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The problem of combined heat and mass transfer by natural convection over a sphere in a homogenous non-Darcian porous
medium subjected to uniform magnetic field is numerically studied, taking Soret/Dufour effects into account. The coupled,
steady, and laminar partial differential conservation equations of mass, momentum, energy, and species diffusion are normalized
with appropriate transformations. The resulting well-posed two-point boundary value problem is solved using the well-tested,
extensively validated Keller-Box implicit finite difference method, with physically realistic boundary conditions. A parametric study
of the influence of Soret number (Sr), Dufour number (Du), Forchheimer parameter (Λ), Darcy parameter (Da), buoyancy ratio
parameter (N), Prandtl number (Pr), Schmidt number (Sc), magnetohydrodynamic body force parameter (M), wall transpiration
( fw ) is the blowing/suction parameter, and streamwise variable (ξ) on velocity, temperature, and concentration function evolution
in the boundary layer regime is presented. Shear stress, Nusselt number, and Sherwood number distributions are also computed.
Applications of the study arise in hydromagnetic flow control of conducting transport in packed beds, magnetic materials
processing, geophysical energy systems, and magnetohydrodynamic chromatography technology.

1. Introduction
Magnetohydrodynamic transport phenomena arise in numerous branches of modern chemical engineering. These
include crystal magnetic damping control [1], hydromagnetic chromatography [2], conducting flows in trickle-bed
reactors [3], and enhanced magnetic filtration control [4].
Numerous studies of both an experimental and numerical
nature have been communicated regarding magnetohydrodynamic flow in chemical engineering. In general, in such
flows, the Lorentz electromagnetic force arises as a result of
the interaction between the magnetic field and the electrical
current. This latter is generated hydrodynamically by the
bulk flow of the conducting liquid phase. In porous media
applications such as packed beds, to sustain a given flow
rate of the electrically conducting liquid in the bed, the
pressure drop and the liquid holdup will be increased under
magnetohydrodynamic conditions compared with the case
of nonconducting fluids. In crystal growth applications in

porous media, the external magnetic field imposed has been
successfully exploited to suppress unsteady flow and also
reduce composition nonuniformity. The most extensively
studied flows involve static magnetic fields which may be
aligned (for which magnetic boundary layers arise) [5, 6],
transversal [7–11], radial [12, 13], inclined [14, 15] and so
forth. Researchers have also considered the use of rotating
magnetic fields to control convection in the solution zone
during crystal growth by, for example, the traveling heater
method (THM). A wide variety of mathematical models have
been employed in simulating magnetohydrodynamic transport in both fluid and also porous media regimes. Rudariah
et al. [16] obtained analytical solutions for HartmannCouette flow in a porous regime, showing that for mercury
flowing over a long permeable channel of width 0.7 cm, the
effect of magnetic field (of strength 0.25 Web/m2 , for which
Hartmann number = 8.8) in the presence of a porous wall (of
permeability = 5 × 10−6 Darcy) is to retard the mass flow and
to increase the friction factor relative to the corresponding
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quantities for nonmagnetic flow. They further identified that
transition to turbulence occurs at a higher Reynolds number
owing to the presence of a magnetic field. Lioubashevski
et al. [17] investigated the effect of a static homogeneous
magnetic field orientated parallel to the planar electrode
surface using a hydrodynamic boundary layer formation and
equivalent mass transfer model for a semiinfinite electrode,
showing that there is a decrease of the boundary layer
thickness with increasing magnetic field strength or reagent
bulk concentration. Boum and Alemany [18] studied mass
transfer processes in an electrochemical system under an
applied external magnetic field, studying in particular the
magnetically induced flow of electrolyte in a short duct.
Fahidy [19] employed an approximate method for the
estimation of the mean velocity and the root mean square
velocity in the natural-convective diffusion boundary layer
under weak magnetic field, examining in detail the case of a
vertical solid surface where the electric and magnetic field are
horizontal and mutually transverse. Al-Nimr and Hader [20]
obtained closed form solutions for fully developed hydromagnetic free convection flow in open-ended vertical porous
channels using a superposition method, for four different
boundary conditions. McWhirter et al. [21] presented an
analytical model for magnetohydrodynamic porous medium
flow, simulating the regime as a packed bed of uniform
spheres. They considered two particular cases—an infinite
packed bed and a finite packed bed including wall effects,
the latter being modeled with a two-zone porosity model,
with a higher porosity wall region inserted between the
solid wall and the lower porosity core region. Dahikar and
Sonolikar [22] studied experimentally the hydromagnetic
flow in scaled magnetically assisted circulating fluidized bed,
with a circular cross-section, showing that magnetic field
strongly influences fluidization phenomenon and accelerates
the transition towards much denser suspension of the
fluidized bed. Alchaar et al. [23] studied the stability of free
convection in a porous regime under transverse magnetic
field using a CFD(computational fluid dynamics) approach.
Mansour et al. [24] used a power series expansion method to
assess the steady convective heat and mass transfer in micropolar conducting flow on a circular cylinder maintained at
uniform heat and mass flux. Postelnicu [25] conducted a
theoretical study of magnetohydrodynamic free convection
heat and mass transfer from a vertical surface in a porous
medium, incorporating Dufour and Soret diffusion effects,
showing that increasing magnetic field elevates the local
Nusselt and Sherwood numbers. The above studies have
not considered the combined thermal convection and mass
diffusion in magnetohydrodynamic boundary layer flow
from a sphere in a porous medium, despite the importance
of such a problem in filtration engineering and materials
processing. It is therefore proposed to study this problem
in the present paper. Furthermore, the medium is simulated
to include non-Darcian and variable porosity effects with
blowing/suction also included for the sphere surface. A
well-tested implicit finite difference procedure, the Kellerbox method is used to solve the transformed boundary
layer equations. A detailed discussion of the effects of
thermophysical parameters on flow variables is provided.
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Figure 1: Physical model.

