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Abstract: In this paper we analyzed the spreading rate of virus between incoming and
outgoing links to a website. We have taken the website http://www.pantechsolutions.net/.
This website is modeled as an intuitionistic fuzzy graph G = (V, E, u,y) by considering the
navigation of the customers. In this intuitionistic fuzzy graph, the links are considered as
vertices and the path of the links is considered as edges. The weightage of each edge are con-
sidered as number of visitors (membership value), number of non-visitors (non-membership)
and drop off case (intuitionistic fuzzy index). For four different time periods, the four links
1. Microcontroller-boards, 2. /Log-in html, 3. / and 4. /Project kits of the given website are
taken for our calculation. In this intuitionistic fuzzy graph we constructed two intuitionistic
fuzzy matrices using incoming and outgoing links to GG. The energy of these matrices along
with its lower and upper bound are discussed. The spreading rate of virus of the given graph
in terms of these two matrices is discussed. These concepts are illustrated with real time

example.
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1. Introduction

Graph theory was introduced by Leonhard Euler when he solved the “Konigs-
berg bridge” problem in 1735. Many real life problems can be represented by
graph. In computer science, graphs are used to represent networks of commu-
nications, data organization, computational devices, the flow of computation
etc. The link structure of a website can be represented by a directed graph in
which the vertices are the web pages available at the website and a directed
edge from page A to page B exists if and only if A contains a link to B (see
[11]). A similar approach can be taken to problems in travel, biology, com-
puter chip design and many other fields. Hence graph theory is widely used
in solving real time problems. But when the system is large and complex it is
difficult to extract the exact information about the system using the classical
graph theory. In such cases fuzzy graph is used to analyze the system. Fuzzy
graph was introduced by Kaufmann in 1973 (see [8]). Intuitionistic fuzzy graph
was introduced by Atanassov in 1999 (see [2]). Gutman introduced the concept
of energy of a graph in 1978 (see [7]). The energy of a fuzzy graph and its
bounds are discussed in 2013 (see [1]). The energy of an intuitionistic fuzzy
graph and its bounds are discussed in 2014 (see [12]). The authors (see [5])
discussed the virus spread in an intuitionistic fuzzy network. The relationship
between the number of visitors and the energy of an intuitionistic fuzzy graph
is analyzed which is used to find the spreading rate of virus. Many authors
(see [13], [3], [4], [9], [10]) discussed the existence of an epidemic threshold
Te. In 2015 (see [6]), Max-Min intuitionistic fuzzy matrix M (G) of an intu-
itionistic fuzzy graph is defined and the extreme energy of M (G) is obtained.
Also an explicit expression of the coefficients of the characteristic polynomial
of M(G) is determined. These concepts are illustrated with real time exam-
ple. This paper is organized as follows. In Section 2, we give all the basic
definitions related to energy of an intuitionistic fuzzy graph. In Section 3, we
defined the In-Min and Out-Min intuitionistic fuzzy matrix of an intuitionistic
fuzzy graph. In Section 4, we illustrate these concepts by taking the website of
http://www.pantechsolutions.net/. In Section 5, we give the conclusion.
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2. Preliminaries
2.1. Intuitionistic Fuzzy Graph

Definition 1. (see [12]) An intuitionistic fuzzy graph is defined as G =
(V,E, p,~v) where V is the set of vertices and E is the set of edges. p is a
fuzzy membership function defined on V' x V' and ~ is a fuzzy non-membership
function defined on V' x V. We denote p (v;,v;) by pi; and «y (v, v5) by ;5 such
that (1) 0< Wij + Yij <1 (11) 0< Wigs Vigs Tij < 1, where T = 1- ij — Yij-
Hence (V' x V, pu,7y) is an intuitionistic fuzzy set.

