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Abstract. In this paper, we introduce and investigate a new subclass of bi-
univalent functions ), of complex order defined in the open unit disk, which are
associated with hypergeometric functions and satisfy subordinate conditions.

Furthermore, we find estimates on the Taylor-Maclaurin coefficients |a, | and

| a, | for functions in the new subclass. Several (known or new) consequences of
the results are also pointed out.
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1 Introduction
Let A denote the class of functions of the form:
f@=z+24a,7", (1)
n=2
which are analytic in the open unit disk
U={z:zeC and |z|<1}.

Further, by S we shall denote the class of all functions in A which are univalent
in U. Some of the important and well-investigated subclasses of the univalent
function class S include (for example) the class S’(a) of starlike functions of
order a in U and the class K (a) of convex functions of order a in U. It is well

known that every function f e S has an inverse f ', defined by

(f@)=z (zel)

and
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FUFwy=w (IWI< ro(f);ro(f)zij,

where
gw)=f'(w)= w—azw2 + (2(1; —a3)w3 - (Sa; —5a,a, + a4)w4 +---. (2)

A function f e A is said to be bi-univalent in U if both f(z) and f'(z) are

univalent in U. Let X denote the class of bi-univalent functions in U given by
Eq. (1).

An analytic function f is subordinate to an analytic function g, written
f(2)< g(z), provided there is an analytic function w defined on U with
w(0)=0 and |w(z)|<1 satisfying f(z) = g(w(z)) . Ma and Minda [1] unified
various subclasses of starlike and convex functions for which either of the
df'@ 2@
f(2) (@

superordinate function. For this purpose, they considered an analytic function ¢

quantities is subordinate to a more general

with a positive real part in the unit disk U,p(0)=1,¢'(0)> 0, and ¢ maps U
onto a region starlike with respect to 1 and symmetric with respect to the real
axis. The class of Ma-Minda starlike functions consists of functions f e A

satisfying the subordination%< @(z) . Similarly, the class of Ma-Minda
b4

convex functions of functions f €A satisfying the subordination

Z f”(z)
f'(2)

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type

1+

<9(2)

if both £ and f~' are respectively Ma-Minda starlike or convex. These classes
are denoted respectively by S; (¢) and K, (@) . In the sequel, it is assumed that
@ is an analytic function with positive real part in the unit disk U, satisfying
¢(0)=1,9'(0) >0, and ¢(U) is symmetric with respect to the real axis. Such a
function has a series expansion of the form

o(2)=1+Bz+B,7 + Bz +---, (B, >0) (3)

For some intriguing examples of functions and characterization of the class %,
one could refer to Srivastava, et al., [2] and the references stated therein (see
also, Hayami & Owa [3]). Recently there has been growing interest to study the
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bi-univalent functions class % (see [2-7]) and obtain non-sharp estimates on the
first two Taylor-Maclaurin coefficients |a, | and |a, |. The coefficient estimate

problem for each of the following Taylor-Maclaurin coefficients |qa,| for
ne N\{1,2}; N:={1,2,3,...} is presumably still an open problem.

The study of operators plays an important role in geometric function theory and
its related fields. Many differential and integral operators can be written in
terms of convolution of certain analytic functions. It is observed that this
formalism brings an ease in further mathematical exploration and also helps to
understand the geometric properties of such operators better.

The convolution or Hadamard product of two functions f,he A is denoted by
f *h and is defined as

(F () =z2+ b @)

n=2

where f(z) is given by Eq. (1) and h(z)=z+ anz"

n=2

Now we briefly recall the definitions of the special functions and operators used
in this paper.

a.
A—’;tO,—l,...;j=1,2,...p) and

J

For complex parameters a,....a, (

B; .
B BB, (B—jiO,—l,...;] =1,2,...q)

J

the Fox-H functions, by which we mean Wright generalized hypergeometric
functions ¥ with A;,B, >0, aregiven by (rather general and typical

examples of H- functions, not reducible to G- functions):

(@A), A) ) & +nA)..T(a, +nA) 7"
"N\ (BB, (B, B,) : _;F(ﬂl+nBl)...F(ﬂq+an) n!

