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The steady-state and transient dynamics of a flexible spinning shaft with
eccentricity driven by a DC motor (i.e., non-ideal energy-source) with
external and internal damping is studied in this paper. It is well established
that the structural response of a vibratory system to which a non-ideal drive is

connected may act as an energy sink under certain conditions such that a part
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of the energy supplied by the source is spent to vibrate the structure rather
than to increase the drive speed. This phenomenon is formally known as the
Sommerfeld effect. The Sommerfeld effect characterized by jump phenomena is
studied through the steady state amplitude obtained by instantaneous power

India balance method and further verified through numerical simulation. Transient
responses of non-dimensional amplitude and shaft speed wth time
evolution through first mode resonance are also given.
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1. INTRODUCTION

An ideal energy source is not influenced by the response
of the system. When the excitation is influenced by the
response of the system, the corresponding source is said
to be non-ideal. A source for which the power supply is
limited is said to be non-ideal. On the contrary, an ideal
source can draw unlimited amount of power. Arnold
Sommerfeld [1] discovered a phenomenon, better
known as the Sommerfeld effect, which is characterized
by the jumps in the system response at critical values of
power input to the source. Several literatures are
available on non-ideal systems [1-15]. It is well estab—
lished that the structural response of the system to
which a non-ideal drive is connected may act like
energy sink under certain conditions so that a part of the
energy supplied by the source is spent to vibrate the
structure rather than to increase the drive speed.

The motivation of this research is the first step and
fundamental study for response identification of complex
rotor systems driven by DC motor. In this paper, a flexible
spinning shaft with a constant eccentricity driven by a
constant speed DC motor through a dissipative coupling in
the presence of internal (material) damping is considered.
Multiple jump phenomena occur in such infinite
dimensional non-ideal system. Studying the influence of
internal damping and external damping parameters on the
extent of the Sommerfeld effect zone may aid in designing
the controllable damping parameters, so that the high speed
rotor-motor system can be operated safely.

2. MATHEMATICAL MODELING OF THE SHAFT-
ROTOR SYSTEM

The schematic diagram of a slender flexible spinning

Received: June 2017, Accepted: August 2017
Correspondence to: Prof. Sovan S. Dasrupta

VIT University, School of Mechanical Engineering,
Vellore, Tamilnadu, India

E-mail: sovan@yvit.ac.in
doi:10.5937/fmet1801133D

© Faculty of Mechanical Engineering, Belgrade. All rights reserved

shaft with distributed aerial and material damping along
with certain constant eccentricity, driven through a DC
motor is shown in the Fig. 1. The coupling between the
shaft and the motor is assumed to be transversely
flexible and light weight. Torsional vibration is not
considered in this study, i.e., the whirl speed is not
varying along the axis (i.e., z -axis) of the spinning shaft
and the bearings are assumed to be ideal.

y

Uniform shaft

Figure.1. Schematic of DC motor driven flexible shaft

2.1 Equations of motion of the system

The equations of motion of the rotor—motor system can
be derived by using extended Hamilton’s principle [16-
18] as follows:
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where p is the density of the shaft material, e is the
constant eccentricity, ¢ is an arbitrary initial orientation
of the mass centerline centerline, a is the cross-sectional
area of the shaft, R, is the external (direct) damping per
unit length distributed continuously over the shaft, u, =
R,/(EI) is an external (aerial) damping parameter having
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unit s/m*, I, is the polar moment of inertia of the shaft
about the spinning axis per unit length, 1, = L + I, I, is
the polar moment of inertia of the part of the coupling
and the motor connected to the shaft, L is the length of
the shaft, R, is the viscous damping offered to the
rotations (due to bearings and the medium), 7,, is the
torque applied on the shaft, 7; is the load torque due to
dissipative forces acting on the flexural vibrations, i.e.,
the terms involving the rotor spinning speed in the first
two equations of motion and each superscript ‘.” denotes
once total derivative with respect to time. In the left hand
side of these equations the first term is due to the elastic
forces (strain dependent), the second term is due to the
material damping (strain rate dependent) as seen from the
fixed frame, and the third term represents moments due to
the circulatory forces. The fourth and fifth term represent
the inertia force and external damping force respectively.
The sixth term introduces the gyroscopic coupling
between the orthogonal transverse vibrations. Because the

torsional vibrations are neglected, 6 does not change
along the z-axis. Note the sign change in the third terms
of the two moment equations that introduce non-potential
(and non-conservative) circulatory forces [19].

2.2 Boundary conditions

The shaft is supported by ideal bearings, which means
that the bending moments and the deflections at the
supports are zero. Then the boundary conditions corres—
ponding to the assumed pin-pin supports [16] are speci—
fied at z=0 and z = L as follows:
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2.3 DC motor model

The torque applied on the shaft (7,,) is transmitted from
the DC motor. The brushed DC motor model is, as
usual, taken as:
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where Uj is the constant electric potential applied across
the DC motor’s terminals, ,, is the motor characteristic,

(N

1,, is the current drawn by the motor, U, = x, 0 is the

back electromotive force developed in the motor’s coils,
R, is the electrical resistance of the coils and T, is the
torque developed by the motor.

