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1. INTRODUCTION

Triangular norms (abbreviation t-norms) were first appeared in the
background of statistical metric spaces, introduced by K. Menger
[1] and studied later by Schweizer and Sklar [2,3]. Klement et al.
[4-6] conducted a systematic study on the related properties of
t-norms. The concept of fuzzy sets were introduced by Zadeh [7].
Rosenfeld [8] applied this concept to group theory and introduced
fuzzy subgroups leading to the fuzzification of different algebraic
structures. Alsina et al. [9,10] and Prade [11] suggested to use a
t-norm for fuzzy intersection and its t-conorm for fuzzy union, fol-
lowing some attempts of Hohle [12] in introducing t-norms into the
area of fuzzy logics. This was extended by combining the notions of
fuzzy sets and t-norm to different algebraic structures such as group
[13-17], BCK-algebra [18], BCC-algebra [19], B-algebra [20],
KU-algebra [21,22], BG-algebra [23], and so on, and defined differ-
ent types of product of fuzzy substructures on them.

TM-algebra is a class of logical algebra based on propositional
calculus, introduced by Megalai and Tamilarasi [24]. They have
investigated several characterizations of it and relation between
TM-algebras and other algebras. They [25] applied the concept of
fuzzy set to TM-algebra and studied the properties of the newly
obtained algebraic structure called fuzzy TM-algebra. Some opera-
tions on fuzzy TM-subalgebra were discussed and fuzzy ideals were
also defined. Several fuzzy substructures in TM-algebras were con-
sidered by many researchers (see [26-28]).
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Speaking in terms of t-norm, fuzzy TM-subalgebra was actually
defined using the concept of minimum t-norm. Hence we gener-
alize this concept by taking an arbitrary t-norm. The whole paper
is arranged as follows: Relevant definitions and theorems needed
in sequel are included in Section 2. In Section 3, we introduced
the notion of T-normed fuzzy TM-subalgebra with suitable exam-
ples and the characteristics are studied. An idempotent T-normed
fuzzy TM-subalgebra is defined depending on which whether the
image set of the membership function becomes a subset of the sub-
semigroup of idempotents of the semigroup ([0, 1], T) or not and
its properties are studied. The properties of image and the inverse
image of a T-normed fuzzy TM-subalgebra under homomorphism
are investigated. In Section 4, some properties of the T-product and
T-direct product of T-normed fuzzy TM-subalgebras and the rela-
tionship between them are also considered. The conclusion and a
comparison with the existing results are given in the last section.

2. PRELIMINARIES

We recall some definitions and results that will be required in the
sections that follow:

Definition 1. [24] A TM-algebrais a triple (X, *, 0), where X (# ¢)
is a set with a fixed element 8 and * is a binary operation such that
the conditions

i xx0=x

i (x#y)s(xxz)=z%y

hold for all x, y,z € X.
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A nonempty subset S of a TM-algebra X is called a TM-subalgebra
of Xifxxye Sforallx,y €S.

Definition 2. [29] Let (Xj,#;,6;) and (X3, *,,6,) be two TM-
algebras. The direct product X = X; X X, is also a TM-algebra
with the binary operation s defined as (x1,x) * (y1,y2)

(x1 %) Y1, X %) yz) for all (x1,x5), (yl,yz) € X; XX,and 6 =
(61 ) 62)

Definition 3. [7] A fuzzy set A in a set X is a pair (X, u4), where
the function p4: X — [0, 1] is called the membership function of A.
Fora € [0,1], the set U(uy; @) : = {x € X|u, (x) > a}is called an
upper level set of A.

Definition 4. [7] Let A = (X, 1) and B = (Y, np) are fuzzy sets
in X and Y, respectively, and fis a mapping defined from X into Y.
Then f(A) is a fuzzy set in f(X), where 4 is defined by

su 4 (%) |x -1
fn) () = 2 f;}”l ((y )) |:§f () # ¢}

for all y € f(X) and is called the image of A under f. A is said to
have sup property if, for every subset P C X, there exists py € P
such that p, (po) = sup{u, (p) | p € P. The inverse image f ! (B)
in X is also a fuzzy set of X, where Ny-1(p) i defined by ! (1p) (x) =

N (f(x)) for all x € X is also a fuzzy set of X.

