkT
k.n/

i.n/
.!; �n.!// � �.!/k

C dnkT
k.n/

i.n/
.!; �n�1.!// � �.!/k

� ank�n.!/ � �.!/k C bnk�n�1.!/ � �.!/k

C cn.k�n.!/ � �.!/k C An.!//

C dn.k�n�1.!/ � �.!/k C An.!//

� .an C cn/k�n.!/ � �.!/k C .bn C dn/k�n�1.!/ � �.!/k

C .cn C dn/An.!/

� k�n.!/ � �.!/k C k�n�1.!/ � �.!/k

C .cn C dn/An.!/: (3.2)
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Using (2.8), (3.1) and (3.2), we have

k�n.!/ � �.!/k D k˛n�n�1.!/ C .1 � ˛n/T
k.n/

i.n/
.!; �n.!// � �.!/k

� ˛nk�n�1.!/ � �.!/k C .1 � ˛n/kT
k.n/

i.n/
.!; �n.!// � �.!/k

� ˛nk�n�1.!/ � �.!/k C .1 � ˛n/.k�n.!/ � �.!/k C An.!//

� ˛nk�n�1.!/ � �.!/k

C .1 � ˛n/
�

k�n.!/ � �.!/k C k�n�1.!/ � �.!/k

C .cn C dn/An.!/
�

C .1 � ˛n/An.!/

� k�n�1.!/ � �.!/k C .1 � ˛n/k�n.!/ � �.!/k

C .1 � ˛n/.1 C cn C dn/An.!/

� k�n�1.!/ � �.!/k C .1 � ˛n/k�n.!/ � �.!/k

C 2.1 � ˛n/An.!/ (3.3)

which on simplifying, we have

k�n.!/ � �.!/k �
1

˛n
k�n�1.!/ � �.!/k C

2.1 � ˛n/

˛n
An.!/

D

�

1 C
1 � ˛n

˛n

�

k�n�1.!/ � �.!/k C
2.1 � ˛n/

˛n
An.!/

�

�

1 C
1 � ˛n

a

�

k�n�1.!/ � �.!/k C
2.1 � a/

a
An.!/

D .1 C Bn/k�n�1.!/ � �.!/k C
2.1 � a/

a
An.!/; (3.4)

where Bn D .1 � ˛n/=a. Since by hypothesis

1
X

nD1

.1 � ˛n/ < 1;

it follows that
1

X

nD1

Bn < 1 and

1
X

nD1

An.!/ < 1:

Taking infimum over all �.!/ 2 F , we have

d.�n.!/; F / � .1 C Bn/d.�n�1.!/; F / C
2.1 � a/

a
An.!/: (3.5)
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Lemma 2.7implies that limn!1 k�n.!/ � �.!/k and limn!1 d.�n.!/; F / exist.

Without loss of generality, we can assume that

lim
n!1

k�n.!/ � �.!/k D d; (3.6)

where d � 0 is some number. Since ¹k�n.!/ � �.!/kº is a convergent sequence,

so ¹�n.!/º is a bounded sequence in C .

It follows from (3.2) and (3.6) that

lim
n!1

k�n.!/ � �.!/k � d;

which further gives that

lim sup
n!1

kT
k.n/

i.n/
.!; �n.!// � �.!/k � lim sup

n!1

�

k�n.!/ � �.!/k C An.!/
�

� d:

(3.7)

Also from (2.8), we have

lim
n!1

k˛n.�n�1.!/ � �.!// C .1 � ˛n/.T
k.n/

i.n/
.!; �n.!// � �.!//k

D lim
n!1

k�n.!/ � �.!/k D d:
(3.8)

Lemma 2.8 and (3.6)–(3.8) imply that

lim
n!1

kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k D 0: (3.9)