2. Mathematical Model
We consider the steady, laminar, two-dimensional, incompressible, electrically conducting, and buoyancy-driven convection heat and mass transfer flow form a permeable
isothermal sphere embedded in a non-Darcy porosity
medium, under the action of an outwardly directed radial
magnetic field and Soret (thermodiffusion) and Dufour
(diffusion-thermal) effects. Figure 1 illustrates the physical
model and coordinate system. Here x is measured along the
surface of the sphere, y is measured normal to the surface,
respectively, and r is the radial distance from symmetric axis
to the surface. in r = a sin(x/a), a is the radius of the sphere.
Both the sphere and the fluid are maintained initially at
the same temperature. Instantaneously they are raised to a
temperature Tw (> T∞ ) and concentration Cw (> C∞ ) which
remain unchanged.
The fluid properties are assumed to be constant except
the density variation in the buoyancy force term. The porous
medium is simulated using the well-tested and validated
non-Darcian drag force model. This incorporates a linear
Darcian drag for low velocity effects (bulk impedance of the
porous matrix at low Reynolds numbers) and a quadratic
(second order) resistance, the Forchheimer drag, for high
velocity flows, as may be encountered in chemical engineering systems operating at higher velocities. The appropriate
non-Darcian model, following Bég et al. [26, 27], is therefore

∇p = −

ρb
µ
V − V 2,
K
K

(1)

where ∇ p is the pressure drop across the porous medium, µ
is the dynamic viscosity of the fluid, b is the Forchheimer
(geometric) inertial drag parameter, K is the permeability
of the porous medium (hydraulic conductivity), and V is
a general velocity. The impressed electrical field is assumed
to be zero and both the induced magnetic and electric
fields of the flow are negligible in comparison with the
applied magnetic field which corresponds to very small
magnetic Reynolds number. The Maxwell electromagnetic
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field equations, neglecting displacement currents, may be
presented, following Sutton and Sherman, thus [28]
∇·B=0
∇ × B = µ0 J

J = σ[E + V × B],
where B is the uniform magnetic field vector, J is the current
density vector, µ0 is magnetic permeability, σ is the electrical
conductivity of the fluid, E is the electrical field vector, V is
the linear (translational) fluid velocity vector, and t is time.
As is customary in engineering magnetohydrodynamics [28],
we consider the case for which magnetic lines of force are
fixed relative to the fluid. Further, we neglect Hall currents,
ionslip currents, and assume steady-state incompressible
flow. Since magnetic Reynolds number Rem = Re = V L/η∗
(based on a general velocity component, V , where η∗ is
the magnetic diffusivity) is much lower than unity in the
present problem, for such scenarios, Rem << 1, advection
is relatively unimportant, and therefore the magnetic field
will tend to relax towards a purely diffusive state, determined
by the boundary conditions rather than the flow. Magnetic
diffusion will be much greater than viscous diffusion and
magnetic induction will therefore not arise. The flow regime
is also not influenced by the magnetization of the fluid in
the applied magnetic field; electrical current is therefore
present and the fluid is electrically conducting [28, 29]. In
two-dimensional hydromagnetic boundary layer flows, the
applied uniform magnetic field vector, B, defined in the
Maxwell relations, (2), is assumed to lie in the x-y plane.
For steady boundary layer flows, electrical field E will vanish,
as emphasized by Hughes and Young [30]. The Lorentzian
hydromagnetic drag will therefore have two components, Fx
and F y , and there will be two components of the applied
magnetic field, Bx and B y . Giving
Fx = −σ uB2y − vBx B y







(3)

F y = σ uBx B y − vBx2 .
It is customary [28, 30] to assume that B y varies only with
the transverse coordinate, y. For a two-dimensional, steady,
uniform applied magnetic field, the Maxwell equation in (1)
will reduce to the following, from ∇ · B = 0:
∂Bx ∂B y
= 0.
+
∂x
∂y

(4)

Further, assuming


Bx = o B y



∂
= o(1)
∂x



∂
= o δ −1 ,
∂y

Fx ∼ σ B2y (u).