When X is taken as a TM-algebra, then we have the following defi-
nition:

Definition 5. [25] A fuzzy set A = (X, 1ty) of a TM-algebra X is
called a fuzzy TM-subalgebra of X if p1, (x* y) > min{,uA(x), Ha (y)},
forallx,y € X.

Theorem 1. [25] Let f : X — Y be a homomorphism from a
TM-algebra X onto a TM-algebra Y. If A = (X, uy) is a fuzzy TM-
subalgebra of X, then the image f(A) = (Y,f(us)) of A under fis a
fuzzy TM-subalgebra of Y.

Now we recall some preliminary ideas on t-norm.
Definition 6. [5] A t-normisa function T : [0,1]%][0,1] — [0, 1]
that satisfies
i Tx1l)=x
ii. T(x,y) = T(y, x)
iii. T(x, T(y, z)) = T(T(x,y),z)
iv. T (x,y) < T(x,z) whenever y < z, forall x, y, z € [0, 1].

A t-norm T on [0, 1] is called a continuous t-norm if T is a contin-
uous function from [0, 1] X [0, 1] to [0, 1] with respect to the usual

topology.

Some examples of t-norm are the following:

i. Lukasiewicz t-norm Tp,; (x,y) = max {x +y-1, 0} for all
x,y €[0,1].
ii. Minimum t-norm T,,,, (x,y) = min (x,y) forallx,y € [0,1].

iii. Product t-norm Tp (x,y) =x-yforallxyel0,1]

y ifx=1

iv. Drastic t-norm Tp (x,y) = {x ify=1 foralxy €

0 otherwise
[0, 1].

Some useful properties of a t-norm T used in the sequel are the
following:

i. T(x,0)=0forall xin[0,1].

ii. Tp (x,y) <T (x,y) < Toin (x,y) for any t-norm T and all
x,yin [0,1].

iii. T(TC,y),T@EH) = T(Tkx2),T(yt) =
T (y, z)) forall x,y,zand tin [0, 1].

T(T(x, 1),

Definition 7. Let T be a t-norm. Denote by Ey the set of all idem-
potents with respect to T, that is, Er = {x € [0,1]|T (x,x) = x}.
A fuzzy set A in X is called an idempotent T-normed fuzzy set if
Im (s C Er.

Definition 8. [16] A t-norm T; dominates a t-norm T,, or
equivalently, T, is dominated by T, and write T; >> T, if
Ty (Ta(x,9), Ta(a, b)) = Ty (Ty(x,0), Ty (y,b)) for all x, y, a,
belo,1].

We can extend these concepts by generalizing the domain of t-norm
to H:;l [0, 1] to define the function t,-norm.

Definition 9. [16] The function T, : H?:1 0,1 — [0,1] is defined
by Tn (xl’xZ’ ’xn) = T(xi’ Tn—l (x17 Xl X1, e ’xn)) for
all1 < i< n,wheren > 2,T, = Tand T; = i, (identity).

For a t-norm T and every x;,y; € [0,1], where1 < i < n
and n > 2, we have T, (T(xl,yl) ,T(xz,yz) ,---,T(xn,yn)) =
T(Tn (xl’-ny tte axn) 5 Tn ()’1,)/2, A 7yn))

3. T-NORMED FUZZY TM-SUBALGEBRA
OF A TM-ALGEBRA

We first apply the notion of t-norm to obtain a new fuzzy substruc-
ture called T-normed fuzzy TM-subalgebra in a TM-algebra.

Definition 10. Let (X, *,0) be a TM-algebra and A = (X, uy)
be a fuzzy set in X. Then the set A is a T-normed fuzzy TM-
subalgebra over the binary operation * if it satisfies u, (x#y) >

Ty (x), Ua (y)} forallx,y € X.

Example 1. Define a fuzzy set A in the TM-algebra X given in
Table 1, by py (8) = 0.5, 14 (a) = 0.3, (b) = 0.7, and puy (¢) =
0.6. Then A is a T}, -normed fuzzy TM-subalgebra of X.

Definition 11. A T-normed fuzzy TM-subalgebra A is called an
idempotent T-normed fuzzy TM-subalgebra of X if Im (14) C Er.