2.4 The Steady-state response of the system

The steady-state response of flexural vibrations of the
rotor system due to unbalance can be found in many
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standard books on rotor dynamics [20]. During pure
synchronous whirl, let us assume a general steady state
solution of Egs. (1) and (2) as:

(=)= 3 p, (1) X, (2) ©)
x(20)=Y4,(1) X, (2) (10)

where p{(f) and g,(f) are generalised coordinates, i =
1,2,3... is the mode number and mode shape is assumed

to be X, (z)=B, sin [%} so that the boundary condi—

tions are satisfied. Here B; is the amplitude of the ith
mode. Substituting Eq.(11) in the first equation of
motion Eq. (1) gives
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where each prime indicates once partial derivative with
respect to z.
Let steady state speed of the rotor be w,

ie = o,. Multiplying Eq. (11) by X;, integrating from 0
to L with respect to z and noting the orthogonality pro—

L . .
perties, i.e., -[Sin(%jsm(%jdz =0Vi=j, yields the
0

steady state unbalance response of the shaft is given as
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and modal frequency of i-th mode is given by
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The above two equations yield the deflection of
shaft due to the unbalanced harmonic force caused by
the constant eccentricity (e) of the shaft in x and y
directions, respectively.

Bi:

2.5 Instantaneous power balance method

The mechanical power drawn from the motor during
steady-state synchronous whirl is given by
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and the mechanical power dissipated from the system
through the dissipative forces in transverse vibration as
well as the dissipation due to shaft rotations is given as

W, = R92+juaEl[(gfj4 (Zj ]dz (14)
fur [ 22)) 2+ (22))2 )

In steady state whirl, the supplied mechanical power
is equal to the dissipated power, i.e., W,, = W, [21, 22].

Considering only the first three or four modes of
vibration (i.e., first mode and third mode, because the
odd mode amplitudes are zero) and equating the sup—

plied mechanical power to the dissipated power (i.e., W,
= W,) leads to a ninth order polynomial in w, as follows
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If only the first mode vibration is considered and all
higher modes are neglected, then one obtains a fifth
order polynomial in @, from Eq. (15) as follows:
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When the rotor speed is sufficiently larger than the
first critical speed and nearer to the third critical speed,
then the amplitude of first mode vibrations may be
neglected in comparison with the third mode vibration
amplitudes. In this case, most of the energy supplied by
the motor goes towards sustaining the third mode fle—
xural vibrations. If only the third mode vibration is
considered and all other modes are neglected then one
again obtains a fifth order polynomial in @, from Eq.
(16) as follows
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2.6 Stability criteria of the Steady State Forced
Response

Positive real roots of Eq. (16), i.e., admissible solutions,
yield the equilibrium states of the system under consi—
deration. Some of these equilibriums are stable, whereas
the others are unstable (saddles). Based on the approach
followed in [12,16,19], one may conclude that a stable
constant energy state exists under the following condition:

d

dw(W -, <0 (18)

o, =,
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where @, is an admissible (real positive) solution obta—
ined from Eq.(15). Use of Egs. (13) and (14) in inequ—
ality (18) yields
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where all real positive roots of Eq. (15) are allowable
solutions @, =@, and y and x are given by Eq. (9) and

<0, (19)

o=,

Eq. (10), respectively, with o, =@,.
3. RESULT AND DISCUSSION

The following representative values are considered for
numerical studies:

L=2m, pu,=10"Kg, E=12x10N/m, ¢e=10"m,
0=7800 kg/m’, ;. =10° x E, a =9.81x107m’,
1=1.994x10"m",

u, =0.34 Nm/A, R, =600 Q,

R =10"N.m.s/rad and 1,=21,=2pl

For the chosen parameters, the model frequencies are
calculated from:

D = (—j ﬂ i=12,3...are p, =100.1463 rad/sec,
pa
p, =400.585 rad/sec, p, =901.316 rad/sec, etc.

The steady state characteristic is defined by the non-
dimensional quantities: the non dimensional rotor speed

o, =w, / p, and the non-dimensional whirl amplitude

B =Bp} /(7r2 g), where g is the acceleration due to

gravity, B = ZB:' is the maximum flexural amplitude
i=1
that can be reached during steady state and mis the
number of modes considered in the analysis.
The Sommerfeld effect occurs around the third natu—

ral frequency (a)r = 9) , which is 901.316 rad/sec.