Again from (2.8) and (3.9), we have

lim
n!1

k�n.!/ � �n�1.!/k � lim
n!1

.1 � ˛n/kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

D 0;
(3.10)

and thus

lim
n!1

k�n.!/ � �nCj .!/k D 0; for all j D 1; 2; : : : ; N: (3.11)

On the other hand, from (3.9) and (3.10), we have

lim
n!1

k�n.!/ � T
k.n/

i.n/
.!; �n.!//k � lim

n!1

h

k�n.!/ � �n�1.!/k

C k�n�1.!/ � T
k.n/

i.n/
.!; �n.!//k

i

D 0: (3.12)
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Now,

kT
k.n/

i.n/
.!; �n.!// � �n.!/k

� k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C kT
k.n/

i.n/
.!; �n.!// � T

k.n/

i.n/
.!; �n.!//k

� k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C
�

k�n.!/ � �n.!/k C An.!/
�

� k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C
�

k�n.!/ � �n�1.!/k C k�n.!/ � �n�1.!/k
�

C An.!/

D 2k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C k�n.!/ � �n�1.!/k C An.!/: (3.13)

Again, by using (2.8), we have

k�n.!/ � �n�1.!/k

D kan�n.!/ C bn�n�1.!/ C cnT
k.n/

i.n/
.!; �n.!//

C dnT
k.n/

i.n/
.!; �n�1.!/ � �n�1.!/k

D kcn

�

T
k.n/

i.n/
.!; �n.!// � �n.!/

�

C dn

�

T
k.n/

i.n/
.!; �n�1.!// � �n.!/

�

C .an C cn C dn/.�n.!/ � �n�1.!//k

� cnkT
k.n/

i.n/
.!; �n.!// � �n.!/k C dnkT

k.n/

i.n/
.!; �n�1.!// � �n.!/k

C .an C cn C dn/k�n.!/ � �n�1.!/k

� cnkT
k.n/

i.n/
.!; �n.!// � �n.!/k

C dn

h

kT
k.n/

i.n/
.!; �n�1.!/ � T

k.n/

i.n/
.!; �n.!//k

C kT
k.n/

i.n/
.!; �n.!// � �n.!/k

i

C .an C cn C dn/k�n.!/ � �n�1.!/k

� .cn C dn/kT
k.n/

i.n/
.!; �n.!// � �n.!/k C dn

�

k�n�1.!/ � �n.!/k C An.!/
�

C .an C cn C dn/k�n.!/ � �n�1.!/k

� .cn C dn/kT
k.n/

i.n/
.!; �n.!// � �n.!/k C .1 � bn C dn/k�n.!/ � �n�1.!/k

C dnAn.!/: (3.14)
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Substituting (3.14) into (3.13), we get

kT
k.n/

i.n/
.!; �n.!/ � �n.!/k

� 2k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C .cn C dn/kT
k.n/

i.n/
.!; �n.!// � �n.!/k

C .1 � bn C dn/k�n.!/ � �n�1.!/k C An.!/ C dnAn.!/

� .3 � bn C dn/k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C .cn C dn/kT
k.n/

i.n/
.!; �n.!// � �n.!/k C .1 C dn/An.!/:

� .3 C dn/k�n.!/ � �n�1.!/k C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C .cn C dn/kT
k.n/

i.n/
.!; �n.!// � �n.!/k C .1 C dn/An.!/: (3.15)

Since cn C dn � � < 1, the above inequality becomes

.1 � �/kT
k.n/

i.n/
.!; �n.!// � �n.!/k � .3 C dn/k�n.!/ � �n�1.!/k

C kT
k.n/

i.n/
.!; �n.!// � �n�1.!/k

C .1 C dn/An.!/: (3.16)

From (3.9), (3.10) and (3.16), we have

lim
n!1

kT
k.n/

i.n/
.!; �n.!// � �n.!/k D 0: (3.17)

