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1 Introduction
In [1], Matthews introduced the notion of a partial metric space as a part of the study
of denotational semantics of dataflow networks. He showed that the Banach contraction
mapping theorem can be generalized to the partial metric context for applications in pro-
gram verification.

Subsequently, several authors (see, e.g., Altun and Erduran [2], Oltra et al. [3], Roma-
guera and Schellekens [4], Romaguera and Valero [5], Rus [6], Djuki¢ et al. [7], Nashine et
al. [8], Di Bari and Vetro [9], Paesano and Vetro [10], Shatanawi et al. [11], Shatanawi and
Nashine [12], Aydi et al. [13]) derived fixed point theorems in partial metric spaces.

Altering distance functions (also called control functions) were introduced by Khan et al.
[14]. Subsequently, they were used by many authors to obtain fixed point results, including
those in partial metric spaces (e.g., Abdeljawad [15], Abdeljawad et al. [16, 17], Altun et al.
(18], Ciri¢ et al. [19], Karapinar and Yiiksel [20]). Generalized altering distance functions
with several variables were used on metric spaces by Berinde [21], Choudhury [22] and
Rao et al. [23].

In this paper, an attempt has been made to derive some common fixed point theorems
for two pairs of weakly compatible mappings on partial metric spaces, satisfying a weak
contractive condition involving generalized control functions. The presented theorems
extend and unify various known fixed point results. Examples are given to show that our
results are proper extensions of the known ones.
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2 Preliminaries

The following definitions and details about partial metrics can be seen, e.g,, in [1, 24—28].

Definition1 A partial metric on a nonempty set X is a function p : X x X — R* such that

forall x,7,z € X:

(p1) x=y < plx,x) = px,y) = p(,y),
(p2) plx,x) <p(x,y),

(p3) p(xy) =p(y,x),

(pa) p(x,y) < p(x.2) + plz,y) - p(z,2).

The pair (X, p) is called a partial metric space.

It is clear that, if p(x,y) = 0, then from (p;) and (p»), it follows that x = y. But p(x, x) may
not be 0.

Each partial metric p on X generates a Ty topology 7, on X which has as a base the
family of open p-balls {B,(x,¢) : x € X, & > 0}, where B, (x,¢) = {y € X : p(x,y) < p(x,%) + &}
forallx € X and ¢ > 0. A sequence {x,} in (X, p) converges to a point x € X, with respect to
Ty, if lim,—. o0 p(%, %) = p(,%). This will be denoted as x,, — x, # — 00 or lim,,_. o0 %, = &. If
(X, p) is a partial metric space, and T : X — X is a mapping, continuous at xo € X (in 7,,)

then, for each sequence {x,} in X, we have
Xy —> %9 = Ix,— Txyp.

Clearly, a limit of a sequence in a partial metric space need not be unique. Moreover,

the function p(-,-) need not be continuous in the sense that x, — x and y, — y implies

DX, Yu) = p(x,9).

Definition 2 Let (X, p) be a partial metric space. Then:
1 A sequence {x,} in (X, p) is called a Cauchy sequence if limy, ;s 0o p(X, %) €Xists
(and is finite).
2 The space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,

with respect to 7,, to a point & € X such that p(x,x) = 1im,, ;. 00 p(X, %)

It is easy to see that every closed subset of a complete partial metric space is complete.
If p is a partial metric on X, then the function p*: X x X — R* given by

p'xy) =2px,y) - plx,x) - p(y, ) 21
is a metric on X. Furthermore, lim,,_, - p*(x,,, %) = 0 if and only if
px,x) = lim p(x,,x) = lim p(x,,x;,). (2.2)
"0 n,m—>00
Lemma 1 Let (X,p) be a partial metric space.

(a) {x.} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, p°).
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(b) The space (X, p) is complete if and only if the metric space (X, p®) is complete.

Definition 3 ([22, 23]) A function v : [0, +00)” — [0, +00) is said to be a generalized al-
tering distance function if:

1 4 is continuous;

2 ¢ is increasing in each of its variables;

3 ¥(,....ty) =0ifandonlyiftg =---=¢,=0.
The set of generalized altering distance functions with # variables will be denoted by F,.
If ¢ € F,, we will write W(¢) = ¥ (t,¢,...,£) (obviously, this function belongs to 7).