The non-dimensional rotor spin speed @, = m, / p,

(positive real roots of Eq. (16)) and amplitude are plot—
ted against the supply voltage in Figs. 2 and 3, respec—
tively, for the zone, where the first mode Sommerfeld
effect is observed. In the coast-up operation (i.e., while
voltage is gradually increased), the rotor spin speed is

entrained at values near the natural frequency @, =
o, / p,for a small range of voltage (points ‘a’ to ‘b’)

and maximum flexural vibration amplitude is observed.
As the supply voltage is gradually increased further,
the rotor spin speed suddenly jumps to a much higher
value (point ‘b’ to a point ‘d’ not shown in Fig. 3) and the
flexural vibration amplitude drops to a much lower value.
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Figure 2. Steady-state shaft speed for supply voltage
values in the range of first mode Sommerfeld effect
obtained from three mode approximation
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Figure 3. Maximum possible steady-state amplitude for
supply voltage values in therange of first mode
Sommerfeld effect obtained from three mode
approximation.
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Figure 4. Steady-state shaft speed for supply voltage
values in the range of third mode Sommerfeld effect
obtained from three mode approximation

3.1 Transient Response during Passage Through
Resonance

The normalized variables used to plot the transient
responses are chosen to be compatible with the steady-
state results. These normalized variables are rotor spin

speed (w)=6/p, and the normalized whirl amplitude

y = («/xz +)° ) p’ /g ,where 6 transient shaft speed

and x and y are the contemporary position of the shaft
centerline at a given node, where 17 nodes model of the
sahft is considered. The steady-state results do not depend

upon the rotary inertia (/,) of the coupling and the rotor

of the motor. However, transient response is dependent
on that parameter. In the simulations, a value /, =0.02

kg-m’ has been chosen. If the value of 7, is high, then it
takes a lot of time for the shaft to accelerate towards its
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steady-state speed, and consequently the simulation time
requirement becomes too large. On the other hand, if the
value of /_ is low, then the shaft accelerates too fast and

can pass through the resonance quite easily; thus hiding
the Sommerfeld effect zone.

The transient responses for rotor spin speed and
flexural vibration amplitudes, shown in Figs. 5 and 6
respectively, show the convergence of the responses ([
and y, ) to the respective steady-state values.
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Figure 5. Transient response showing time evolution of
normalized shaft speed for Us = 45.1 Volt.
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Figure 6. Transient response showing time evolution of
normalized maximum amplitudes at 5th and 9th nodes of a
17 node model for Us=45.1 Volt.

4. CONCLUSION AND FUTURE WORK

Dynamics of an internally and externally damped
eccentric flexible spinning shaft driven through a non-
ideal source (a DC motor) is studied in this paper. The
motivation of this research is the first step to study the
dynamic response of a complex rotor system driven by
DC motor. DC motor is one of the non-ideal energy
sources, whch causes generation of the Sommerfeld
effect in the rotor system characterized by the jump
phenomena [9,12,19,22]. This helps to determine the
stability criteria of the high speed rotor shaft, when the
system passes through the various resonance frequ—
encies. The steady-state results predicted by the power
balance method are further validated through numerical
simulations. The transient responses of the normalized
amplitude and speed are also shown. Numerical results
are in good agreement with the work reported in [9].
Based on this work, one may work on a discrete
multi-disk rotor system that would show the Sommer—
feld effect, when the motor speed passes through the
various resonance frequencies of the rotor system. Drive
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structure interaction for other kinds of non-ideal sources
such as electrical induction motor, synchronous motors
and hydraulic motors may be studied.
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CTAIIMOHAPAH 1 TPAH3UJEHTAH O/I3UB
OJIEKCUBWJIHOI' EKCOEHTPUYHOI'
POTAIIMOHOI' BPATHJIA

C.C. Jacrynra, J.A. Pajan

HUctpakena je cTamMoHapHa W TPaH3WjCHTHA JIUHAMHKA
(GnekCHOWIHOT ~ POTALMOHOI  BpaTWia Ca  EKCLeH—
TpuuHomhy kora mokpehe MOTOp jeIHOCMEpHE CTpyje
(Tj. HewJealHW W3BOP EHEpruje) ca YHYyTPaIlbUM U
CIIOJBAILIELUM MPUTYIIEHEM. Y TBPhEHO je 1a CTpYKTYpHH
0/13MB BUOPAIIOHOT CHCTEMA 3a KOjH je Be3aH HEeHICIHH
U3BOp MOXKE Jla CE TOHAllla Ka0 EHEPreTCKH IOHOp Y
onpeheHnM yciioBnMa, Tako J1a ce JIeo eHepruje 1o0ujeH
O]l M3BOpa yTPOIIM Ha BUOPHpAme CTPYKTYpe, a HE Ha
nosehame Op3nHe morona. MeHOMEH je TMO3HAT Kao
3omepdminoB edexar. 3omepPmwinoB edekar Koju ce
ouMKyje ()CHOMEHOM CKOKa TIpOy4YeH je ToMohy
CTaIlMOHAPHE aMIUIATYye I0OMjeHe METOAOM TPEHYTHOT
YpPaBHOTEXEHa CHAare M IIOTBpHEH je HyMepUYKOM
cumynaiujom. Takohe cy mnpHKazaHu TpaH3UjEHTHH
0/3MBU 0O€3IMMEH3HOHE aMIUTUTYAe W Op3uHE BpaTHia
nosehaBaHe y BpeMeHy Kp0o3 pe30HaHIIM]y ITPBOT MOJa.
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