Since ¹Tl W 1 � l � N º is uniformly L-Lipschitzian and since any positive integer

n > N can be written as n D .k.n/ � 1/N C i.n/, i.n/ 2 ¹1; 2; : : : ; N º, we have

k�n�1.!/ � Tn.!; �n.!//k � k�n�1.!/ � T
k.n/

i.n/
.!; �n.!//k

C kT
k.n/

i.n/
.!; �n.!// � Tn.!; �n.!//k

� �n C LkT
k.n/�1

i.n/
.!; �n.!// � �n.!/k

� �n C L
h

kT
k.n/�1

i.n/
.!; �n.!// � �n�1.!/k

C k�n�1.!/ � �n.!/k
i

(3.18)

where

�n D k�n�1.!/ � T
k.n/

i.n/
.!; �n.!//k:
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From (3.9) we have �n ! 0 as n ! 1. Again

kT
k.n/�1

i.n/
.!; �n.!// � �n�1.!/k

� kT
k.n/�1

i.n/
.!; �n.!// � T

k.n/�1

i.n�N /
.!; �n�N .!//k

C kT
k.n/�1

i.n�N /
.!; �n�N .!// � T

k.n/�1

i.n�N /
.!; �n�N .!//k

C kT
k.n/�1

i.n�N /
.!; �n�N .!// � �.n�N /�1.!/k

C k�.n�N /�1.!/ � �n.!/k: (3.19)

Since for each n > N , n D .n � N / .mod N /, and n D .k.n/ � 1/ C i.n/, we

have

n � N D .k.n � 1/ � 1/N C i.n/ D .k.n � N / � 1/N C i.n � N /;

that is, k.n � N / D k.n/ � 1 and i.n � N / D i.n/. Therefore from (3.19), we

have

kT
k.n/�1

i.n/
.!; �n.!// � �n�1.!/k

� kT
k.n/�1

i.n/
.!; �n.!// � T

k.n/�1

i.n/
.!; �n�N .!//k

C kT
k.n/�1

i.n�N /
.!; �n�N .!// � T

k.n/�1

i.n�N /
.!; �n�N .!//k

C kT
k.n/�1

i.n�N /
.!; �n�N .!// � �.n�N /�1.!/k

C k�.n�N /�1.!/ � �n.!/k

� Lk�n.!/ � �n�N .!/k C Lk�n�N .!/ � �n�N .!/k

C �n�N C k�.n�N /�1.!/ � �n.!/k: (3.20)

By (3.18), (3.19) and (3.20), we have

k�n�1.!/ � Tn.!; �n.!/k

� �n C L2
�

k�n.!/ � �n�N .!/k C k�n�N .!/ � �n�N .!/k
�

C L.�n�N C k�.n�N /�1.!/ � �n.!/k C k�n.!/ � �n�1.!/k/

� �n C L2
�

k�n.!/ � �n.!/k C k�n.!/ � �n�N .!/k

C k�n�N .!/ � �n�N .!/k
�

C L
�

�n�N C k�.n�N /�1.!/ � �n.!/k C k�n.!/ � �n�1.!/k
�

! 0 as n ! 1: (3.21)
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340 G. S. Saluja and H. K. Nashine

It follows from (3.11) and (3.21) that

lim
n!1

k�n.!/ � Tn.!; �n.!//k

� lim
n!1

Œk�n.!/ � �n�1.!/k C k�n�1.!/ � Tn.!; �n.!//k� D 0: (3.22)

Consequently, for any l D 1; 2; : : : ; N , from (3.11) and (3.21), we have

lim
n!1

k�n.!/ � TnCl.!; �n.!//k

� k�n.!/ � �n�1.!/k C k�nCl.!/ � TnCl.!; �nCl.!//k

C kTnCl.!; �nCl.!// � TnCl.!; �n.!//k

� .1 C L/k�n.!/ � �nCl.!/k C k�nCl.!/ � TnCl.!; �nCl.!//k

! 0 as n ! 1; (3.23)

which implies that

lim
n!1

k�n.!/ � TnCl.!; �n.!//k D 0 for all l D 1; 2; : : : ; N:

Since for each l D 1; 2; : : : ; N ,

®

k�n.!/ � Tl.!; �n.!//k
¯1

nD1
�

N
[

j D1

®

k�n.!/ � TnCj .!; �n.!//k
¯1

nD1
;

we have

lim
n!1

k�n.!/ � Tl.!; �n.!//k D 0; (3.24)

for all l D 1; 2; : : : ; N . This completes the proof.