(2)

∂B
∇×E=−
∂t



it follows that the change in B y across the boundary layer (of
thickness δ) will be of the order of δ and may be neglected,
so that effectively the hydromagnetic Lorentzian drag force
in the x-momentum equation becomes

(5)

(6)

In light of the above approximations, and under the
usual Boussinesq and boundary layer approximations, the
equations for mass continuity, momentum, energy, and
concentration can be written as follows:
∂(ru) ∂(rv)
=0
+
∂x
∂y


∂u
∂u
u +v
∂x
∂y



=ν

(7)
x
∂2 u
+ gβ(T − T∞ ) sin
2
∂y
a


+ gβ∗ (C − C∞ ) sin
−



σB02
x
u
−
a
ρ

(8)

ν
u − Γu2
K

u

∂T
∂2 T Dm KT ∂2 C
∂T
=α 2 +
+v
∂x
∂y
∂y
cs c p ∂y 2

u

∂2 C Dm KT ∂2 T
∂C
∂C
= Dm 2 +
.
+v
∂x
∂y
∂y
Tm ∂y 2

(9)
(10)

The boundary conditions are defined as follows:
y = 0:
u = 0,

v = Vw ,

T = Tw ,

T = T∞ ,

C = C∞ ,

y −→ ∞:
u = 0,

C = Cw ,

(11)

where u and v denote the velocity components in the xand y-directions, respectively, K and B are, respectively,
the regime permeability and the Forchheimer inertial drag
coefficient of the porous medium, ν is the kinematic
viscosity, β and β∗ are the coefficients of thermal expansion
and concentration expansion, respectively, T and C are the
temperature and concentration, respectively, σ is the electrical conductivity, B0 is the externally imposed radial magnetic
field (i.e., applied in the y-direction), ρ is the density, Dm
is the mass diffusivity, α is the thermal diffusivity, c p is the
specific heat capacity, cs is the concentration susceptibility, α
is the thermal diffusivity, Tm is the mean fluid temperature,
KT is the thermal diffusion ratio, T∞ is the free stream
temperature, C∞ is the free stream concentration, and Vw is
the uniform blowing/suction velocity at the sphere surface.
In the momentum equation (8), the first term on the right
hand side simulates the viscous shear, the second is the
thermal buoyancy term, the third is the species buoyancy,
the fourth is the Lorentzian linear hydromagnetic drag, the
fifth term on the right hand side is the porous medium
Darcian drag force representing pressure loss due to the
presence of the porous medium, and the final term on the
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right hand side designates the second-order inertial porous
medium drag force (also referred to as the Forchheimer
impedance) which accounts for additional pressure drop
resulting from interpore mixing appearing at high velocities.
The stream function ψ is defined by ru = ∂(rψ)/∂y
and rv = −∂(rψ)/∂x; therefore, the continuity equation
is automatically satisfied. Proceeding with the analysis we
introduce the following dimensionless variables:
x
ξ= ,
a




f ξ, η =

η=

y 4
Gr,
a

ψ

√
4

νξ Gr

,





θ ξ, η =

T − T∞
,
Tw − T∞

(12)

gβ(Tw − T∞ )a3
Gr =
.
ν2



Substituting (12) into (7)–(11), we obtain
f ′′′ + (1 + ξcotξ) f f ′′ − (1 + ξΛ) f ′ 2 +


sin ξ 
θ + Nφ
ξ




∂f
∂f′
1
,
− f ′′
f′ =ξ f′
− M+
Da
∂ξ
∂ξ


(13)

′′









∂f
θ
∂θ
,
+ (1 + ξcotξ) f θ ′ + Du φ′′ = ξ f ′ − θ ′
Pr
∂ξ
∂ξ
(14)
∂φ
∂f
φ′′
+ (1 + ξcotξ) f φ′ + Sr θ ′′ = ξ f ′
− ϕ′
.
Sc
∂ξ
∂ξ
(15)
The transformed dimensionless boundary conditions are
η = 0:
f ′ = 0,

f = fw ,

θ = 1,

η −→ ∞:
f ′ = 0,

θ = 0,

Cf
= ξ f ′′ (ξ, 0)
ρ(ν/a)2 (Gr)3/4

(17)

√
4

Nu
= −θ ′ (ξ, 0)
Gr

(18)

Sh
= −φ′ (ξ, 0).
Gr

(19)

√
4

C − C∞
φ ξ, η =
,
Cw − C∞


physical interest include the skin-friction coefficient, Nusselt
number, and Sherwood number, which are given by

φ = 1,

(16)

φ = 0.