_gglp _Z|(1_a1’A1)=---7(1—a,,,Ap)
P+l 0,1),(1-4,,B),....(A-B,.B,)

)
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q P
with 1+ an — ZAn 20, (p,ge N =1,2,3,...) and for suitably bounded values

n=1 n=1

of | z].

Note that when A =...=A =B =...=B, =1, they turn into the generalized

P
hypergeometric functions

quq((a,,l),...,(ap,l) :ij ]j}r(aj)

| F(a,,....a, :f,.... 5 :2),
(BD,....(B,.1) ]i[l“(ﬂ.) (yna, BB 2)

where p<g+1;p,ge N,=Nu{0};zeU.

Now we recall the linear operator due to Srivastava [8] (see Dziok & Raina [9])
and Wright [10] in terms of the Hadamard product (or convolution) involving
the generalized hypergeometric function. Let I,me N and suppose that the

parameters «,A,...,a;,A and B,,B,..., [, ,B, are also positive real numbers.
Then, corresponding to a function

[cDm[(aj7Aj)]q/;(ﬂij)],m;Z]
defined by
chm[(ajaAj )1,1;(/8]"Bj)1,m;z] = Qzl\Pm[(aj,Aj)lJ (ﬂj,Bj)Lm;Z] (6)

/ -l m
where Q) = (HI“ (aj)J (HF( B, )j and we consider a linear operator
j=1

j=l
Wi, A58, B, 1A — A

defined by the following Hadamard product (or convolution)
Wita;,A), (B, B), (N2 =z D, [(a;,A), 3B, B))y 5 21* f(2).

We observe that, for f(z) of the form Eq. (1), we have

W[(aj’Aj)lJ;(ﬂj’Bj)l,m]f(Z) =zt iqﬁn a7
n=2

where

(7)
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4 = Ql'(a, + A (n-1))...I'(q, + A (n—1))
" (n-D'I(B, +B,(n-1))...I'(B, +B,(n—1))
If, for convenience, we write

W £(2) = W@, A es (0, A i (B B s s (B B (2). )

We state the following remark due to Srivastava [8] (see Dziok & Raina [9])
and Wright [10].

®)

Remark 1.1 Other interesting and useful special cases of the Fox-Wright
generalized hypergeometric function include (for example) the generalized
Bessel function

00 (—Z)n
Y(—=w+lhw-=d =) ——————
o Fi(=5( Hi=2) =, ;n!r(ny+v+1)
For u =1, corresponds essentially to the classical Bessel function J"(z), and
the generalized Mittag-Leffler function
(Z)ﬂ

Y ((1,1D):(w, A); EE‘:OO—
(LD (u,A)2) = EL ;r(nmm

Remark 1.2 By setting A =1(=1,..0D and B, =1(j=1,...m) in Eq. (6), we
are led immediately to the generalized hypergeometric function |F, (z), which
is defined by

Q,Fm(msQ,mel,...a,;ﬂl,...,ﬂ,,,;z>::Z%% (10)
n=0 1 ne*" m/n .

(<m+1;l,meN,:=Nu{0};zeU) where N denotes the set of all positive
integers, (), is the Pochhammer symbol.

In view of the relationship (10), the linear operator Eq. (7) includes the Dziok-
Srivastava operator (see Dziok & Srivastava [11]), so that it includes (as its
special cases) various other linear operators introduced and studied by Bernardi
[12], Carlson & Shaffer [13], Libera [14], Livingston [15], Ruscheweyh [16]
and Srivastava & Owa [17].

Motivated by the earlier work of Deniz [18] (see [19-21]) in the present paper
we introduce a new subclass of the function class X of complex order

7 € C\{0}, involving Wright hypergeometric functions W', and find estimates

m?
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on the coefficients |a,| and |a,| for functions in the new subclasses of

function class ¥ . Several related classes are also considered and connections to
earlier known results are made.