Definition 2. (see [12]) An intuitionistic fuzzy adjacency matrix of an
intuitionistic fuzzy G is defined as A (IG) = [ai;] where a;; = (pij,vij) - Note
that p;; represents the strength of the relationship between v; and v; and ~;;
represents the strength of the non-relationship between v; and v;. The adjacency
matrix of an intuitionistic fuzzy graph can be written as two matrices one
containing the entries as membership values and the other containing the entries
as non-membership values. i.e. A(IG) = ((wij), (7i5)) -

2.2. Energy of an Intuitionistic Fuzzy Graph

Definition 3. (see [12]) The eigen values of an intuitionistic fuzzy ad-
jacency matrix A (IG) is defined as (X,Y) where X is the set eigen values
of A(uj) and Y is the set of eigen values of A(v;;). The energy of an in-
tuitionistic fuzzy graph G = (V, E, p,v) is defined as (35 cx [Nil, 25 ey 10])
where ) ¢ |Ai] is defined as an energy of the membership matrix denoted
by E (uij(G)) and > 5.y [di] is defined as an energy of the non-membership
matrix denoted by E (7;(G)).

2.3. Virus Spread in Intuitionistic Fuzzy Network

Definition 4. (see [5]) If E (1 (G)) > E (745 (G)) i.e. If the number of
visitors are maximum in an intuitionistic fuzzy network then the spreading rate
of virus will be maximum. If E (u;; (G)) > E (745 (G)) then the infection rate of
an intuitionistic fuzzy network is defined as g = rr;a;x i and the curing rate of

an intuitionistic fuzzy network is defined as 6 = qu]n 7ij- The ratio 7 = %(5 #0)

1
)\maa:A(Mij)
largest eigen value of the adjacency matrix A (y;;) of an intuitionistic fuzzy

is the effective spreading rate and 7. = where AparA(pij) is the
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network.

Definition 5. (see [5]) If E (15 (G)) < E (745 (G)) i.e. If the number of
visitors are minimum in an intuitionistic fuzzy network then the spreading rate
of virus will be minimum. If F (15 (G)) < E (745 (G)) then the infection rate of

an intuitionistic fuzzy network is defined as 8 = min y;; and the curing rate of an
Z?]

intuitionistic fuzzy network is defined as § = Ir%%x 7ij- The ratio 7 = %(5 #0) is

the effective spreading rate and 7. = %A(V”) where ApapA(755) is the largest
max ij
eigen value of the adjacency matrix A (v;;) of an intuitionistic fuzzy network.

3. Out Min-In Min Intuitionistic Fuzzy Matrix of an Intuitionistic
Fuzzy Graph

In this section, we consider an intuitionistic fuzzy graph and constructed two in-
tuitionistic fuzzy matrices using incoming and outgoing links in this graph. The
spreading rate of virus of the given graph is analyzed in terms these matrices.

Definition 6. Let G = (V, E,u,) be an intuitionistic fuzzy graph. V
node 4, define o; = max p;; and o; = min ;;.
(2 7

Theorem 7. Let G = (V,E,u,v) be an intuitionistic fuzzy graph. If
a; = max p; and 0; = miny;; then (ay,0;) is an intuitionistic fuzzy set on V.
(2 7

Proof. If o;j = max p;; then a; = pg; for some s € V. Similarly if o; =
7

miny;; then o; = v;; for some ¢t € V. Here, we have v;; < «,;. That is —y;; >
7

—¥sj- Now o = pg; < 1 — 75 < 1 — 4. This gives pg; + v < 1. That is

aj+o0; < 1. Therefore 0 < aj +0; < 1. Hence (o, 0;) is an intuitionistic fuzzy

set on V . O

Definition 8. Let G = (V, E, 1,7y) be an intuitionistic fuzzy graph. The
In-Min intuitionistic fuzzy matrix of an intuitionistic fuzzy graph is defined as
Mi(G) = ((rij, sij)) where r;; = min (o, oj) and s;5 = min (04,05) .

Lemma 9. M (G) is a symmetric matrix.
Proof. We have My (G) = ((rij, 5ij)) where rij = min(a;, o) = min(a;, oy) =

rj; and s;; = min(oy,05) = min(oj,0;) = s;. Hence M;(G) is a symmetric
matrix. O
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Theorem 10. Let G = (V, E, u,7) be an intuitionistic fuzzy graph and
a;,0; are defined above. If M7(G) = ((r4j,5i;)) and if r;; = min(a;, o) and
si; = min(o;,0;) then (145, s;;) is an intuitionistic fuzzy set.