Simple examples of generalized altering distance functions with, say, four variables

are:

V(t, 6o, b3, t4) = kmax{t, by, 3, s}, k>0;
Yt by, t3,ty) = t{? + tg +ty+ty, pgr,s>1
Recall also the following notions. Let X be a nonempty set and 73, T5 : X — X be given
self-maps on X. If w = T1x = T,x for some x € X, then x is called a coincidence point of T;

and T5, and w is called a point of coincidence of T; and T,. The pair {73, T5} is said to be
weakly compatible if 77Tt = T, T1t, whenever T1t = T,¢ for some ¢ in X.

3 Results

3.1 Some auxiliary results

Assertions similar to the following lemma (see, e.g., [29]) were used (and proved) in the
course of proofs of several fixed point results in various papers.

Lemma2 Let (X,d) be a metric space and let {y,} be a sequence in X such that {d(y,.1,yn)}
is nonincreasing and

lim d(yn+lryn) =0.
If{y2,} is not a Cauchy sequence, then there exist ¢ > 0 and two sequences {m(k)} and {n(k)}

of positive integers such that n(k) > m(k) > k and the following four sequences tend to e when

k — oo:

AdWomy Yon)y  AWams Yonwy+1)s A1, Yomk)s A Y2mr)-1> Yan(k)+1)-
As a corollary (putting d = p* for a partial metric p), we obtain

Lemma 3 Let (X, p) be a partial metric space and let {y,} be a sequence in X such that
{PWns1,Yn)} is nonincreasing and

HILHQOP(Yn+1,yn) =0. (3.1)

If {yon} is not a Cauchy sequence in (X, p), then there exist ¢ > 0 and two sequences {my}
and {n(k)} of positive integers such that n(k) > m(k) > k and the following four sequences
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tend to € when k — 00:
p(y2m(k)7y2n(k))r P()/zm(k);yzn(/<)+1),
PWamo-1,Y2n(i)» Pamo-1, Vaniio+1)- (3.2)

3.2 Main results
Theorem 1 Let (X,p) be a complete partial metric space. Let T,S,1,] : X — X be given
mappings satisfying for every pair (x,y) € X x X:

W (p(Sx, 7)) < ¥n (p(lx,/y),p(lx, Sx),p(Jy, Ty), %[p(lx, Ty) + pUy, Sx)])

— 2 (p(Ix, Jy), p(Ix, Sx), p(Jy, T9)), (3.3)

where n, € Fy and Y, € F3 are generalized altering distance functions, and V(t) =
Y1(2, £, £, t). Suppose that
(i) TX CIX and SX CJX;
(ii) one of the ranges IX, JX, TX and SX is a closed subset of (X, p).
Then
(a) I and S have a coincidence point,
(b) ] and T have a coincidence point.
Moreover, if the pairs {I,S} and {J, T} are weakly compatible, then I, ], T and S have a

unique common fixed point.

Proof Let xo be an arbitrary point in X. Since 7X C IX and SX C JX, we can define se-
quences {x,} and {y,} in X by

Yan-1 = SXon2 = JXu-1, Yon = Thou_1 = Ixny, VmEN. (3.4)
Without loss of the generality, we may assume that
p(y2n;y2n+1) >0, VmeN. (35)

If not, then p(y2,,, y241) = 0 and hence y,,, = ¥2,41, for some n. Taking x = x5, and y = 3,1,
from (3.4) and the considered contraction condition (3.3), we have

\Ijl (p(y2n+11y2n+2)) = "Ijl (p(Sme Tx2n+l))

< (p(IxZn:]xZer)’p(lem SxZn)’P(]xZMIr Tx2441)s

1
5 [p(1x2nr Tx2n+1) + p(]x2n+lr SxZn)])
= Vo (pUxas J2n41)s D2y SX2)s P X215 TH2ns1))

=Y (P(yzn,)/zml),}?()/zmy2n+1),P(j/2n+1,y2n+2),

1
) [P(Y2my2n+2) + P(yznu,yzm)])
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-2 (P(Yz;q,yzml),l)()/zn,yzml),P()/2n+1,y2n+2))