Definition 1.3 A function feX given by Eq. (1) is said to be in the class
GL" (y,2,) if the following conditions are satisfied:

1 Z(W, f(2))
— o -1 11
+7((1—/1)W,;f(z)+/1Z(W,f,f(z))’ jww (I
and
1 ’
y\ A=W, g(w) + Az(W, g(w))

where (y e C\{0};0< 4 <1;z,wel), the function g is given by Eq. (2).

Example 1. For A =0 and y €C\{0}, a function f eX, given by Eq. (1) is

said to be in the class S;" (y,¢) if the following conditions are satisfied:

1( z(W, f(2))
| 2w AT g 13
+7[ W' £(2) jﬂo(z) (13)
and
1{ w(W, g(w))'
- 2w g 14
+7( W o () JﬂD(W) (14)

where z,weU and the function g is given by Eq. (2).

On specializing the parameters /, m one can state the various new subclasses of
= (or GY"(y,4,9) ), as illustrations, we present some examples for the case
with A, =1(j=1,2,...,0); B, =1(j =1,2,...,m).

Example 2. If /<m+1;/,me N,:=N {0}, and y € C\{0}, then a function

f €, given by Eq. (1) is said to be in the class Sy"(y,1,9) if the following
conditions are satisfied:

L ( (H,f @) _
P\A=DH, f@)+AH, f )

1j< @(2)
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and

L1 ( wH, g W)

- -1 ,
7 (1= A)(H, g (w)) + AH. g (w))’ j“”(w)

where Hf”f(z)::(Z—Fi((gl))"“'((zl); (i)’"]*f(Z)
s peee 'm/n .

=Wl(e,.1),;5(B,.1),,1f(2)

a well-known Dziok-Srivastava operator [11], the function g is given by Eq. (2),
0<A<1 and z,weU.

Example 3. If /=2 andm =1 with ¢, =a(a>0), a,=1, p, =c(c>0), and
y € C\{0}, a function feZ, given by Eq. (1), is said to be in the class
Ss (7, A, @), if the following conditions are satisfied:

L [ 2(L(a,0)f (2))' _ 1] <o)
A=A (L@.0)f (2) + AL(a.0) f (2)
and
R 1( W(L(a,)g (W) ~ lj o),
7 L= A)(L(a.c)g(w) + A(L(a.c)g (W)

where L(a,c)f(z):= [z + i% z"J* f(2)= le (a,1;¢)f(z), a well-known

n=2 Cn

Carlson-Shaffer operator [13] and the function g is given by Eq. (2)
0<A<l1l;and z,weU.

Example 4. If / =2 andm =1 with o, =0+1(02-1), a,=1, B =1, and
y € C\{0}, a function feX, given by Eq. (1), is said to be in the class
Sg (7,4,9) if the following conditions are satisfied:

+1( 2D’ f(2) ~
Y\ (=)D’ f(2)) + AD’ f (2))'

IJ <9(2)

and
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L ( w(D’g(w))' .
yLA=2)D° g(w)) + A(D’ g(w))’

q<wm,

where D’ is called the Ruscheweyh derivative of order §(5>-1) and

D’ f(2) :=ﬁ*f@) = Hf(é‘+1,1;1)f(z) and the function g is given by
—Z

Eq.(2) 0<A<1;and z,weU.

Example 5. If /=2 andm=1 with ¢, =1, a,=1, S, =1, and y€C\{0}, a

function f X, given by Eq. (1) is said to be in the class S; (7,4,0) if the
following conditions are satisfied:

1 7f'(2)

+— 1=

7((1—/1)f(z)+/1f’(z) ] P
and

1 wg'(w)

+— -1< ,

y((l—z)g(w)wlg’(w) ] P00

where 0< A <1, z,weU and the function g is given by Eq. (2).

Example 6. If [ = 2 and m = 1 with o, =1, «,=1, B =1, and
A=0;y € C\{0}, a function f eZ, given by Eq. (1), is said to be in the class

S; (7,¢) if the following conditions are satisfied:

1(zf'(2)
R ST
+7[ f(2) ]«p(Z)
and
1+1{f§1ﬂ2—1J<¢ow,
7L gw)

where 0< A <1, z,weU and the function g is given by Eq. (2).