Proof. Let rij = min(oy, o) and s;; = min(oy,05). If rjj = oy and s;5 = 0y
then 0 < r;; + s;; < 1. Now if r;; = o; and s;; = 0 then o < o <1 —0;
= «a; + oj < 1. Therefore 0 < oy + a; < 1. Hence (a;,0;) is an intuitionistic
fuzzy set. Similarly we can prove the other cases also (if like r;; = oy, 545 = 03
and Tij = Oéj, Sij = Jj) Ol

Definition 11. The energy of the In-Min intuitionistic fuzzy matrix of
an intuitionistic fuzzy graph is defined as E(M[(G)) = (E(rij), E(s;ij)) where
E(r;;) is the sum of the absolute of the eigen values of the matrix 7;; and F(s;;)
is the sum of the absolute of the eigen values of the matrix s;;.

Definition 12. Let G = (V, E, 1,7y) be an intuitionistic fuzzy graph. For
all vertex 4, define 0; = maxp;; and ¢; = min~y;;. Then it can be prove that
J J

(0;, ¢;) is an intuitionistic fuzzy set on V.

Definition 13. Let G = (V, E, u,y) be an intuitionistic fuzzy graph. The
Out-Min intuitionistic fuzzy matrix of an intuitionistic fuzzy graph is defined
as Mo(G) = ((uij,vij)) where u;; = min(6;,0;) and v;; = min(p;, ¢;) then it
can be prove that (u;j,v;;) is an intuitionistic fuzzy set. Also it can prove that
Mo(G) is a symmetric matrix.

Definition 14. The energy of the Out-Min intuitionistic fuzzy matrix of
an intuitionistic fuzzy graph is defined as, E(Mo(G)) = (E(ui;), E(vi;)) where
E(u;) is the sum of the absolute of the eigen values of the matrix u;; and E(v;;)
is the sum of the absolute of the eigen values of the matrix v;;.

Example 15.

For the graph in Fig.1, the In-Min intuitionistic fuzzy matrix is

(0.9,0.1) (0.8,0.1) (0.5,0.1) (0.6,0.1)
MG — | (08,01) (08,0.1) (05,0.1) (0.6,0.1)
1(Gh) = (0.5,0.1) (0.5,0.1) (0.5,0.1) (0.5,0.1))
(0.6,0.1) (0.6,0.1) (0.5,0.1) (0.6,0.3)
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(0.6,0.2)

(0.4,0,3)

(0.3,0.6) .9,0. 5,0.1)| [(0.7,0.1)

(0.3.0.5)

Figure 1: An Intuitionistic fuzzy graph G1

0.9 0.8 05 0.6 01 01 01 0.1
wherer — |08 08 05 06, . [0l 01 01 01
i 0.5 0.5 0.5 0.5 i 01 01 01 0.1

0.6 0.6 0.5 0.6) 0.1 0.1 0.1 0.3)

Here E(M[(Gl)) = (2.8000,0.6000). That is E(M[(Tij)) > E(M[(Sij)), SO we

have 8 = maxr;; = 0.9,6 = mins;; = 0.1, 7 = % =9and 7, = «—~— =

2y 2y Amam""ij
L — 0.4007.

