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Abstract The present work investigates the effects of thermal-diffusion and diffusion-thermo on
MHD ﬂow of viscous ﬂuid between expanding or contracting rotating porous disks with viscous
dissipation. The partial differential equations governing the ﬂow problem under consideration have
been transformed by a similarity transformation into a system of coupled nonlinear ordinary differential equations. An analytical approach, namely the homotopy analysis method is employed in
order to obtain the solutions of the ordinary differential equations. The effects of various emerging
parameters on ﬂow variables have been discussed numerically and explained graphically. Comparison of the HAM solutions with the numerical solutions is performed.
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The studies pertaining to laminar ﬂow between parallel rotating disks have signiﬁcant importance due to its applications in
engineering and industry. Such type of applications can be
found in semiconductor manufacturing process with rotating
wafers, magnetic storage drives, gas turbine engines, electronic
devices having rotary parts, and crystal growth process. The
earliest work of steady ﬂow over a disk of inﬁnite rotating in
an unbounded and quiescent ﬂuid can be traced back to Von
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Kármán [1]. Von Kármán [1] developed similarity transformations to analyze the steady ﬂow of Newtonian ﬂuid over rotating disk by transforming the Navier–Stokes equations into a
system of coupled ordinary differential equations. The Numerical investigation of asymmetric ﬂow of a micropolar ﬂuid
between porous disks has been explored by Ashraf et al. [2].
Kuiken [3] discussed the effects of normal blowing on the ﬂow
near the rotating disk of ﬁnite extent. Sparrow et al. [4] analyzed the ﬂow about a porous-surfaced rotating disk. Nazir
and Mahmood [5] analyzed ﬂow and heat transfer of viscous
ﬂuid between contracting rotating disks. In their investigation
they used Von Kármán similarity transformations to reduce
the Navier–Stokes equations to system of ordinary differential
equations and then resulting differential equations were solved
by ﬁnite difference method. Their analysis showed that the
velocity components and especially radial component of velocity have a strong inﬂuence on the temperature distribution
inside the ﬂow regime. Recently, Xinhui et al. [6] investigated
the asymmetric laminar ﬂow and heat transfer of viscous ﬂuid
between contracting rotating disks by the homotopy analysis
method. The special boundary conditions and similarity transformations for the expanding or contracting walls were ﬁrst
proposed by Uchida and Aoki [7] in order to study the transport of biological ﬂuids through expanding or contracting vessels, the synchronous pulsation of porous diaphragms, the air
circulation in the respiratory system [6,8]. Majdalani and Zhou
[9] studied moderate to large injection and suction driven channel ﬂows with expanding or contracting walls. They used perturbations in the cross ﬂow Reynolds number and the resulting
equation was solved both numerically and asymptotically.
Dauenhauer and Majdalani [10] studied the unsteady ﬂow in
semi-inﬁnite expanding channels with wall injection. They proposed a procedure that leads to an exact similarity solution of
Navier–Stokes equations in semi-inﬁnite rectangular channels
with porous and expanding walls. Recently, Xinhui et al. [11]
studied the heat transfer in an asymmetric porous channel with
expanding and contracting wall using HAM.
In many transport process in nature, ﬂow is driven by density differences caused by temperature gradient, chemical composition (concentration) gradient and material composition. It
is therefore important to study ﬂow induced by concentration
differences independently or simultaneously with temperature
differences. The energy ﬂux caused by the composition gradient
is called the Dufour effect (diffusion-thermo). If the mass ﬂuxes
are created by temperature gradients, it is called the Soret effect
(thermal-diffusion). These effects are generally of a small order
of magnitude. The Soret effect plays an important role in the
operation of solar ponds, biological systems, and the microstructure of the world oceans. In biological systems mass transport across biological membranes induced by small thermal
gradients in living matter is an important factor. The Soret
effect also is utilized for isotope separation and, in a mixture
of gases of light molecular (H2, He) and medium molecular
weight (N2, air). The Dufour effect was found to be of an order
of magnitude such that it cannot be neglected [12]. Hayat et al.
[13] studied thermal-diffusion and diffusion-thermo effects on
axisymmetric ﬂow of a second grade ﬂuid by using homotopy
analysis method. Osalusi et al. [14] examined numerically the
effects of thermal-diffusion and diffusion thermo on combined
heat and mass transfer of a steady hydromagnetic convective
slip ﬂow due to a rotating disk with viscous dissipation and
ohmic heating. Recently, Srinivas et al. ([15] several references
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therein) studied the thermal diffusion and diffusion thermo
effects in a two-dimensional viscous ﬂow between slowly
expanding or contracting walls with weak permeability.
From the extensive literature survey, it is noted that the
problem of magnetohydrodynamic ﬂow between parallel disks
accounting thermal-diffusion and diffusion-thermo effects to
the authors’ knowledge has not yet been explored. Therefore,
the objective of this investigation is to develop a mathematical
model to understand the thermal-diffusion and diffusionthermo on MHD ﬂow of viscous ﬂuid between expanding or
contracting rotating porous disks with viscous dissipation.
The governing equations in cylindrical coordinates are introduced and transformed into ordinary differential equations by
using similarity transformations and then solved using a powerful technique recently developed by Liao [16] namely, the
homotopy analysis method (HAM). It is worth to mention that
HAM has been applied successfully to many interesting ﬂuid
ﬂow problems [5,13,17–20]. The HAM solutions of the present
investigation have been compared with the numerical solutions
obtained by shooting method coupled with Runge–Kutta
scheme and the results are found to be in excellent agreement.
2. Formulation of the problem
Consider laminar, incompressible ﬂow of an electrically
conducting viscous ﬂuid between two parallel expanding or
contracting rotating porous heated disks. The distance
between the disks is 2a(t). Both disks are assumed to have different permeability and expand or contract uniformly at a
_
time-dependent rate aðtÞ.
A magnetic ﬁeld of uniform strength
B0 is applied perpendicular to the disks. As shown in Fig. 1, a
cylindrical coordinate system may be chosen with the origin at
the center between disks. Under these assumptions, the
governing equations are given by [5,6]
1 @ðruÞ 1 @m @w
þ
þ
¼ 0;
r @r
r @u @z