Table 1 Cayley Table

o R Q| *
O ST O
O O |
QL oOoTo

DY O |0
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Example 2. Consider a TM-algebra X = {6,4a,b, ¢} defined in
Table 1. Define a fuzzy set A in X by u, (x) = 0, if x € {0,4a} and
Ha (x) = 0.6, if x € {b, c}. Consider a t-norm T} defined in [30] by

min{x,y} ifmax{x,y} =1
Ty (x, y) =40
k otherwise

ifmax{x,y} <L x+y<1+k

forall x, y € [0, 1]. Take k = 0.6. It is easy to check that t4 (x * y) >
Ty {,uA (%), pma (y)} forallx,y € X. Also Im (1) C Er,. Hence A is
an idempotent Ty-normed fuzzy TM-subalgebra of X when k = 0.6.

Proposition 2. If A is an idempotent T-normed fuzzy TM-
subalgebra of TM-algebra X, then we have the following results for all
xeX:

Lopa©) 2 pa ()
iy Bxx) > py (%)

iii. Ifthere exists a sequence x,, in X such that lim i, (x,) = 1then
Ma(®) =1

Proof. Letx € X.

i. Then by using the two conditions in Definition 1, we get
Ma(©) = ug (0% 0) = puy (x%0) % (x#6)) = py (x%x) 2
T{pa (), pa (0} = pty ().

i pa @ xx) 2 T{ua(0), s (0} = T{uy Cxxx), py (0} 2
T{T{us (x), s (0}, g ()} = py (x) since it is idempotent.

iii. By (i), ua (6) = uy (x) for all x € X, therefore uy (8) >
Ha (x,) for every positive integer n. Consider, 1 > p, (6) >
lim u, (x,) = 1. Hence, u, (6) = 1.

Theorem 3. Let Ay and A, be two T-normed fuzzy TM-subalgebras
of X. Then Ay N A, is a T-normed fuzzy TM-subalgebra of X.
Proof. Letx,y € A; N A,. Then x,y € A; and A,. Now,

Ha,na, (x *y )
= minjpy (x+), 1y, (x *J’)}
min TE:“Al @), ta, ()} Ta, @), ()1}

Tmin{tua, (), pa, O, min{pes, (v) s, ()}
=T Haina, (%) s Haina, (y)}

A\AR\Y

Hence, A} N A, is a T-normed fuzzy TM-subalgebra of X.

This can be generalized to obtain the following theorem:

Theorem 4. Let {A;li € I} be a family of T-normed fuzzy TM-
subalgebras of a TM-algebra X. Then Nc[A; is also a T-normed fuzzy
TM-subalgebra of X, where N;cjA; = {< x, infig uy, (x) >1 x € X}.
Proof. For any x,y € X, we have uy (x) 2
and iy, (}’) Z
T (MA. (%), Ha, (y)> > (mf era, (%), inficr pa (y) ) and so

mfeIT(/iA (), Ha, ( )) =
follows that

infier p4, (x)
1nf€1/xA (y) Hence for every i € 1,

(mfelﬂA (%), infier pa, ()’)) It

Hoa, (xxy) iirellfﬂAl. (xxy)
infT (“Ai ), pa, (7) )

infy,, (x), infu,, (y))

WV

WV

i

T (Mot @+, )

This completes the proof.

Theorem 5. Let T be a t-norm and let A be a fuzzy set in a TM-
algebra X with Im (u4) = {oty, @y, -+-, a,,}, where a; < a; whenever
i > j. Suppose that there exists an ascending chain of subalgebras
So C S C -+ CS, = X of X such that u, (§k) = oy, where
St = S\Sy_q fork = 1,---,nand Sy = So. Then A is a T-normed
fuzzy TM-subalgebra of X.

Proof. Let x,y € X. If x and y belong to the same S, then
Pa(x) = py (y) = apand x x y € Sy Hence piy (x#y) > o =
min {,uA ), 1a (y)} =>T (,uA (x), g (y)) Assume that x € S; and
y € S for every i # j. Without loss of generality we may assume
thati> j. Thenpy (x) = o; < aj = iy (y) and xxy € G;. It follows
that s (x % y) > a; = min{us (0, 4 (7)} = T (pa (), 14 (7))-
Consequently, A is a T-normed fuzzy TM-subalgebra of X.

Theorem 6. Let A be an idempotent T-normed fuzzy TM-subalgebra
of X, then the set I;, = {x € X|py (x) = py (6)} is a TM-subalgebra
of X.

Proof. Let x,y € I,,. Then uy (x) = py(0) = py (y) and so,
pa(xxy) 2 Tl (0. ma (0)} = T{ua ©).1a )} = 14 (6).
By using Proposition 2, we know that 1, (x * y) U4 (). Hence

Ha (x * y) Ua (0) or equivalently x = y € I,,,. Therefore, the set
I, is TM-subalgebra of X.