2.4958

For the graph in Fig.1, the Out-Min intuitionistic fuzzy matrix is

(0.6,0.2) (0.5,0.1) (0.6,0.1) (0.6,0.1)
[ (05,01) (05,01) (0.501) (0.50.1)
Mo (G1) = (0.6,0.1) (0.5,0.1) (0.7,0.1) (0.7,0.1)
(0.6,0.1) (0.5,0.1) (0.7,0.1) (0.9,0.1)
06 0.5 06 06 02 0.1 01 0.1
herew — |05 05 05 05, [0l 01 01 0.1
WHEre ij = 106 05 07 07 | ™% = (01 01 01 01
06 0.5 0.7 09 01 01 01 0.1

Here E(Mo(Gh1)) = (2.7000,0.5000). That is E(Mo(ui;)) > E(Mo(vij;)), so we
have 8 = maxu;; = 0.9,0 = minv;; = 0.1, 7 = % =9 and 7. = 5 lu,, =
2% 2,] max Wiy

1
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Theorem 16. Let G = (V, E, u,) be an intuitionistic fuzzy graph and if
r1,72,....T, are the eigen values of the matrix r;; then

n n

Z(Ti)2 - Z(Tii)2 + 2 Z (Tij)2-

i=1 i=1 1<i<j<n

Proof. Sum of the square of the eigen values of 7;; is equal to the trace of

(rij)?.

Z(Ti)2 = trace(rij)Q

i=1

=TT +rigror + .o+ ripalt

91712 + 7227922 + ... + TopTpo+

Tn1Tin T Tn2’2n + -« + Tunlnn

n

Z(n) —Zr” +2 Z ’I”Z] .

i=1 =1 1<i<j<n

Similarly we can prove if sq,s9,....s,, are the eigen values of the matrix s;;
then >0 (si)% = S0 (si)? + 221§i<j§n(5ij)2 if uy,ug,....u, are the eigen
values of the matrix u;; then Y 0 (u;)* = Y0 (ui)? + 221§i<j§n(u’ij)2 if
1, V2, ..., are the eigen values of the matrix v;; then Y1 (v;)% = Y0 (vir)?+
221§i<j§n(vij)2‘ 0

Theorem 17. Let G = (V, E, u1,7) be an intuitionistic fuzzy graph with
n vertices. Then

Z Tu +2 Z Tz] +n n—1)|A|" <E(TZJ (G))

=1 1<i<j<n

< In ) ora)+2 ) (rij)Q}

i=1 1<i<j<n

where |A| is the determinant of 7;.
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Proof. Upper bound. Cauchy Schwarz inequality is

(£) < () (59)

If a; =1, b; = |r;| then

(Sr) = (S) (Ser)

(E(ri; (G)))? < (Z ra)’+2 Y (ry) }
=1 1<i<j<n
= E(r; (G)) < |n (Z(m‘)Q +2 ) (Tij)2}~ (1)

i=1 1<i<j<n

Lower bound.
n 2
(B G = (Zmr)
= Zlnl +2 ) fril |y

1<i<j<n
- n(n—1)
= Do)’ +2 > () + 25— AM {[ri| |r;]} -
i—1 1<i<j<n J

But, we know that AM {|r;||rj|} > GM {|r;| |rj|},1 <i<j<n.

E (rij (G))

v

JZ(%’)2+2 > (rip)2+n(n—1)GM {|ri| [r;]}

i=1 1<i<j<n

2 2
n nn—1) n n(n—1) 5
GM {|ri| |rj]} = (H 7] |rj|> = (H |n-|<"”> = |Al»
=1

i=1

J dori)+2 Y (rg)+nmn-1) 4|7 (2)

=1 1<i<j<n

Y

E(rij (G))
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From equations (1) and (2), we get

n

SNra2+2 Y () +nn - 1)|Ar < E(ry (G))

i=1 1<i<j<n

n
< n Dotz Do (ry)? .
i—1 1<i<j<n /

Similarly we can prove the bounds for the other cases. U

Theorem 18. Let G = (V, E, u,7) be an intuitionistic fuzzy graph with
n vertices and if

E(rg (@) <2) ) ry , E(si (G)<2) ) sy
=1 1=1 =1 i=1
then E (r; (G)) + E (s (G)) < 2n°.