In the above equations, the primes denote the differentiation with respect to η, the dimensionless radial coordinate,
f is dimensionless stream function, θ is dimensionless
temperature function, φ is dimensionless concentration
function, Λ = Γa is the√local inertia coefficient (Forchheimer
parameter), Da = (K Gr)/a2 is a Darcy parameter, N =
(β ∗ (Cw − C∞ ))/(β(Tw − T∞ )) is the concentration to
thermal buoyancy ratio parameter, Pr = (ρνc p )/k is the
Prandtl number,
√ Sc = ν/Dm is the Schmidt number,
M = σB02 a2 /ρν Gr is the magnetohydrodynamic body force
parameter, Du = (Dm KT (Cw − C∞ ))/(cs c p ν(Tw − T∞ )) is the
Dufour number, Sr = (Dm KT (Tw −
√ T∞ ))/(νTm (Cw − C∞ ))
is the Soret number, fw = −Vw a/ν 4 Gr is the transpiration
(blowing/suction) parameter, and Gr is the Grashof (free
convection) parameter. fw < 0 for Vw > 0 (the case of
injection), and fw > 0 for Vw < 0 (the case of suction).
The important case of a solid sphere surface is retrieved
for fw = 0. The chemical engineering design quantities of

3. Numerical Method
In this study, the efficient Keller-Box implicit difference
method has been employed to solve the general flow model
defined by (13) to (15) with boundary conditions (16). This
method, originally developed for low speed aerodynamic
boundary layers by Keller [31], has been employed in
a diverse range of nonlinear magnetohydrodynamics and
coupled heat transfer problems. This method is chosen
since it seems to be most flexible of the common methods,
being easily adaptable for solving equations of any order
by Cebeci and Bradshaw [32]. For the sake of brevity, the
numerical method is not described. Computations were
carried out with ∆ξ = 0.1; the first step size ∆η = 0.02. The
requirement that the variation of the velocity, temperature,
and concentration distribution is less than 10−5 between
any two successive iterations is employed as the criterion
convergence. These include Takhar et al. [33] who studied
geothermal hydromagnetic gas convection flow and omitted
here for conservation of space. Effectively the complete
linearized system is formulated as a block matrix system
where each element in the coefficient matrix is a matrix itself.
The numerical results are affected by the number of mesh
points in both directions. The edge of the boundary-layer y∞
was adjusted for different ranges of parameters.

4. Results and Discussion
Comprehensive solutions have been obtained and are presented in Figures 2 to 12. The numerical problem comprises
2 independent variables (ξ, η), 3 dependent fluid dynamic
variables ( f , θ, φ) and 10 thermophysical and body force
“control” parameters Pr, M, N, Λ, Da, Sc, fw , ξ, Sr, and Du.
The present code has been extensively validated in numerous
problems and benchmarked against shooting quadrature
and finite element methods [34–38] and also more recently
with Crank-Nicolson difference methods [39–41]. It is
extremely reliable and the solutions presented have been
rigorously checked. Comparisons are therefore excluded here
for conservation of space. In the present computations,
the following default parameters are prescribed (unless
otherwise stated): Pr = 0.71, M = 1.0, N = 1.0, Λ = 0.1,
ξ = 1.0, Da = 0.1, Sc = 0.25, fw = 0.5 Du = 0.2, and Sr =
0.25. These correspond to weak hydromagnetic convection
in electrolytic fluid (Pr = 0.71) flowing through a high
permeability (Da = 0.1), high regime with weak blowing
( fw = 0.5) at the sphere surface, weak inertial drag (Λ = 0.1),
air diffusing in the electrolytic solution (Sc = 0.25), and
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Figure 2: (a) Effect of the Sr and Du on the temperature profiles. (b) Effect of the Sr and Du on the concentration profiles. (c) Effect of the
Sr and Du on the temperature profiles with N = −0.25. (d) Effect of the Sr and Du on the concentration profiles with N = −0.25.

a balance of thermal and species buoyancy forces (N = 1),
at a general location along the sphere curvature (ξ = 1).
In addition, we also consider the effect of the streamwise
coordinate location on flow dynamics. The value of the
parameter ξ is extremely important since in two extreme
cases it corresponds to stagnation-point flows. For ξ ∼ 0, the
location is in the vicinity of the lower stagnation point on
the sphere. The governing dimensionless equations (13) to
(15) in this case reduce to the following ordinary differential
equations:


f ′′′ + f f ′′ − f ′2 + θ + Nφ − M +




1
f′ =0
Da

(20)

Pr−1 θ ′′ + f θ ′ + Duφ′′ = 0

(21)

Sc−1 φ′′ + f φ′ + Srθ ′′ = 0.