Remark 1.4 For 1=0 and y € C\{0}, a function f €X, given by Eq. (1), as

in Example 1 one can state various analogous subclasses defined in Examples 2
to 5.
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In the following section we find estimates on the coefficients |a, | and |a, | for

functions in the above-defined subclasses Gy" (y,1,¢) of the function class

by employing the techniques used earlier by Deniz [7].

2  Coefficient Bounds for the Function Class G;”"(;/,/?,,(p)
In order to derive our main results, we shall need the following lemma.

Lemma 2.1 (see [22]) If he P, then |c, [<2 for each k, where P is the family
of all functions £, analytic in U, for which

R{h(z)}>0 (ze ),
where
h(z)=1+cz+c,7" + (zel) (15)

We begin by finding the estimates on the coefficients |a,| and |a,| for

functions in the class Glz”" (7,4,9). Define the functions p(z) and g(z) by

1+
p(z)::ﬂ:1+plz+p2z2+---
1-u(z)
and
1+
g(@)= M gz g2 e

1-v(2)

or, equivalently,

_p@-1_1 A
u(z).—p(z)+1—2{p,z+[l72 ij + }

and

-1 1 ;
v(z):= 9(2) =—|qz+ qz—q—1 A
qg(z)+1 2 2
Then p(z) and ¢(z) are analytic in U with p(0)=1=¢g(0). Since
u,v:U — U, the functions p(z) and g(z) have a positive real part in U, and
| p,|€£2 and | g, |<2.
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Theorem 2.2 Let the function f (z) given by Eq. (1) be in the class
G," (7, A,¢) Then

|7|B.{B, a6

Jlr G2 =1)B + (1= )2 (B, - Bl +27(1- 1Bl

la, |<

and

|Cl |S |7/|ZBI2 4 Ilel (17)
A= 20- D¢,

Proof. It follows from Eq. (11) and Eq. (12) that

1 Z(W. £ (2))

— L —-1|= 18

’ [(1—i)W,if(z)+/1z(W,if(Z))’ ] plutz)) (1%
and

I WW! g(w))

— m —-1|= 19

+y((l—ﬂ)w;g<w)+zz<w,ig<w»' J P (19

where p(z) and g(w) in P and have the following forms:

¢(u(z))=(0(%{plz+(pz —%Jzz +D (20)
(v(iw)) = l w4+ _q_,2 Wt 21
4 =@ > 9, 9, > o

respectively. Now, equating the coefficients in Eq. (18) and Eq. (19), we get

and

1-

( ¢2a2 B p,, (22)
=1, ., 2(1- 2N

(i )¢2 a, ( ¢3 3= B( P>~ )+Zsz1 ’ (23)
1 1

_—( $.a, =—Bq, (24)

and
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(A*-1) 2(1-2) 1 :

1
$,2d> —a,) = B, —‘171) +ZBZ%2' (25)

2 2
$a, +

From Eq. (22) and Eq. (24), we find that

az — 7Blpl — _7qul , (26)
21=A¢,  2(1-A),

which implies

P =4 (27)
and

8(1-4)'¢ya, =°B (p/ +47). (28)
Adding Eq. (23) and Eq. (25), by using Eq. (26) and Eq. (27) ,we obtain
4(ly(A* =1)B] + (1= A (B, - B,)); +2y(1-)B}¢,)a; = y’B/ (p, +¢,) (29)
Thus,

2p3
a22 = 2 2 - Blz (p2 +q2) 2 2 : (30)
4([7(2* =DB} +(1-2)*(B, - B)lg; +27(1- 1)B]4,)

Applying Lemma 2.1 for the coefficients p, and ¢g,, we immediately have

7" B! _
(2 ~D)BE + (1= 2) (B, B +2y(1- 1) B34

|a, Izs‘ (1)

Since B, > 0, the last inequality gives the desired estimate on | a, | given in Eq.
(16).