Theorem 7. If A is a TM-subalgebra of X, then the characteristic
function x4 is a T-normed fuzzy TM-subalgebra of X.

Proof. Let x, y € X. We consider here three cases:

Case (i). If x,y € A, then x * y € A since A is a TM-subalgebra of
X.Then x4 (x#y) =12 T{xa ), xa ()}

Case (ii). If x,y & A, then y, (x) =0 = y,4 (y) Thus y, (x *y) >
0 = min{0,0} = T{0,0} = T{x, ), xa (¥)}-

Case (iii). f x € Aandy € A(orx ¢ Aandy € A), then
Xa@) = 1, x4 (y) = 0. Thus y, (x*y) > 0 = T{0,1} =
T{1,0} = T{xa ), xa (y)}:

Therefore, the characteristic function y, is a T-normed fuzzy TM-
subalgebra of X.

Theorem 8. Let A be a non-empty subset of X. If y, satisfies
Xa (x *y) > Tixs (), xa (y)}, then A is a TM-subalgebra of X.

Proof. Let x,y € A.Then y, (x*y) > T{xa®,xa(y)} =
T{1,1} = 1 so that y, (x*y) =1l,ie,x*xy € A. Hence, Aisa
TM-subalgebra of X.

Proposition 9. Let Y be a TM-subalgebra of X and A be a fuzzy set
in X defined by

A, ifxey

(x) = .
Ha T, otherwise
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forallA, T € [0,1] withA = t. Then A is a Ty ;-normed fuzzy subal-
gebra of X. In particular if A = 1 and T = 0 then A is an idempotent
Tp-normed fuzzy subalgebra of X. Moreover, I, =Y.

Proof. Let x, y € X. We consider here three cases:
Case (i). If x, y € Y, then

TLuk (A’ A)
max (21 - 1,0)

Truk (P‘A (), g ()’ ))

1
_ 1> =
21-1 1f/1/2

0 otherwise

/A

A
Ha (x5 )
Case (ii). f x € Yand y & Y (or, x € Yand y € Y), then

Truk (Ha ), 14 (¥)) = T A, 7)
= max(A+7-1,0)

A +T-1 ifA+T21
o otherwise
<7
= IMA (.x *y)
Case (iii). If x, y € Y, then
Truk (Ha ), s () = Tow (T, 7)
= max (27 -1,0)
1
_ ifr> =
_ 2t -1 ift > 3
0 otherwise
<7
= Ma (x *)’) .

Hence, A is an T;,;-normed fuzzy TM-subalgebra of X.

Assume that A = 1 and 7 = 0. Then T, (4,4)
max(A+21-1,0) =1=Aand Ty, (tr,7) = max(t + 7 - 1,0)
0 =17.Thus4,7 € Er, , thatis, Im (us) C Er, . So, Aisan idem-
potent T;,-normed fuzzy TM-subalgebra of X.

Also,
Iy, = €X|ps ) =ps O} ={x€X,uy () =} =Y.

Therefore, I u, = Y.

Theorem 10. Let A be a T-normed fuzzy TM-subalgebra of X and
a € [0,1]. Then ifa = 1, the upper level set U (uy; @) is either empty
or a TM-subalgebra of X.

Proof. Let « = 1. Suppose U (u,; @) is not empty and let x,y €
U(ug;a). Then py (x) > a = 1and uy (y) > a = 1. It follows
that uy (xxy) > T (s %), s (y)) 2 T(1,1) = 1sothatx* y €
U (1s; ). Hence, U(uy; ) is a TM-subalgebra of X when o = 1.

Theorem 11. If A is an idempotent T-normed fuzzy TM-subalgebra
of X, then the upper level set U (uy; ) of A is a TM-subalgebra of X.

Proof. Assume thatx, y € U(u,; ). Then uy (x) > acand puy (y) >
a. It follows that uy (x# y) = T{us (%), pa (y)} = T(at,a) = a s0
that x x y € U(u,; ). Hence, U(uy; @) is a TM-subalgebra of X.

Theorem 12. Let A be a fuzzy set in X such that the set U(t,; @)
is a TM-subalgebra of X for every a € [0,1]. Then A is a T-normed
fuzzy TM-subalgebra of X.