(22)

We note, following Bég et al. [10], the buoyancy term
is retained since (sin ξ)/ξ → 0/0, that is, 1, so that
(sin ξ/ξ)(θ + Nφ) → (θ + Nφ); however, the Forchheimer
drag force term vanishes at ξ = 0, whereas the Darcian drag
force and Lorentzian hydromagnetic drag force are retained.
The equations however remain strongly coupled. The other
extreme case is ξ ∼ π, which physically corresponds to the
upper stagnation point on the sphere surface (diametrically
opposite to the lower stagnation point).
In Figures 2(a) and 2(b), the influence of Sr and Du on
temperature and concentration distributions is illustrated,
near the leading edge (ξ = 0.1) for the buoyancy-assisted
case (N = 1). Soret number (Sr) defines the effect of
temperature gradients inducing significant mass diffusion
effects. Dufour number (Du) measures the contribution of
concentration gradients to thermal energy flux in the flow
domain. Du and Sr are varied together so that their product
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Figure 3: (a) Effect of the M on the velocity profiles. (b) Effect of the M on the temperature profiles. (c) Effect of the M on the concentration
profiles.

remains constant: for example, Du = 5.0, Sr = 0.01; Du =
0.01, and Sr = 5.0. An increase in Du (and concurrent
decrease in Sr) considerably increases temperature (θ) in
the boundary layer, as observed in Figure 2(a). For Du ≤
1, profiles decay smoothly from the wall to zero in the
free stream. However, for Du > 1, that is, Du = 5.0,
a distinct velocity overshoot exists near the sphere, and
thereafter the profile falls to zero at the edge of the boundary
layer. Increasing concentration gradients, that is, increasing
Du value therefore strongly heats the flow. Increasing Soret
number has the exact reverse affect, that is, cooling the
boundary layer regime. Figure 2(b) shows that an increase
in Soret number due to the contribution of temperature
gradients to species diffusion, increases concentration (φ)
values for all η increasing Du values have the opposite effect.
No concentration overshoot is however observed for any
values of Soret number which is varied from 0.01 through
0.05, 0.25, and 1.0 to 5.0. The influence of the Soret and
Dufour terms will be relatively weak on the velocity fields,
and these are therefore not plotted.

For N > 0, thermal and concentration buoyancy forces
act in unison. For N = 0, buoyancy forces are absent,
that is, forced convection arises in the regime. For N < 0,
both buoyancy forces oppose each other. When N < 0,
we have the case of opposing buoyancy. Particularly, for
N = −0.25, Figures 2(c) and 2(d), show the temperature
and concentration distributions with collective variation in
Soret number (Sr) and Dufour number (Du) for the case
of buoyancy opposition (opposing buoyancy force, N <
0). Therefore, from the sphere surface, negative N, that is,
opposing buoyancy is beneficial to the flow regime, whereas
closer to the sphere surface it has a retarding effect. A much
more consistent response to a change in the N parameter is
observed that temperature throughout the boundary layer is
strongly reduced as increase in Sr (and concurrent decrease
in Du). We have considered a few cases of larger Sr, Du—
this was done to indicate that a concentration overshoot
will arise in, for example, Figure 2(d); similarly, with a large
Sr = 5.0, we observe that in Figure 2(c) that the temperature
distribution deviates noticeably from the profiles for smaller
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Figure 4: (a) Effect of the Da on the velocity profiles. (b) Effect of the Da on the temperature profiles. (c) Effect of the Da on the concentration
profiles.

Sr values. A number of authors have considered the effect of
Sr and Du, mainly to address the cases of very strong thermal
diffusion encountered in chromatographic applications.
In Figures 3(a) to 3(b) present the response of velocity
( f ′ ), temperature (θ), and concentration (φ) to magnetohy√
drodynamic body force parameter (M). M = σB02 a2 /ρν Gr,
and signifies the ratio of Lorentz hydromagnetic body force
to viscous hydrodynamic force. Increasing M from 0 (nonconducting case) to 1.0 (magnetic body force and viscous
force equal) through to 10.0 (very strong magnetic body
force) induces a distinct reduction in velocities as shown
in Figure 3(a). With higher M values since the magnetic
body force, −M f ′ in the momentum equation (13) is
amplified; this serves to increasingly retard the flow. The
imposition of a radial magnetic field is therefore a powerful
mechanism for inhibiting flow in the regime. The maximum
velocities as before arise close to the sphere surface, a short
distance from it (at the sphere surface, η = 0, and velocity
vanishes in consistency with the no-slip condition, that is,
f ′ = 0); with further distance into the boundary layer,

the profiles converge, that is, the magnetic body force has
a weaker effect in the far field regime than in the nearfield regime. Conversely with increasing M, temperature,
(Figure 3(b)) is observed to be markedly increased. This is
physically explained by the fact that the extra work expended
in dragging the fluid against the magnetic field is dissipated
as thermal energy in the boundary layer, as elucidated by
Sutton and Sherman [28], Pai [29], and Hughes and Young
[30]. This results in heating of the boundary layer and an
ascent in temperatures, an effect which is maximized some
distance away from the sphere surface. The magnetic field
influence on temperatures while noticeable is considerably
less dramatic than that on the velocity field, since the Lorentz
body force only arises in the momentum equation (13) and
influences the temperature (θ) and concentration (φ) fields,
only via the thermal and buoyancy terms, (sin ξ/ξ)(θ + Nφ).
Magnetic effects do not feature in either the temperature
(14) or species diffusion equations (15). The deceleration
in flow serves to enhance species diffusion in the regime
and this causes a rise also in the concentration profiles
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Figure 5: (a) Effect of the Λ on the velocity profiles. (b) Effect of the Λ on the temperature profiles. (c) Effect of the Λ on the concentration
profiles.