Next, we prove necessary and sufficient conditions for the strong convergence of

the general composite implicit random iteration process to a common random fixed

point of a finite family of asymptotically quasi-nonexpansive in the intermediate

sense random operators.

Theorem 3.2. Let E be a real separable uniformly convex Banach space and C

be a nonempty closed convex subset of E. Let ¹Tiº
N
iD1 be N asymptotically quasi-

nonexpansive in the intermediate sense random operators from � � C ! C . Let

F D

N
\

iD1

RF.Ti / ¤ ;:

Let ¹�n.!/º be the sequence defined by (2.8). Put

An.!/ D max
°

sup
�.!/2F

n�1

�

kT n
i .!; �n.!// � �.!/k � k�n.!/ � �.!/k

�

_ 0 W i 2 I
±

:
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Assume that
1

X

nD1

An.!/ < 1 and

1
X

nD1

.1 � ˛n/ < 1;

where ¹˛nº is a sequence in .0; 1/ with 0 < a � ˛n � b < 1 for some a; b 2 .0; 1/.

Then the sequence ¹�n.!/º converges to a common random fixed point of random

operators ¹Ti W i D 1; 2; : : : ; N º if and only if lim infn!1 d.�n.!/; F / D 0.

Proof. If for some �.!/ 2 F , limn!1 k�n.!/ � �.!/k D 0 for each ! 2 �, then

obviously

lim inf
n!1

d.�n.!/; F / D 0:

Conversely, suppose that lim infn!1 d.�n.!/; F / D 0. Then we have

lim
n!1

d.�n.!/; F / D 0; for each ! 2 �:

Thus for any " > 0 there exists a positive integer N1 such that for n � N1,

d.�n.!/; F / <
"

6
; for each ! 2 �: (3.25)

Since limn!1 k�n.!/ � �.!/k exists for all �.!/ 2 F , we have

k�n.!/ � �.!/k < K; (3.26)

for all n � 1 and some positive number K.

Again since
1

X

nD1

Bn < 1 and

1
X

nD1

An.!/ < 1;

there exist positive integers N2 and N3 such that

1
X

j Dn

Bj <
"

6K
; for all n � N2; (3.27)

and
1

X

j Dn

Aj .!/ <
a"

12.1 � a/
; for all n � N3: (3.28)

Let N D max¹N1; N2; N3º. It follows from (3.4), that

k�n.!/ � �.!/k � k�n�1.!/ � �.!/k C KBn C
2.1 � a/

a
An.!/: (3.29)
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342 G. S. Saluja and H. K. Nashine

Now, for each m; n � N and each ! 2 �, we have

k�n.!/ � �m.!/ � k�n.!/ � �.!/k C k�m.!/ � �.!/k

� k�N .!/ � �.!/k C K

n
X

j DN C1

Bj C
2.1 � a/

a

n
X

j DN C1

Aj .!/

C k�N .!/ � �.!/k C K

n
X

j DN C1

Bj

C
2.1 � a/

a

n
X

j DN C1

Aj .!/

D 2k�N .!/ � �.!/k C 2K

n
X

j DN C1

Bj

C
4.1 � a/

a

n
X

j DN C1

Aj .!/

< 2:
"

6
C 2K:

"

6K
C

4.1 � a/

a
:

a"

12.1 � a/
< ": (3.30)

This implies that ¹�n.!/º is a Cauchy sequence for each ! 2 �. Therefore we get

�n.!/ ! p.!/ for each ! 2 �, and pW � ! C , being the limit of the sequence of

measurable function, is also measurable. Now, limn!1 d.�n.!/; F / D 0 for each

! 2 �, and the set F is closed, we have p.!/ 2 F , that is, p.!/ is a common ran-

dom fixed point of the random operators ¹Ti W i D 1; 2; : : : ; N º. This completes

the proof.