<yn (P()’zn,)/zml),l?()’zmyzml)yP(J/2n+1,y2n+2),

1
5 [p(ernyZnH) +p(y2n+1,y2n+2)])
= V2 (P02 Yons1)s PO Yons1)s POons1s Y2ns2) ) (3.6)

since

P(J/Zn;y2n+2) +p(y2n+1:y2n+l) SP(YZmthHl) +P(y2n+1»)’2n+2)~

Suppose that p(y2,,11, Y2n+2) > 0. Using (3.6) together with p(y5,, ¥2,:1) = 0 and the proper-
ties of the generalized altering distance functions v, ¥, we get

1
21 (p(y2n+l)y2n+2)) =< % (O, O,P(anu;yz;ﬂz), Ep(y2n+l;y2n+2)>
= ¥2(0,0, p(ans1, Y2142))
1
< (0, 0, p(Yans15 Y2ns2), Ep()/2n+1)y2n+2)>

< U (p(ans1 Yans2))s

which is a contradiction. It follows that p(y2,,41, ¥21+2) = 0 and hence y5,1 = y2,42. Follow-
ing similar arguments, we obtain y,,2 = ¥24+3. Thus {y,} becomes an eventually constant
sequence and y,, is a point of coincidence of I and S, while y,,,,; is a point of coincidence
of Jand T.

Assume further that (3.5) holds. We claim that

nli)ngop(ynﬂ:yn+2) =0. (37)

Suppose that, for some n € N,

P()/2n+1;)’2n+2) > P(Vzmy2n+1).

Using this together with the properties of generalized altering distance functions v, ¥,
we get from (3.6) that

U1 (p(V2n415 Y2n+2))
< (p(yZmy2n+1)rp(y2n,y2n+l):p(y2n+lry2n+2)rp(y2n+1,y2n+2))
2 (P()’zmyznn)»P()’zn;y2n+1),P()/2n+1:y2n+2))
< U1 (p52n415 Y2n42)) = V2 (D25 Y2ne1)s P2 Yans1)s PO2nsts Yane2) )

This implies that

1/f2 (p(yZn:y2n+l)7p(yZm y2n+1)rp(y2n+1¢y2n+2)) =0,

Page 5 of 15
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which yields that p(y,,41, ¥2.) = 0. Hence, we obtain a contradiction with (3.5). We deduce
that

P@2nsts Yons2) < PWons Youn), YmeN. (3.8)

By a similar reasoning, we obtain that

p()IZn+2;y2n+3) SP(anu;yzmz), VneN,. (39)

Combining (3.8) and (3.9), we obtain

p(yn+1¢yn+2) 219()/n+2,yn+3), VneN.

Then, {p(¥4:+1,¥u+2)} is @ nonincreasing sequence of positive real numbers. This implies
that there exists r > 0 such that

nlingop(yn+l,yn+2) =r. (3.10)

By (3.6), we have

U1 (p(V2n415 Y2n+2))
< (P()/zmyzn+1),P()/zmy2n+1)»17()’2my2n+1);17()/2my2n+1))
= V2 (P2 Y2ne1)s POz Yans1)s PO2nsts Yans2) )
= W1 (P2 Y2n:1)) = W2 (P02 Y2041)s P02t Y2s1)s PG2ns1s Y2ns2) ) (3.11)

Letting n — oo in (3.11) and using continuity of W; and ,, we obtain
\1’1(}’) = “I’l(r) - l/f2(rrr1r')1

which implies that ¥, (r,7,r) = 0, and thus r = 0. Hence, (3.7) is proved.

Next, we claim that {y,} is a Cauchy sequence in the space (X, p) (and also in the metric
space (X, p*) by Lemma 1). For this it is sufficient to show that {y,,} is a Cauchy sequence.
Suppose that this is not the case. Then, using Lemma 3 we get that there exist £ > 0 and
two sequences {m(i)} and {n(i)} of positive integers such that #(i) > m(i) > i and sequences
(3.2) tend to £ when i — co. Applying condition (3.3) to elements x = X3,,(;) and y = x3,,4)_1,
we get that

W (p2mii+1:Y2n))) = W1 (2(S%2m(iy» Th2n(i)-1))

<y (P(}Qm(z’)y Yon(i)=1)s PO2mi)r Yoam(iy+1)s PO2n(i)-15 Yon(i))»