ð1Þ

@u
@u 1 @u
@u 1
þu þ m
þ w  m2
@t
@r r @u
@z r




1 @p
1 @
@u
1 @ 2 u @ 2 u u 2 @m
þ 2
¼
þt
þ

þ
r
q @r
r @r
@r
r @u2 @z2 r2 r2 @u
2
rB
ð2Þ
 0u
q

z

T1 C1

B0

2 a(t )

r

T0 C0
Figure 1

The model for expanding or contracting porous disks.
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Eliminating pressure in Eqs. (2) and (4) and substituting Eq.
(9) into Eqs. (2)–(6) and then by following Xinhui et al. [6],
one obtains the following system of nonlinear differential
equations
fIV þ að12f00  2f000 þ 4gf000 Þ  4Rff000  16

R2 0
gg  4M2 f000 ¼ 0
R
ð10Þ

g00 þ að8g  2g0 þ 4gg0 Þ þ 4Rgf0  4Rfg0  4M2 g ¼ 0
h00  2aPrðh0  2gh0 Þ  4PrRfh0 þ EcPr

ð11Þ

 2 002

Rf
þ R2 g02
4

þ DuPr/00 ¼ 0

ð12Þ

/00  2aScð/0  2g/0 Þ  4ScRf/0 þ SrSch00 ¼ 0

ð13Þ

ð5Þ
_ is t and is deﬁned to be positive for expansion
where aðtÞ ¼ aa=m
and negative for contraction, R = avw/m = A0a = Asa is the
permeation Reynolds number and is positive for injection and
2
negative for suction, R ¼ a tX is the rotation Reynolds number,
pﬃﬃ
rB0 a
ﬃﬃl is the Hartmann number and l is the dynamic viscosM¼ p
ity, Pr ¼
ð6Þ