Proof. Let for every ¢ € [0,1], U(uy;@) is a TM-subalgebra
of X. In contrary, let xo,y9 € X be such that u, (xo * yo)

T{ua (x0),ka (7o)} Let us
3 [ua (%0 % y0) + T{pta (x0) #a (y0)}]. Then wy (x0%y0) <
ap < Tiuaxo).ta (00)} < Toin {tta (%0, Ha (yo)} and
so X9 * yog & U(uaop) but xg,99 € U(ua;ag). This
is a contradiction and hence u, satisfies the inequality
Ha (x *y) > T{uy (x), ua (y)}for allx,y € X.

Theorem 13. Letf : X — Y be a homomorphism of TM-algebras
(X, %,0) onto (Y,q,61). If B = (Y, ug) is a T-normed fuzzy TM-
subalgebra of Y, then the pre-imagef~* (B) = (X, f™! (1)) of Bunder
fis a T-normed fuzzy TM-subalgebra of X.

A

consider, o =

Proof. Assume that B is a T-normed fuzzy TM-subalgebra of Y and
let x, y € X. Then

Fup) (xxy) = pp (f(xxy))

Mp (f(x) *lf()’))

T{ug (F0) s (F (7))}
T{f (up) (). f 71 (up) ()}

[\

Therefore, f~! (B) is a T-normed fuzzy TM-subalgebra of X.

Theorem 14. Let T be a continuous t-norm and let f be an epimor-
phism of TM-algebras (X, *,0) onto (Y, *q,6,). If A is a T-normed
fuzzy TM-subalgebra of X, then f(A) is a T-normed fuzzy TM-
subalgebra of Y.

Proof. Let y;,y, € Y. Take Ay = f(y1),42 = f1(y2) and
Az =1 (31 %1 52)-

Consider the set

Ay % Ay = {x € X|x = ay * a, forsome a; € A; and g, € Ay}

If x € A; % A,, then x = x; * x, for some x; € A; and x, € A,

and so f(x) = f(x1 % x3) = f(x1) %1 f(x2) = yq %1 ya, thatis, x €
! (y1 *q yz) = A3. Thus A; * A, C A3. It follows that

sup  fiy (%)
xef 1(yy#1y,)
sup 4 (x)
XEA;
sup iy (x)
XEA#A,
sup (X1 * X3)
X1 €A1,x €A,

sup T (ua (x1), M4 (x2)).

X1 EA1,x €A,

Haa) (}’1 * }’2)

VoWVl

WV

Since T is continuous, for every ¢ > 0 there exists a number § > 0
such that if

SUP, ¢4, Ma (x1) -x] <6 and SUP, 4, Ma (x) - x5 < 8, then
T (supxleAlﬂA (x1), SUP, e M4 (x2)> -T (x;,x;) <e.

Choose a; € A; and a, € A, such that

Sup, ¢4 Ha (1) —Ha (@) S Sandsup, _, pa () = py (a2) < 6.
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Then
T(sup, o\ #a G0 sup, Cy fa (62) ) = T(a (1), g (a2)) < &

Consequently
Hpa) (J’l *1 )’2) Z sup  T(py (x1), 1y (x2))
X1€A1,x, €A,
Z T( sup fy (x1), sup Uy (x2)>
X1 €Ay X, €A,

T (,uf(A) ()’1) > Mfa) (yz))

which shows that f(A) is a T-normed fuzzy TM-subalgebra of Y.

Theorem 15. Letf : X — Y be an epimorphism from a TM-algebra
X onto a TM-algebra Y. If A is an idempotent T-normed fuzzy TM-
subalgebra of X, then the image f (A) of A under fis a T-normed fuzzy
TM-subalgebra of Y.

Proof. Let A be an idempotent T-normed fuzzy TM-subalgebra of
X. By Theorem 11, U(uy; ) is TM-subalgebra of X for every a €
[0,1]. Therefore by Theorem 1, f(U (u,;a)) is a TM-subalgebra

of Y. But f(U(us; @) = U(f(ua);a). Hence U (f(uy) ;@) is a
TM-subalgebra of X for every a € [0, 1]. By Theorem 12, f(A) is a
T-normed fuzzy TM-subalgebra of Y.

4. PRODUCT OF T-NORMED FUZZY
TM-SUBALGEBRAS

We will define a concept called T-product in TM-algebra using a
t-norm T, analogue to the pointwise product of functions.