1
2 [P(Yzm(i),yzmi)) + P()/zn(i)-lyyzm(i)u)])

- Y (p(yZm(i)yyzn(i)—l)vp()/Zm(i):yZm(i)+l);p0’2n(i)—l:yZn(i)))'
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Passing to the limit as i — oo in the last inequality (and using the continuity of the func-
tions 1, ¥,), we obtain

“1’1(8) S 1/f1(<9» 0’ 0’ 6) - 1#2(8,(), 0) S \I‘Jl(g) - 1//2(‘9’ 01 O))

which implies that y,(¢,0,0) = 0, that is a contradiction since ¢ > 0. We deduce that {y,}
is a Cauchy sequence.

Finally, we prove the existence of a common fixed point of the four mappings I, J, S
and 7.

Since (X, p) is complete, then from Lemma 1, (X, p*) is a complete metric space. There-
fore, the sequence {y,} p*-converges to some z € X that is, lim,,_, o p*(¥,,,z) = 0. From (2.2),

we have
p(z,z) = lim p(y,,2) = lim  p(Vu, Vi) (3.12)
n—0o0 m=>n—00

Moreover, since {y,} is a Cauchy sequence in the metric space (X,p’), then
limy, 00 PV ¥m) = 0. On the other hand, by (p2) and (3.7), we have p(y,,y.) <

DB Yni1) = 0, n — oo and hence
lim p(ymyn) =0. (3'13)

Thus from the definition of p* and (3.13), we have lim,;;> ,—» 0o (¥, Yim) = 0. Therefore, from
(3.12), we have

p(z,z) = lim p(y,,z) = >lim PO Ym) = 0. (3.14)
This implies that

lim p(y2,,2) = im p(y2,41,2) = 0. (3.15)

n— 00 n—00

Thus we have
lim p(Txy,-1,2) = lim p(Ixy,,z) =0
n—00 n—0oo

and
lim p(Sxy,,2) = lim p(Jxp,.1,2) = 0.
n—oQ n— 00

Now we can suppose, without loss of generality, that IX is a closed subset of the partial
metric space (X, p). From (3.15), there exists u € X such that z = Ju. We claim that Su = z.
Suppose, to the contrary, that p(Su,z) > 0. By (p4) we get

p(z,Su) < p(z, Txon-1) + p(Su, Txoy-1) — p(Tx20-1, T2u-1)

< P(Z;yzn) +p(Su’y2n)'
It follows by (3.15) that

p(z,Su) < limsup p(Su, y2,,)-

n—00
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Then, since W is increasing and continuous, we get that

Wy (p(z, Sw)) < limsup W (p(Sus, y2)). (3.16)

n—00

Now, from (3.3)

W1 (p(St, y2n)) = Wi (p(Sus, Tx241))

< (p(lu,]xznl), pUu, Su), pUxau_1, Txon-1),

1
3 [p(u, Txy1) +P(Su;fx2n-1)])
— Yo (U, Jos2-1), Pt Stt), a1, Th2n-1))

< (p(z, You-1): P(2, S), pP(Yon-1,Yon),

[p(z,y20) + P(Su,2) + p(2,y20-1) - (2, Z)]>

N | =

=2 (p(z yon1), (2, Sw), P(an1, Yon) ) (3.17)

Passing to the upper limit as # — 0o in (3.17), we obtain using (3.14) and the continuity of
Y1, ¥ that

limsup Wy (p(Sus, y24)) < Y11 (O,p(z, Su),0, %p(Su, z)> - (0, p(z,Su),0)

n— 00

< W (p(z, Su)).
Therefore, from (3.16) we have
Wy (p(z, Sw)) < W (p(z, Su)),
which is a contradiction. Thus we deduce that
p(z,Su)=0 and z=Su. (3.18)

We get that Su = Iu = z, so u is a coincidence point of / and S.
From SX C JX and (3.18), we have z € JX. Hence we deduce that there exists v € X such
that z = Jv. We claim that 7v = z. Suppose, to the contrary, that p(7v, z) > 0. From (3.3), we

have

\Ill(p(z, Tv)) = \Dl(p(Su, Tv))
< (p([u,]v),p(]u, Su), p(Jv, Tv), %[p([u, 1v) +p(Su,]v)])
=2 (pUw, Jv), p(u, Su), p(Jv, Tv))