where u, v, and w are the components of velocity along r, u, z
directions respectively, q is the density, p is dimensional pressure, t is time, t is kinematic viscosity, r is electrical conductivity, B0 is the strength of applied magnetic ﬁeld, cp is speciﬁc
heat at constant pressure, j is thermal conductivity, D is the
coefﬁcient of mass diffusivity, Tm is the mean temperature,
kT is thermal-diffusion ratio, cs is concentration susceptibility,
T and C are temperature and concentration of the ﬂuid and
 2 @v2
U ¼ @u
þ @z . The boundary conditions are the no-slip
@z
condition and no-temperature jump condition at the lower
and upper disks [5,6]:
_
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is the Prandtl number, Ec ¼ cp ðTr 1XT0 Þ is the Eckert
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number, Sc = m/D is the Schmidt number, Sr ¼ Dk
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Tm tðC1 C0 Þ
T ðC1 C0 Þ
the Soret number and Du ¼ cDk
is the Dufour number
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and prime(s) denote differentiation with respect to g. The corresponding boundary conditions are
f0 ð1Þ ¼ 0;

1
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2

gð1Þ ¼ S;
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2
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T ¼ T1 ;

_
u ¼ 0; m ¼ rX; w ¼ svw ¼ A0 a;
C ¼ C0 at z ¼ aðtÞ

ð7Þ
T ¼ T0 ;

In this section, we give the analytical approximation to Eqs.
ð8Þ

where X is the angular velocity of the lower disk, SX is the
angular velocity of the upper disk, T1 and C1 are temperature
and concentration at the upper disk, T0 and C0 are temperature and concentration at the lower disk, A0 = sA is the coefﬁcient of injection or suction which is the measure of disk
permeability. Note that when s = 1 the disks have equal permeability. S = 1 represents the case where the rotation
velocity is same for both the disks.
By considering the similarity transformations like Von Kármán [1] for the velocity components, temperature and concentration in such a way that satisﬁes continuity eq. (1) identically.
tr 0
2t
tr
F ðgÞ; w ¼ FðgÞ; m ¼ 2 GðgÞ;
2a2
a
a
T ¼ T0 þ ðT1  T0 ÞhðgÞ; C ¼ C0 þ ðC1  C0 Þ/ðgÞ;
zþa
g¼
2a

2.1. Solution of the problem

u¼

ð9Þ

(10)–(13) with the boundary conditions (14) and (15). For
HAM solutions of Eqs. (10)–(13), the initial approximations
f0, g0, h0 and /0 and the auxiliary linear operators L1, L2, L3
and L4 are as follows
3
s
f0 ðgÞ ¼ ðs þ 1Þg3 þ ðs þ 1Þg2  ;
2
2
g0 ¼ ðS  1Þg þ 1; h0 ¼ g; /0 ¼ g

L1 ðfÞ ¼

d4 f
;
dg4

L2 ðgÞ ¼

d2 g
;
dg2

L3 ðhÞ ¼

ð16Þ
d2 h
;
dg2

L4 ð/Þ ¼

d2 /
dg2
ð17Þ

with
L1(c1g3 + c2g2 + c3g + c4) = 0,
L2(c5g + c6) = 0,
L3(c7g + c8) = 0, and L4(c9g + c10) = 0 where ci(i = 1  10)
are constants. We refer the reader [5,13,17–20] for further
details on HAM.
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2.2. Convergence of HAM solution
The convergence of HAM solutions depends on the convergence control parameter h [16]. If h is chosen properly the
homotopy series solution may converge fast. We ﬁnd the
region of convergence for the analytical solutions by plotting
h-curves in Fig. 2 at 20th order approximation as suggested
by Liao [16]. It is clear from Fig. 2 that the region of convergence for admissible values of h is 0:2 6 h 6 0:61. Later we
show that the HAM solutions are of good agreement with
numerical solutions.
3. Results and discussion
In this section, the graphical results are displayed to understand the effects of various pertinent parameters on the dimensionless temperature and concentration distributions through
the Figs. 3–9 by considering h = 0.4, as proper value. We
justify the proper choice of h by comparing HAM solutions
and numerical solutions. Fig. 3 illustrates the temperature distribution, for different values of Pr, for the hydrodynamic case
in the absence of viscous dissipation and mass diffusion. It is
observed that for the symmetric condition, the temperature
proﬁles are asymmetric about g = 0.5 and the proﬁles become
ﬂatter near the center region between the disks. The temperature boundary layer decreases with an increase of Pr as noted
by Xinhui et al. [6]. Fig. 4 elucidates the effect of rotational
Reynolds number on the dimensionless temperature distribution. Fig. 4a and b are plotted to see the effect of R* on h
for the case of viscous dissipation with hydromagnetic effects.
It is clear that h is an increasing function of R*. Fig. 4c corresponds to the ﬂow between stationary impermeable disks for
the case of hydrodynamic ﬂow in the absence of viscous dissipation. The temperature distribution exhibits an oscillatory