Recall that the following: A mapping T W C ! C where C is a subset of a

Banach space E with F.T / ¤ ; is said to satisfy condition (A) (see [13]) if there

exists a nondecreasing function f W Œ0; 1/ ! Œ0; 1/ with f .0/ D 0, f .r/ > 0 for

all r 2 .0; 1/ such that for all x 2 C ,

kx � T xk � f .d.x; F.T ///;

where d.x; F.T // D inf¹kx � pk W p 2 F.T /º.

A family ¹Tiº
N
iD1 of N self-mappings of C with F D

TN
iD1 F.Ti / ¤ ; is said

to satisfy

(1) condition (B) (see [7]) on C if there is a nondecreasing function f W Œ0; 1� !

Œ0; 1� with f .0/ D 0, f .r/ > 0 for all r 2 .0; 1/ and all x 2 C such that

max
1�l�N

¹kx � Tlxkº � f .d.x; F //:
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(2) condition (C) (see [6]) on C if there is a nondecreasing function f W Œ0; 1� !

Œ0; 1� with f .0/ D 0, f .r/ > 0 for all r 2 .0; 1/ and all x 2 C such that

kx � Tlxk � f .d.x; F //

for at least one Tl , l D 1; 2; : : : ; N ; or in other words at least one of the

mappings Tl satisfies condition (A).

Condition (B) reduces to condition (A) when all but one of the mappings Ti are

identities. Also conditions (B) and (C) are equivalent (see [6]).

A random operator T W ��C ! C is said to satisfy condition (A), condition (B)

or condition (C) if the map T .!; � /W C ! C does so, for each ! 2 �.

Let T W � � C ! C be a random map. Then T is said to be:

(i) a completely continuous random operator if for a sequence of measurable

mappings �n from � ! C such that ¹�n.!/º is bounded for each ! 2 �,

then T .!; �n.!// has convergent subsequence for each ! 2 �.

(ii) a demicompact random operator if for a sequence of measurable mappings

�n from � ! C such that ¹�n.!/ � T .!; �n.!//º converges, there exists a

subsequence say ¹�nj
.!/º of ¹�n.!/º that converges strongly to some �.!/

for each ! 2 �, where � is a measurable mapping from � to C .

(iii) a semi-compact random operator if for a sequence of measurable mappings

�n from � ! C such that limn!1 k�n.!/ � T .!; �n.!//k ! 0, for each

! 2 �, there exists a subsequence say ¹�nj
.!/º of ¹�n.!/º that converges

strongly to some �.!/ for each ! 2 �, where � is a measurable mapping

from � to C .

Senter and Dotson [13] established a relation between condition (A) and demi-

compactness. They actually showed that condition (A) is weaker than demicom-

pactness for a nonexpansive mapping.

Every compact operator is demicompact. As every completely continuous oper-

ator T W C ! C is continuous and demicompact, it satisfies condition (A). There-

fore to study strong convergence of the sequence ¹�n.!/º defined by (2.8) we use

condition (C) instead of the complete continuity of the operators T1; T2; : : : ; TN .

Theorem 3.3. Let E be a real separable uniformly convex Banach space and C

be a nonempty closed convex subset of E. Let ¹Tiº
N
iD1 be N uniformly L-Lipschitz-

ian asymptotically quasi-nonexpansive in the intermediate sense random opera-

tors as in Theorem 3.1 and satisfying condition (C). Let F D
TN

iD1 RF.Ti / ¤ ;.