= <p(z, 2),p(z,2), p(z, Tv), %[p(z, V) + p(z, Z)])

Page 8 of 15
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—¥2(p(2,2), p(2,2), plz, TV))

1
<Y <0,0,p(z, Tv), Ep(z, Tv)) <y (p(z, Tv)),
which is a contradiction. Then, we deduce that
plz,Tv)=0 and z=Tv. (3.19)

We get that Jv = Tv = z, so v is a coincidence point of / and S.
Since the pair {S,1} is weakly compatible, from (3.18), we have Sz = SIu = ISu = Iz. We
claim that Sz = z. Suppose, to the contrary, that p(Sz,z) > 0. Then we have

p(52,2) < p(Sz,y21) + Py 2) = p(S2, Toy1) + p(yam: 2).
Again from (3.15) we get that

p(Sz,z) <limsup p(Sz, Txy,_1).

n—00

Then, since W is increasing and continuous, we get

W1 (p(Sz,2)) < limsup W (p(Sz, Tx24-1)). (3.20)

n—00

Now, from (3.3)
W1 (p(Sz, Tazu1)) < Y1 (p(lz,]xml),p(lz, S2), p(Jxan-1, Thau-1),s
% [pUz, Tx341) + p(Sz,]xzm)])
— Y2 (pUz, Jx20-1), PU2, S2), P21, Th2n-1))
< ([p(Sz, 2) + p(2,y21-1) — P(2,2) |, (52, S2), P(Y2n-1, Y2u),
3 905532 (55,2 + e ) ~p(e.) )
— 2 (p(52, Y21-1), (52, S2), P(Y20-1, Y2n)) -

Passing to the upper limit as n — 0o, we obtain (since p(Sz, Sz) < p(Sz,z))

lim sup ¥y (p(Sz, Tx2n_1)) <n (p(Sz, z),p(8z,8z),0, p(Sz, z))

n—0o0

—¥2(p(Sz,2), p(Sz, S2),0)
< Wy (p(Sz,2)).

Therefore, from (3.20) we have

Uy (p(SZ, Z)) <Y (P(SZ, Z))’
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a contradiction. This implies that
p(Sz,z2)=0 and z=Sz
Hence, we have
Sz=z=1Iz (3.21)

Since the pair {7,]} is weakly compatible, from (3.19), we have Tz = TJv = JTv = Jz. We
claim that 7z = z. Suppose, to the contrary, that p(7%, z) > 0, then by (3.3), we have

W (p(z, Tz)) = W1 (p(Sz, T2))
< (p(lz,JZ),p(Iz, S2),pUz, Tz), %[p(lz, Tz) + p(Sz,IZ)]>
— ¥ (plz, J2), pllz, S2), pUz, TZ))
= (p(z, Tz),0, p(Tz, Tz), %[p(z, Tz) + p(z, Tz)])

~ ¥ (p(z, T2), 0, p(Tz, Tz))
< U (p(z, T2)) - Y2 (p(z, T2), 0, p( Tz, T2)).

Therefore, ¥, (p(1z,z), 0, p(1z, Tz)) = 0. Hence, we have p(z, Tz) = 0 and

Tz=z=]z (3.22)
Now, combining (3.21) and (3.22), we deduce

z=1z=8z=Tz =]z,

so z is a common fixed point of the four mappings 7, /, Sand T.

We claim that there is a unique common fixed point of S, T, I and /. Assume on contrary
that, Su=Tu = [u = Ju = u and Sv = Tv = Iv = Jv = v with p(u, v) > 0. By supposition, we can
replace x by # and y by v in (3.3) to obtain

‘-Ill(p(u, V)) = \Ill(p(Su, TV))
< (p<1u,fv),p(1u, S0, U, T9), ol )+ p(Su,fv)])

- Wz (P(IMJV)’p(IM’ Su)’p(ﬁ’: TV))
= Vll (p(ur V): 0, 0:[’(”1 V)) - I/IZ (P(Mx V): 0, 0)
< \Ijl(p(u’ V));

a contradiction. Hence p(u,v) = 0, that is, u = v. We conclude that S, T, I and J have only
one common fixed point in X. The proof is complete. O