character with a rise in R*. A similar behavior of the temperature distribution is reported by Xinhui et al. [6] and Nazir and
Mahmood [5]. Fig. 5a and b depicts the effect of Dufour number Du for various values of Eckert number Ec on the dimensionless temperature distribution h. From these ﬁgures one can
observe that h is an increasing function of Du. Further, quantitatively, when g = 0.5 and Du raises from 0.2 to 0.4 and Ec
from 0.05 to 0.2, it is observed that in the value of h there is
78.39% increase for the case of expansion combined injection
and 40.41% increase in the case of contraction combined injection. From Fig. 6a and b it is clear that h increases for a given
increase in the Soret number Sr.
Figs. 7–9 illustrate the variation in the dimensionless concentration ﬁeld / for different values of s, Du and Sr respectively.
The effect of s on / is shown in Fig. 7a and b. It is noticed that
/ is a decreasing function of s for the both cases of expansion
and contraction combined with suction. Fig. 8a and b elucidates
the effect of Dufour number Du for various values of Eckert
number Ec on the dimensionless concentration distribution /.
From these ﬁgures one can observe that / is a decreasing function of Du. Further, quantitatively, when g = 0.5 and Du
increases from 0.2 to 0.4 and Ec increases from 0.05 to 0.2, there
is 90.06% decrease in the value of / for the case of expansion
combined with injection and 43.24% decrease for the case of
contraction combined with injection. Fig. 9a and b depicts the
effect of Soret number Sr for various values of Eckert number
Ec on the dimensionless concentration distribution /. From
these ﬁgures one can observe that / decreases for a given
increase in Sr and Ec. For instance, when g = 0.5 and Sr
increases from 1 to 1.5 and Ec from 0.05 to 0.2, there is
123.79% decrease in the value of / for the case of expansion
combined with injection and 42.45% decrease for the case of
contraction combined with injection. Therefore, the inﬂuence
of thermal-diffusion and diffusion-thermo on the concentration
ﬁeld has a signiﬁcant effect in the presence of viscous dissipation.

(a)

(b)

(c)

(d)

Figure 2 h-Curves for the 20th order approximations for the functions f, g, h, / for s = 1, R* = 0.5, M = 1, S = 1, Pr = 0.71,
Ec = 0.2, Sc = 0.65, Sr = 1, Du = 0.03.
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(b)

Figure 3 Effect of Pr on temperature distribution for, Ec = 0, M = 0, Sc = 0, Sr = 0, Du = 0. (a) S = 1, s = 1 R* = 0.5, and (b)
S = 0.5, s = 0.5, R* = 0.5.

(a)

(b)

(c)

Figure 4 Effect of R* on temperature distribution for (a) and (b) s = 1, Pr = 0.71, M = 1, S = 1, Ec = 0.2, Sc = 0.65, Sr = 1,
Du = 0.06, and (c) s = 1, Pr = 0.7, M = 0, S = 1, Ec = 0, Sc = 0.0, Sr = 0, Du = 0.