Proof. From the given statement we have

E(ri (G) < 2) > ry

=1 1=1

< 2) > (1-sy)
=1 1=1

= 2) > 1-2) ) sy
i=1 i=1 i=1 i=1

< 20 — E(si; (@)

E(r;j (G)) + E (si5 (G)) < 2n’.
Hence the proof. 0

4. Numerical Examples

In this section, we illustrate the above concepts by taking the website
http://www.pantechsolutions.net/. This website represented by a directed in-
tuitionistic fuzzy graph. For this graph the spreading rate of virus is analyzed
between incoming and outgoing links.
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Figure 2: An Intuitionistic fuzzy graph G2

Figure 3: An Intuitionistic fuzzy graph G3

Example 19. In the above mentioned website, we considered the four
links 1./microcontroller-boards, 2./log-in html, 3. / and 4./project kits for the
period July 16, 2013 to August 15, 2013.

E(M[(Gs)) = (0.6000,1.4000) , E(Mo(Gs)) = (0.5000, 1.5000)

B =minr;; =0.1,0 =maxs;; =06 , S=minu;; =0 ,0=maxv;; = 0.6
1, 2, 2¥) %]
7 =10.1667,7, = =0.8598 , 7=0,7.= = (.7888.
)\maxsij )\maxvij

Example 20. In the same website we consider the same four links for the
period August 16, 2013 to September 15, 2013.

E(M;(Gs)) = (0.5000,1.3000) , E(Mo(Gs)) = (0.5000, 1.4000)
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(0.1,0.4)

(0.0.0.5)

Figure 4: An Intuitionistic fuzzy graph G4

B =minr;; =0,0 =maxs;; =0.6 , f=minu;; =0,0 =maxv;; = 0.6
1,] ,J 2 9
T=0,7. = =09624 , 7=0,7.= = 0.8598.

Amaz Sij )\maxvij

Example 21. In the same website, we consider the same four links for
the period September 16, 2013 to October 15, 2013.

E(M[(Gy)) = (0.5000,1.3000) , E(Mo(G4)) = (0.4000, 1.5000)

B =minr;; =0.1,0 =maxs;; =05 , B=minu;; =0 ,0=maxv;; = 0.5
1, (2% 2¥) vJ
T=0271. = =0.8954 , 7=0,7.= = 0.7332.

)\ma:v Sij )\maxvij

Example 22. In the same website, we consider the same four links for
the period of October 16, 2013 to November 15, 2013.

E(M(Gs)) = (0.4000,1.3000) , E(Mo(Gs)) = (0.5000, 1.5000)

f=minr;; =0 ,6 = maxs;; =0.1 , B =minu;; = 0.1, =maxv;; = 0.5
1, 1, 2,7 2,7
T=0,7. = =0.9624 , 7=02,7. = = 0.7322.

)\maac Sij )\maxvij

The following table represents the comparison of the energies between incoming
and outgoing links.

The following table represents the comparison of the spreading rate of virus
between incoming and outgoing links.
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Figure 5: An Intuitionistic fuzzy graph G5

0.2 T

== Incoming links

Wi ——outgoing links

Jul-Aug Aug-Sep Sep-Oct Oct-Nov

Figure 6: Spreading rate of virus between incoming and outgoing links
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period | Energy of A(G) | Energy of M (G) | Energy of Mo (G)
Jul-Aug (0.4,2.1078) (0.6000, 1.4000) (0.5000, 1.5000)
Aug-Sep (0.4, 2.0068) (0.5000, 1.3000) (0.5000, 1.4000)
Sep-Oct | (0.3464,1.9129) (0.5000, 1.3000) (0.4000, 1.5000)
Oct-Nov | (0.3758,1.9879) (0.4000, 1.3000) (0.5000, 1.5000)

period | 7 on M (G) | 7 on Mo (G)
Jul-Aug 0.1667 0
Aug-Sep 0 0
Sep-Oct 0.2 0
Oct-Nov 0 0.2

Conclusion

811

We conclude that the spreading rate of virus is minimum in outgoing links and
it is maximum in incoming links which is shown in Fig.6. It is logically true
that if number of visitors (i.e. incoming links) are maximum then the spreading
rate of virus is maximum. It is verified through our real time example. Also
we given the appropriate mathematical formulation for this real time example.
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