It is easy to state the corollary of Theorem 1 involving a contraction of integral type.
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Corollary 1 Let T, S, I and ] as well as yn, Y, satisfy the conditions of Theorem 1, except
that condition (3.3) is replaced by the following: there exists a positive Lebesgue integrable
function u on R* such that f(f u(t)dt > 0 for each € > 0 and that

Wi (p(Sx,T9)) Y1 (o) p I, Sx),p Uy, T), 5 [p U, Ty)+p Ty, S)1)
/ u(t)dt < / u(t) dt
0

0

V2 (pUx.Jy) p(Ix,S%),p(Jy, 7))
/ u(t) dt,

0

forallx,y € X. Then, S, T, I and ] have a unique common fixed point.

If in Theorem 1 I = is the identity mapping on X, then we have the following conse-
quence:

Theorem 2 Let (X, p) be a complete partial metric space. Let T, S : X — X be given map-
pings satisfying for every pair (x,y) € X x X

Wy (P(Sx; TJ’)) < <P(xxy)»l9(x; $x),p(0, 1y), % [P(x’ y) + p(y, Sx)])
— 2 (p(x,9), (%, S%), (3, Ty)), (3.23)

where Y, € Fy and ry € F3 are altering distance functions, and W,(t) = ¥1(¢, ¢, t,t). Then
T and S have a unique common fixed point.

Remark1 Several corollaries of Theorems 1 and 2 could be derived for particular choices
of Yr; and v,. We state some of them.

Putting Yi1(t, 8, t3,22) = Y(max{ty, ty,t3,24}) and Yot b, t3) = Pp(max{ty,t, t3}) for
¥, ¢ € Fi, [15, Theorem 9] is obtained.

It is clear from the proof of Theorem 1 that condition (3.3), resp. (3.23), can be replaced
by

\Ijl (P(Sx’ Ty))

<% (p(lx,ly),p(lx, Sx),pUy, Ty), %[p(lx, Iy) + p(y, Sx)]>

¥ (p(lx,]y),p(lx, Sx),pUy, Ty), % [p(x, Ty) + p(y, Sx)]>, (3.24)
resp.
Wy (p(Sx, Ty))

< <p(x,y),p(x, $x),p(, Ty), % [p(x, Ty) + p(y, Sx)])

) (P(x»y),l’(x, Sx)»l?()” T)’), %[P(x, TJ’) +p()/, Sx)])’ (3.25)

where v, € F4. Hence, Theorem 1 can be considered an extension of [23, Theorem 2.1] to

the frame of partial metric spaces (since semi-compatible mappings are weakly compati-
ble).


http://www.fixedpointtheoryandapplications.com/content/2012/1/120

Ahmad et al. Fixed Point Theory and Applications 2012, 2012:120 Page 12 of 15
http://www.fixedpointtheoryandapplications.com/content/2012/1/120

Putting V1 (t1, £, t3, ta) = max{ty, t, t3, ta} and ¥ = (1 — )y, with 0 <r <1, in Theorem 2
(with condition (3.25)), we obtain [20, Theorem 8]. The same substitution in Theorem 1
(with (3.24)) gives an improvement of [20, Theorem 12] (since only weak compatibility
and not commutativity of the respective mappings is assumed).

Putting ¥ (4, ta, t3, ta) = max{ty, £y, t3, ta} and Y, = @ o Yy for ¢ € F; in Theorem 2 (with
condition (3.25)), [16, Theorem 5] is obtained.

Of course, several known results from the frame of standard metric spaces (see, e.g., [30]
and [31]) are also special cases of these theorems. For example, the following corollary can
be obtained as a consequence of Theorem 2, which is a generalization and extension of [31,
Corollary 3.2].

Corollary 2 Let (X, p) be a complete partial metric space. Let T,S : X — X be given map-
pings satisfying for every pair (x,y) € X x X

2 (p (S”’x, T”y))
<t (ﬂx,y),p(x, §"%),p(», T"), % [p(x. T") +p(, Smx)]>

— ¥ (p(x,9), (%, 5"x), p (5, T"y)),

where m and n are positive integers, Y € Fy and r, € F3 are altering distance functions,
and WV1(t) = Y1 (t, t,t,t). Then T and S have a unique common fixed point.