(Figure 3(c)) with increasing magnetic parameter. Applied
radial magnetic field, therefore, while counteracting the
momentum development in the regime, serves to enhance
the heat and species diffusion, and this is of immense benefit
in chemical engineering operations, where designers may
wish to elevate transport in a regime without accelerating the
flow.
In Figures 4(a) to 4(c), the variation of velocity ( f ′ ),
temperature (θ), and species concentration (φ) with transverse coordinate (η) over a wide range of Darcy parameters
is illustrated. The Darcian body force, (1/Da) f ′ features only
in the momentum equation (13). This body force although
linear
√ is inversely proportional to the Darcy parameter, Da =
(K Gr)/a2 which itself is a measure of the permeability of
the regime, that is, hydraulic transmissivity of the porous
medium to fluid percolation. Increasing Da from 0.001
(extremely low permeability) through 0.01, 0.05, 0.1, 0.15 to
the maximum value of 0.2, clearly substantially enhances the
flow velocity in the boundary layer. With higher Da values,
there will be a corresponding reduction in the Darcian drag

force, and this will serve to effectively accelerate the flow in
the medium adjacent to the sphere. In all the velocity profiles,
the peak velocity is located close to the sphere surface;
with an increase in Da, this peak is displaced progressively
away from the sphere surface. Temperature (θ), however, as
shown in Figure 4(b), is observed to progressively decrease
with an increase in Darcy number (Da). With increasing
Da, there is a decrease in the density of solid matrix fibers
in the regime (permeability is increased). As such, thermal
conduction is depressed and this reduces the temperatures in
the boundary layer. The greatest reduction in temperatures
arises at some distance form the sphere surface. In all cases,
the profiles decay smoothly to zero in the free stream. The
quality of the Keller-box mesh is emphasized by the smooth
asymptotic tendency of the profiles far from the wall. The
specification of an adequate distance for infinity boundary
conditions is therefore confirmed. Concentration profiles (φ)
are depressed even more strongly than temperature profiles,
with an increase in Darcy number, as shown in Figure 4(c).
With N set to unity, both thermal and species buoyancy
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Figure 6: (a) Effect of the N on the velocity profiles. (b) Effect of the N on the temperature profiles. (c) Effect of the N on the concentration
profiles.

forces in the momentum equation have the same magnitude.
With lesser fibers in the regime, the diffusion of species
would be expected to be enhanced. However, it has been
documented by numerous experimental studies that lower
permeability regimes in fact enhance species diffusion, as
opposed to counteracting it. Our results are in excellent
agreement with the findings of Vafai and Tien [42].
Figures 5(a) to 5(c) show the influence of the Forchheimer inertial parameter (Λ) on the flow variables. This
parameter is associated with the second-order Forchheimer
resistance term, ξΛ( f ′ )2 , in (13). Forchheimer drag is
directly proportional to the parameter, Λ. An increase in
Λ evidently strongly retards the flow, as illustrated in Figure 5(a), for some considerable distance into the in boundary
layer, transverse to the sphere surface. Beyond a certain
point however negligible effects are observed. Bear [43]
has highlighted that Forchheimer effects are associated with
higher velocities in porous media transport. Forchheimer

drag however is quadratic and the increase in this “form”
drag swamps the momentum development, effectively decelerating the flow. We note that the deviation from the linear,
the nonlinear behavior in porous media is gradual unlike the
sharp change from laminar to turbulence flow in the case of
fluid flow in conduits. As such, there are no sudden changes
in velocity profile with increasing Forchheimer parameter,
that is, no fluctuations in the velocity field. This confirms
the modern perspective of many researchers [44, 45] that
the main cause of deviation from the Darcian behavior is
related to other factors different than those which contribute
to turbulence. The drag force model employed in this study
is physically logical since it implies that non-Darcy flow
is occurring at high spatial velocity in porous media as a
consequence of geometrical factors rather than attributing
this behavior to “turbulence” phenomena. In this context,
the term “non-Darcian” does not allude to a different regime
of flow, but to the amplified effects of Forchheimer drag at
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Figure 7: (a) Effect of the Sc on the velocity profiles. (b) Effect of the Sc on the temperature profiles. (c) Effect of the Sc on the concentration
profiles.