Definition 12. Let A; = (X, /.lAl) and A, = (X, ,qu) be two fuzzy
sets of a TM-algebra X and T be a t-norm. Then the T-product of A;

and A, denoted by [A; - A,], = <X, H{a, .4, ) and is defined by
T

Hayay), () = T (s, %), 4, (x)) for all x € X. Also Hlaya], =

M[Az'Al]T'

Theorem 16. Let Aj and A, be two T-normed fuzzy TM-subalgebras
of X. If T* is a t-norm such that T* >> T, then the T*-product of A,
and Ay, [Ay - Az, is a T-normed fuzzy TM-subalgebra of X.

Proof. For any x, y € X, we have

T (pa, (x5 y) s aa, (x5 )

)
T (T (ua, ¥, #Al( )T (ua, ) s, (7))
T(T* (ua, ()5 pta, 9)) s T* (a, () 5 14, (v

g (/f‘[ArAz],* (> Hiayn] . )

M[A1~A2]T* (x * y)

\\AR\Y

Hence, [A; - A3],« is a T-normed fuzzy TM-subalgebra of X.

Corollary 17. Let f : X — Y be an epimorphism of TM-algebras.
Let T and T* be t-norms such that T* >> T. If Ay and A,
be two T-normed fuzzy TM-subalgebras of Y, then the pre-images

)))
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(A, f1(Ay) and f1 ([A1 -Az]rf) are T-normed fuzzy TM-
subalgebras of X.

Proof. Since every epimorphic pre-image of a T-normed fuzzy
TM-subalgebra is again a T-normed fuzzy TM-subalgebra, their
T*-product is also T-normed fuzzy TM-subalgebra by the previous
theorem.

The relationship of f! <,u[ Aydy] ) with the T*-product of
"

! (ﬂAl) and [ (ua

Theorem 18. Let f : X — Y be an epimorphism of TM-algebras.
Let T and T* be t-norms such that T* >> T. Let A; and A, be two
T-normed fuzzy TM-subalgebra of Y. If [A - A3],. is the T*-product
of Ay and Ay and [f (Ay) £ (AZ)]Tk is the T*-product of f* (A;)
and f1 (A,), then

2) can be viewed by the following theorem:

f (/“‘[A1 Ay, ) [f Ha,) - (:qu)]T,*~
Proof. For any x € X we get,

f <“[A1-AZ]T*> () = Ky, ] ()

T (4, (F®)) s pa, (F)))

T (F (pa,) @ (1a,) @)
[JH (ma,) S (/"Az)]r (x).

Hence the proof.

Remark 1. Now let us consider about the image of T-product of T-
normed fuzzy TM-subalgebras.

Letf : X — Y be an epimorphism of TM-algebras. Let T and T
be t-norms such that T* >> T, where T is a continuous t-norm.
If A; and A, be two T-normed fuzzy TM-subalgebras of X, then
the images (A1), f(A2).f([A1 - Az] ), and [f(A}) - f(A2)] - are
T-normed fuzzy TM-subalgebras of Y by Theorems 14 and 16.
Theorem 19. Let T and T* be t-norms such that T*» T, where T
is a continuous t-norm. Let Ay and A, be two T-normed fuzzy TM-
subalgebras of a TM-algebra X and f © X — Y be an epimorphism of
TM-algebras. Then 'Mf([ArAz]T*) C H[f(Al)'f(AZ)]ﬁ.

Proof. For each yin Y,

f <M[A1‘A2] ﬁ> ()

S e
sup T* (ua, (), ha, ()
xef1(y)

Sup fy, (X), sup Mg, (x))
xef1(y) xef1(y)

T (1) (0)  Bay) )
s, )

“olayas).) ()

VA

Next we consider the T*-direct product of two T-normed fuzzy TM-
subalgebras.
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Definition 13. Let A; = (Xl,,uAl) and A, = (Xz,,qu) be two
T-normed fuzzy TM-subalgebras of TM-algebras X; and X,
respectively, and T* be a t-norm. Then the T*-direct product of

Ap and A; denoted by [A; X Ay],. = <X1 XXZ’M[A1><A2]T*> and

is defined by M[A1XA2]T* (x1,%) = T* (MAI (x1) 5 Ha, (xz)) for all
(XI,XZ) (S Xl XXZ.