Remark 2 However, it is not possible to use v, ¥, € F5 in Theorems 1 and 2, as the

following example, adapted from [23, Example 2.3], shows.

Examplel Let X ={1,2,3,4} and p: X x X — X be given by p(x,x) = % forxe X, p(1,2) =
p3,4) =2, p(1,3) = p(2,4) =1, p(1,4) = p(2,3) = % and p(y,x) = p(x,y) for x,y € X. Then
(X, p) is a (complete) partial metric space. Consider the mappings S, T : X — X defined by

1 2 3 4 1 2 3 4
S= ) T = )
2 1 1 2 4 3 4 3

and the functions vy, Y, € F5 given as yn(4, by, 3, ta, t5) = max{ty, £, t3, s, t5} and Yy =
il/fl. It is easy to check that

3
p(Sx 1) < max {p(x,y), p(x, Sx), p(y, Ty), p(x, Ty), p(y, Sx) }
= Ya) = Yl
holds for all x,y € X. However, these mappings have no common fixed points; hence,
condition (3.23) (or (3.25)) of Theorem 2 cannot be replaced by the respective condition

with 5 variables. At the same time, condition (3.25) is not satisfied since, forx =3, y =1,
p(Sx, Ty) = p(1,4) = % and

’

N w

max {p(x,y),p(x, Sx), p(y, Ty), % [p(x, ) + p(y, Sx)]} = max{l, 1, %, % (2 + %) } =
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hence,

W (plS%, 1) = 5 > Y)Yl )

whatever vy, € F, is chosen.
This example also shows (as in [23, Remark 2.4]) the importance of the second general-

ized altering distance function ¥, in Theorems 1 and 2.

The next example shows that Theorems 1 and 2 are proper extensions of the respective
results in standard metric spaces.

Example 2 Let X = [0,1] be endowed with the partial metric p(x, y) = max{x, y}. Consider
the mappings S, 7 : X — X defined by

2

x
Sx=Tx=—,
1+x

and the functions vy, ¥, € F4, given by

max{tly t21 tS’ t4}
wl(tlr 1, I3, t4) = max{tl, ty, L3, t4}’ 1/f2(t1, t, L3, t4) =

1+ max{ty, ts, t3,ta}

Take arbitrary elements, say y <, from X. Then

%2 y2 %2 22
Sx, Ty) = R = , d Y (p(Sx, Ty)) = .
(5% 1) max{1+x 1+y} 1+x an 1(}7( * y)) 1+x

On the other hand,
1
max (p(x,y), p(x,Sx),p(y, Ty), 3 [p(x, ) + p(y, Sx)])
) 22 yz 1 yz 22
= max xX,Y), y T PR Pl Xy, —— + T
pypx1+xpy1+y 219 1+y py1+x
[rs3(semuslr 22}
= maxq{x,%,9, — [ ¥ + max{y, — =X,
2 1+x

and

S

12 (p(x,y), (%, Sx),p(y, Ty), %[p(x, Iy) + p( Sx)])

2

TN

p(x,), p(x, Sx), p(y, Ty), %[P(’C: y) + p(y, Sx)])

=X— — = .
1+x 1+x

Hence, condition (3.25) is satisfied, as well as other conditions of Theorem 2. Mappings

S, T have a common fixed point z = 0.

Page 13 0of 15
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On the other hand, consider the same problem in the standard metric d(x, y) = p*(x,y) =
|x—y| and takex =1 and y = % Then

1 1 1
d(Sx,Ty)Z‘E—g‘Zg

and

max (d(x,y),d(x, Sx),d(y, Ty), % [d(x, Ty) + d(y, Sx)])

1111/5 1
=maxy{—-, =, = =-|=+0) ==
2°2 3 2\6 2

and hence

Y <d(x,)’), d(x, Sx),d(y, Ty)r %[d(x’ TJ’) + d()/, Sx)])

|
<
Y
—

d(x,y),d(x,Sx),d(y, Ty), % [d(x, Ty) + d(y, Sx)])

Thus, condition (3.25) for p = d does not hold and the existence of a common fixed point
of these mappings cannot be derived from [23, Theorem 2.1].
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