(a)

Figure 5

(b)

Effect of Du on temperature distribution for s = 1, Ec = 0.2, M = 1, S = 1, R* = 0.5, Sc = 0.65, Sr = 1, Pr = 0.71.
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(a)

Figure 6

Effect of Sr on temperature distribution for s = 1, Ec = 0.2, M = 1, S = 1, R* = 0.5, Sc = 0.65, Du = 0.06, Pr = 0.71.

(a)

Figure 7

(b)

Effect of s on concentration distribution for R* = 0.5, Pr = 0.71, M = 1, S = 1, Ec = 0.2, Sc = 0.65, Sr = 1, Du = 0.06.

(a)

Figure 8

(b)

Effect of Du on concentration distribution for s = 1, M = 1, S = 1, R* = 0.5, Sc = 0.65, Sr = 1, Pr = 0.71.

(a)

Figure 9

(b)

(b)

Effect of Sr on concentration distribution for s = 1, Ec = 0.2, M = 1, S = 1, R* = 0.5, Sc = 0.65, Du = 0.06, Pr = 0.71.

Please cite this article in press as: S. Srinivas et al., Thermal-diﬀusion and diﬀusion-thermo eﬀects on MHD ﬂow of viscous ﬂuid between expanding or contracting rotating porous disks with viscous dissipation, Journal of the Egyptian Mathematical Society (2014), http://dx.doi.org/
10.1016/j.joems.2014.06.017

Thermal-diffusion and diffusion-thermo effects of viscous ﬂuid between porous disks

7

Table 1 Numerical values of f(g), h(g) and / (g) obtain by HAM (20th order) with convergence control parameter h = 0.4 and
numerical Scheme when a = 2, R = 3, s = 0.5, Pr = 0.71 R* = 0.5, M = 1, S = 1, Ec = 0.2, Sc = 0.65, Sr = 1, Du = 0.06.
g

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

f (g)

h (g)

/ (g)

Analytical

Numerical

Analytical

Numerical

Analytical

Numerical

0.25
0.221097
0.152305
0.061894
0.039032
0.143182
0.244986
0.339126
0.419317
0.477057
0.5

0.25
0.221097
0.152305
0.061894
0.039032
0.143183
0.244986
0.339126
0.419317
0.477057
0.5

0
0.223926
0.380125
0.512274
0.632077
0.740837
0.836738
0.917088
0.978054
1.011950
1

0
0.223943
0.380138
0.512281
0.632078
0.740835
0.836735
0.917088
0.978057
1.01196
1

0
0.056757
0.154476
0.263758
0.374818
0.483954
0.589494
0.690832
0.788902
0.887946
1

0
0.056700
0.154436
0.263743
0.374828
0.483980
0.589525
0.690856
0.788911
0.887944
1

The HAM solutions for the nonlinear coupled ordinary differential Eqs. (10)–(13) along with conditions (14) and (15)
have been compared with the numerical values obtained by
using shooting method coupled with Runge–Kutta scheme
for the dimensionless temperature and concentration distributions and are presented in Figs. 3 and 7. Further, the numerical
values have been tabulated in Table 1 for axial velocity,
temperature and concentration distributions. The numerical
results presented in the graphical and tabular form show an
excellent agreement between numerical and HAM solutions.
4. Conclusion
In this study we have examined the effects of thermal-diffusion
and diffusion-thermo on MHD ﬂow of viscous ﬂuid between
expanding or contracting rotating porous disks with viscous
dissipation. The convergence of obtained series solutions is
analyzed. The results obtained by HAM are in good agreement
with numerical solutions obtained by shooting method coupled with Runge–Kutta scheme. The temperature distribution
increases while the concentration decreases with an increase in
R; R ; Du; Sr. The corresponding results of the problem for the
hydrodynamic case can be recovered as a limiting case of the
present analysis by taking M = 0. The results of Xinhui
et al. [6], in the absence of mass diffusion can be captured as
a special case of our analysis by taking M = 0. The ﬂow analysis of Nazir and Mahmood [5], which corresponds to the
hydrodynamic ﬂow between two impermeable disks, can be
recovered as a special case of the present analysis by taking
R = 0, s = 1, M = 0, Ec = 0, and Du = 0.
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