higher velocities, as elaborated by a number of other studies
[46]. With a dramatic increase in Λ, there is a very slight
elevation in temperatures (Figure 5(b)) in the regime. The
deceleration in the flow results in thinner velocity boundary
layers which serve to enhance energy diffusion. The influence
on the concentration (species diffusion) field (Figure 5(c)) is
similar to that of the temperature field but more pronounced.
Species concentration (φ) is slightly increased, especially at
some distance from the sphere surface, with an increase in
Forchheimer parameter, Λ.
Figures 6(a) to 6(c) depict the effect of the buoyancy
ratio parameter (N) on the velocity, temperature, and species
concentration variables. N = (β ∗ (Cw − C∞ ))/(β(Tw − T∞ ))
is a key parameter controlling the transport phenomena in
the regime. For N > 0 thermal and concentration buoyancy
forces act in unison. For N = 0, buoyancy forces are
absent, that is, forced convection arises in the regime. For
N < 0, both buoyancy forces oppose each other. Inspection
of Figure 6(a) indicates that for N > 0, that is, aiding
buoyancy forces, the flow velocities are greatly enhance.
Positive N therefore as expected accelerates the flow. With an

increase in N, the velocity peaks progressively migrate further
from the sphere surface. Figures 6(b) and 6(c) reveal that
temperature, θ, and concentration, φ, exhibit the converse
response to a positive increase in buoyancy ratio, N; both
are considerably reduced. Although the buoyancy parameter
does not arise in either the thermal boundary layer (heat
conservation) (14) or the concentration boundary layer
(species diffusion conservation) (15), via coupling with the
term, (sin ξ/ξ)(θ + Nφ) in the momentum equation (13), N
exerts a strong influence on both energy and species diffusion
in the boundary layer. For all values of N there is a smooth
decay in both θ and φ profiles from a maximum at the
sphere surface to the free stream. The buoyancy effect can
clearly be exploited to control effectively both temperature
and concentration distributions in such a regime, and this
again is of considerable utility to chemical engineering
designers involved in packed bed transport phenomena
systems. We further note that since N is directly coupled
with the species field in the buoyancy term, it will exert a
more pronounced effect on the concentration distributions
than on the temperature profiles. This explains the greater
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Figure 8: (a) Effect of the Pr on the velocity profiles. (b) Effect of the Pr on the temperature profiles. (c) Effect of the Pr on the concentration
profiles.

decreases in concentration values (Figure 6(c)) over the same
range of N increase (from 0 through 0.1, 0.5, 1.0 to 2.0),
compared with the reduction in the temperature profiles
(Figure 6(b)).
Figures 7(a) to 7(c) illustrate the influence of Schmidt
number (Sc) on velocity ( f ′ ), temperature (θ), and species
concentration (φ). Velocity (Figure 7(a)) is strongly reduced
with an increase in Sc from 0.25 through 0.6, 0.78, and
0.94 to 2.0. Sc represents the ratio of the mass (species) and
viscous diffusion time sales. It is also the ratio of momentum
diffusivity to species diffusivity. For Sc < 1, the momentum
diffusivity is lower than the species (mass) diffusivity and
the species diffusion rate exceeds the momentum diffusion
rate. For Sc > 1, this scenario is reversed. Higher values
of Sc correspond to higher density species diffusing in air
for example, Sc = 1.0 corresponds to methanol diffusing
in electrically conducting air, Sc = 2.0 implies ethylbenzene
diffusing in air. Increasing Sc lowers the chemical molecular
diffusivity of the species. As Sc is increased, the concentration

boundary layer will become relatively thinner than the
viscous (momentum) boundary layer. Velocity will therefore
be reduced. For the special case of Sc = 1.0, the velocity and
concentration boundary layers will be of the same thickness
and both momentum and species will be diffused at the
same rate. Inspection of Figure 7(b) shows that temperatures
(θ) are enhanced with an increase in Sc; however, the
alteration in profiles is not dramatic. In Figure 7(c), the
concentration profiles are, as expected, found to be much
more markedly affected by a rise in Sc values. φ values are
strongly reduced with increasing Sc values. With thinner
concentration boundary layers, the concentration gradients
will be enhanced causing a decrease in concentration of
species in the boundary layer. For Sc < 1, species diffusivity
exceeds momentum diffusivity and this accounts for the
greater concentration values for Sc = 0.25, 0.6, 0.78, 0.94
compared with the minimized concentration profile for Sc =
2.0, since in this latter case Sc > 1, that is, momentum
diffusivity exceeds mass (species) diffusivity. The implication
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Figure 9: (a) Effect of the fw on the velocity profiles. (b) Effect of the fw on the temperature profiles. (c) Effect of the fw on the concentration
profiles.