Remark 2. Let X be a TM-algebra and I = [0, 1]. Define a map
g XXX - Xbyg(x) = (x,x) for all x € X. We can see the
relationship between T-product and the T-direct product of two
T-normed fuzzy TM-subalgebras in the following diagram:

Clearly, [A; - A3], is the preimage of [A; X A,], under the map g.

Theorem 20. Let X = X1 X X, be the direct product of TM-algebras
Xy and Xp. If Ay = (X, s, ) and Ay = (X, pty, ) be two T- normed
fuzzy TM-subalgebras of X, and X5, respectively, then A = (X, uy)
is a T-normed fuzzy TM-subalgebra of X defined by u, (x1,%) =
Flaxay), (o1, 22) = T (Ma, (x1) 5 B, () forall (xy, x3) € X1 XX,

Proof. Let x = (xq,x) and y = (yl, yz) be any elements of X. We
have

Ma ((xbxz) * (}/1’}’2))
HMa (xl * Y1, X2 * Y2
,“[ AyxA, ] (xl * Y1, X2 *)’2)
xl*)’l) xz*)’z))
(T(ml (x1) 2 Ha, y1 T (4, (x2)5 M, (v2)))
Ha, (x1), HMa, (xz)) (MAl (}’1) HMa, (}’2)))

(T(
<< Hapxas], >(x1,xz), (#[AIXAZ]) (o, yz))
(a0t ).

Ha (x*y)

[N\ II Il

T
T
T
T

Hence, A = (X, 4) is a T-normed fuzzy TM-subalgebra of X.

We can generalize previous theorem to the product of # T-normed
fuzzy TM-algebras using the function T, defined in Definition 9.

Theorem 21. Let T be a t-norm and let {X,-}:':1 be the finite collection
of TM-algebras and X = H,n: X; the direct product TM-algebras
of {X;}. Let A; be a T-normed fuzzy TM-subalgebra of X;, where
1< i< nThnA = H:'ZIAZ- defined by uy (x1,%3, -+, %,) =
/"{[ LA ] (1, %, 0+, %,) = T, (/'{Al (1) s Ha, (x2), -+ s Ma, (xn)>
is a T-normed fuzzy TM-subalgebra of the TM-algebra X.

Proof. Let x = (x,x5,++,x,)and y = (yl,yz, ,yn) be any ele-

ments of X = H:;l X;. Then,

Ha (x5 y) = pa (0% y1,%0 % Yo, oo Xy % Y )
= Ty (Ba, (%1% 91) s tha, (X2 %92) 5o s, (xn*yn)>
> T, (T (sa, 1) 4, (1)) 5 T (4, (2) 5 14, (2)) 5

T <#An (xn),luAn ()’n)
T<T” (I“Al (x1) 5 fa, (%2) 5 -+

T, (o, (1) sty (02) i, ()

T(MA (01, X2, X)) s M ()’1’}’2’ ’yn))
T (sa () 14 (1))

al"{An (xn) ’

Hence A is a T-normed fuzzy TM-subalgebra of X.

5. CONCLUSION

The previous works related to fuzzy TM-subalgebra relied on the
conventional min/max t-norm/t-conorm dual combinations. But
the literature on t-norms suggests that there exists other widely
accepted t-norms. In this article, we put forth a new notion of
T-normed fuzzy TM-subalgebra of TM-algebra by generalizing the
concept of fuzzy TM-subalgebra (defined using minimum t-norm)
introduced in [25]. We observed that our generalized concept sat-
isfy most of the various theorems stated in the previous related
works. The theorem (Theorem 14 of [25]) which is stated as “A is
a fuzzy TM-subalgebra of a TM-algebra X if and only if its level set
U (uy; @) is either empty or a TM-subalgebra for all « € [0,1];
is found to be different in our generalized case. Theorems 11 and
12 in this article shows that this may not hold in the case of a
T-normed fuzzy TM-subalgebra in general, but the level set can be a
T-normed fuzzy TM-subalgebra when the corresponding fuzzy set
A is an idempotent T-normed fuzzy TM-subalgebra. The converse
part of the theorem always holds.

Moreover, we studied the properties of image and the inverse image
of a T-normed fuzzy TM-subalgebra under a homomorphism.
The relationship between the T-direct product and T-product of
T-normed fuzzy TM-subalgebras is also obtained. In this paper, we
focused on the t-norms and so this can be extended by exploring
the analogous observations for the t-conorms in a fuzzy TM-algebra
based on the duality between these operators.
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