Let ¹�n.!/º be the sequence defined by (2.8). Put

An.!/ D max
°

sup
�.!/2F

n�1

�

kT n
i .!; �n.!// � �.!/k � k�n.!/ � �.!/k

�

_ 0 W i 2 I
±

:
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344 G. S. Saluja and H. K. Nashine

Assume that
1

X

nD1

An.!/ < 1 and

1
X

nD1

.1 � ˛n/ < 1;

where ¹˛nº is a sequence as in Theorem 3.1. Then the sequence ¹�n.!/º converges

to a common random fixed point of the random operators ¹Ti W i D 1; 2; : : : ; N º.

Proof. By Theorem 3.1, limn!1 k�n.!/ � �.!/k and limn!1 d.�n.!/; F / ex-

ist. Let one of the mappings Ti , say Ts , s 2 ¹1; 2; : : : ; N º, satisfy condition (A).

Also by Theorem 3.1, we have limn!1 k�n.!/ � Ts�n.!/k D 0, so we get that

limn!1 f .d.�n.!/; F // D 0, for each ! 2 �. By the property of f and the fact

that the limit limn!1 d.�n.!/; F / exists, we have limn!1 d.�n.!/; F / D 0, for

each ! 2 �. By Theorem 3.2, we obtain ¹�n.!/º converges strongly to a common

random fixed point in F . This completes the proof.

Theorem 3.4. Let E be a real separable uniformly convex Banach space and C be

a nonempty closed convex subset of E. Let ¹Tiº
N
iD1 be N uniformly L-Lipschitzian

asymptotically quasi-nonexpansive in the intermediate sense random operators as

in Theorem 3.1 such that one of the mappings in ¹T1; T2; : : : ; TN º is semi-com-

pact. Let F D
TN

iD1 RF.Ti / ¤ ;. Let ¹�n.!/º be the sequence defined by (2.8).

Put

An.!/ D max
°

sup
�.!/2F

n�1

�

kT n
i .!; �n.!// � �.!/k � k�n.!/ � �.!/k

�

_ 0 W i 2 I
±

:

Assume that
1

X

nD1

An.!/ < 1 and

1
X

nD1

.1 � ˛n/ < 1;

where ¹˛nº is a sequence as in Theorem 3.1. Then the sequence ¹�n.!/º converges

to a common random fixed point of the random operators ¹Ti W i D 1; 2; : : : ; N º.

Proof. Suppose that Ti0
is semi-compact for some i0 2 ¹1; 2; : : : ; N º. By Theo-

rem 3.1, we have limn!1 k�n.!/ � Ti0
�n.!/k D 0. So there exists a subsequence

¹�nj
.!/º of ¹�n.!/º such that limnj !1 �nj

.!/ ! �0.!/ for each ! 2 �. Obvi-

ously �0 is a measurable mapping from � ! C . Now again by Theorem 3.1 we

have

lim
nj !1

k�nj
.!/ � Tl.!; �nj

.!//k D 0;

for each ! 2 � and all l 2 ¹1; 2; : : : ; N º. So k�0.!/ � Tl.!; �0.!//k D 0 for all

l 2 ¹1; 2; : : : ; N º. This implies that �0.!/ 2 F , also lim infn!1 d.�n.!/; F / D 0.

By Theorem 3.2, we obtain ¹�n.!/º converges strongly to a common random fixed

point in F . This completes the proof.
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Remark 3.5. Our results extend and improve the corresponding results of Plub-

tieng, Kumam and Wangkeeree [11] to the case of the more general class of

asymptotically quasi-nonexpansive random operators and general composite im-

plicit random iteration process considered in this paper.

Remark 3.6. Our results also extend and improve the corresponding results of

Beg and Thakur [4] to the case of the more general class of asymptotically quasi-

nonexpansive random operators considered in this paper.
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