Next, in order to find the bound on |a, |, by subtracting Eq. (25) from Eq. (23),
we get

4(1-1) 4(1-1) B, - B,

4

$ia, — (i —a7). (32)

B
¢3a22 :j(pz —q,)+

It follows from Eq. (26), Eq. (27) and Eq. (32) that

o B +a) | 7B —a,)
T8-S

Applying Lemma 2.1 once again for the coefficients p, and ¢,, we readily get
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AP B 1rIB
(1-A)?¢  201-2)g,

This completes the proof of Theorem 2.2. Putting A =0 in Theorem 2.2, we
have the following corollary.

la | >0,

Corollary 2.3 Let the function f (z) given by Eq. (1) be in the class Sy” (7, ).
Then

|a |< |7|Bl\/El
» =

B~ B - 7B1g: + 2784

(33)

and

|7/|2 Blz+|7|Bl
S 24,

By setting A, =1(j=1,...,1) and B, =1(j =1,...,m), takingl =2 and m=1 and

|a; [< (34)

with o, =1, a,=1, B =1, ing, , we get p,= 1. Hence we state the following
corollaries for the new classes defined in Example 5.

Corollary 2.4 Let the function f(z) given by Eq. (1) be in the class S; (7,1, 9).
Then

|}/|ll\/ 1
2

(1-2),|(B, - B,)+7B]|

(35)

and

|7’|2 812 n |7|Bl

|a3 |S 2
1-2)° 2(1-2)

(36)

Taking 1 =0, we get

Corollary 2.5 Let the function f (z) given by Eq. (1) be in the class S; (7,9).

Then
|Cl |< |7|BI\/BI
X 1=

\/‘(Bl _B2)+7/Blz‘

(37)
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and

<l P g+ 1B 39)
3 Concluding Remarks

For the class of strongly starlike functions, the function ¢ is given by

¢(Z):[T——ZJ =1+2az+2a°7" +-- (0<a<l) (39)

which gives B, =2« and B, =2a’.

On the other hand if we take

_1+(1-28)z
1-z

then B, =B, =2(1-p).

o(2) =1+2(1-P)z+2(1=B)° 7" +--- (0B <1), (40)

From Corollary 2.4, when y =1, and ¢(z) given by Eq. (39) or by Eq. (40) we
state the following results given in [21].

Corollary 3.1 Let f (z) given by Eq. (1) be in the class S;(a,/i,(p), and
B =20;B,=2a" (0<a<1;0<A<1). Then

2a
alK—— 41
2] (1-V1+a @b
and
4o’ a
< -2 42
4 (1-4)" 1-2 *2

From Corollary 2.4, when y =1, and we have

Corollary 3.2 Let f (z) given by Eq. (1) be in the class S;(8,4,0),
B =B,=2(1-) (0<B<1;0<A<1). Then

|0, | Y20=A) 3)
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and

41-p)  (1-P)

< .
Iy T

(44)

Remark 3.3 From Corollary 2.5, when y =1;4=0 and B, =2a;B, =2a” and
for f € S; (@), [23] we get

20

Va+1

and for B, =B, =2(1-f3)

|4, [<V201=)  and [, [<4(1= )" +(1= ).

Similarly, we can prove the results obtained earlier; we mention them in the
following remarks.

a, |I< and a. K4a* +a.
|a, | 3

Remark 3.4 Putting » =1 in Corollary 2.5, we obtain the corresponding results
obtained in [19].

Remark 3.5 If1=2and m=1 with ¢, =pu+1(u>-1), a,=1, B =u+2,
where J, is a Bernardi operator [12] defined by

Lez 2
1@ = [ e = B a1 2) £ (2),

Note that the operator J; was studied earlier by Libera [14] and Livingston

[15], various other interesting corollaries and consequences of our main results
(which are asserted by Theorem 2.2 above) can be derived similarly. Further, by
setting A, =1(j =1,...,1) and B, =1(j=1,...,m), and suitably choosing /,m, 1

we state the various results for the new classes defined in Examples 2 to 5, the
details involved may be left as an exercise for the interested reader.
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