for chemical engineering designers is that in such a regime,
a lower Schmidt number diffusing species must be employed
to enhance concentration distributions in the medium.
Figures 8(a) to 8(c) present the effect of Prandtl number
(Pr) on the primitive flow variables of velocity, temperature,
and concentration. Prandtl number signifies the ratio of
viscous diffusion to thermal diffusion in the boundary layer
regime. With greater Pr values, viscous diffusion rate exceeds
thermal diffusion rate. An increase in Pr from 0.71 (air)
through 1.0, 2.0, 4.0, 5.4 to 7.0 (conducting water e.g., saline
solution) strongly depresses velocities (Figure 8(a)) in the
regime. For Pr < 1, thermal diffusivity exceeds momentum
diffusivity, that is, heat will diffuse faster than momentum.
For Pr = 1.0, both the viscous and energy diffusion rates will
be the same as will the thermal and velocity boundary layer
thicknesses. For Pr > 1, momentum diffusivity will exceed
thermal diffusivity. As such for lower Pr fluids, velocities we
expect to be maximized and this is indeed testified to by
Figure 8(a). Higher Pr fluids will correspond to lower velocities. Similarly temperatures (θ), as shown in Figure 8(b),

are also considerably lowered with an increase in Pr. Prandtl
number also represents the product of dynamic viscosity
and specific heat capacity divided by thermal conductivity
of the primary fluid (Pr = (ρνc p )/k ≡ (µc p )/k). Higher Pr
fluids (e.g., Pr = 7.0 for electrically conducting water) will
therefore possess a much lower thermal conductivity and
this will result in a significant decrease in temperatures in
the boundary layer. Conversely lower Pr fluids will possess
a much greater thermal conductivity (e.g., Pr = 0.7 for
conducting air) and will generate much higher temperatures.
All temperatures are observed to decay smoothly from a
maximum at the wall to zero in the free stream of the
boundary layer. In Figure 8(c), the concentration profiles
are seen to be enhanced in magnitude with increasing Pr
values. Prandtl number is a thermophysical property at a
given temperature and pressure. As such, it is associated
with actual liquids. It will exert a similar influence on the
temperature distribution whether in the pure free convection
or pure forced convection scenarios. This is disadvantageous
to the temperature field but beneficial to the species diffusion
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field since greater momentum diffusion aids the advection of
mass in the flow. In chemical engineering design applications
(e.g., chromatographical transport phenomena), therefore to
achieve a better distribution of species across the boundary
layer (transverse to the sphere surface), higher Prandtl
number liquids will be more logical than lower Prandtl
numbers. The interplay of momentum, thermal, and species
diffusion will imply inevitably that all three variables cannot
be simultaneously maximized, irrespective of the magnitude
of the buoyancy forces involved. A strategic approach is
therefore required in selecting primary fluids which posses
high thermal diffusivities (low Prandtl numbers) for temperature enhancement or low thermal diffusivities (high
Prandtl numbers) for species diffusion enhancement. Such
aspects would clearly require more rigorous experimental
observations to which the present theoretical and numerical
study is complimentary.
Figures 9(a) to 9(c) depict the distributions of velocity, temperature and concentration with wall transpiration
parameter ( fw ). We have restricted attention here only to
the case of suction (lateral mass withdrawal through the
sphere surface out of boundary layer regime). With an
increase in suction ( fw > 0), the velocity is clearly decreased,
that is, flow decelerated. Velocity is therefore maximized
for the solid sphere case ( fw = 0). Increasing suction
causes the boundary layer to adhere closer to the flow and
destroys momentum transfer; it is therefore an excellent
control mechanism and has been exploited in numerous
technologies including aerodynamics where flow control is
imperative [47]. Temperature, θ, and concentration, φ, as
depicted in Figures 9(b) and 9(c), respectively, are also
markedly stifled with increased suction at the sphere wall and
depressed with increased suction. The temperature and concentration profiles, once again assume a continuous decay

from the wall to the free stream, whereas the velocity field
(Figure 9(a)) initially ascends, peaks, and then decays into
the free stream. The strong influence of wall transpiration
on all the flow variables is clearly identified and again such a
mechanism (as with magnetic field, porous media drag forces
and buoyancy forces) discussed earlier is greatly beneficial
in allowing flow control and regulation of heat and mass
transfer characteristics in such regimes.
Figures 10(a) to 10(b) depict the velocity, temperature,
and species concentration distributions transverse to the
sphere wall for various streamwise coordinate values, ξ.
Velocity is clearly decelerated with increasing migration from
the leading edge, that is, larger ξ values (Figure 10(a)) for
some distance into the boundary layer, transverse to the
wall (η ∼ 20). However, closer to the free stream, this
effect is reversed and the flow is accelerated with increasing
distance along the sphere surface. Conversely a very strong
increase in temperature (θ) and concentration (φ), as shown
in Figures 10(b) and 10(c), occurs with increasing ξ values.
Also unlike the velocity response which ascends from the
surface of the spheres, and peaks and then decreases further
into the boundary layer (Figure 10(a)), the temperature
and concentration fields both decrease continuously across
the boundary layer transverse to the wall. Temperature and
concentration are both minimized at the leading edge and
maximized with the greatest distances along the sphere
surface from the leading edge.
The influence of buoyancy ratio, N, on skin friction,
that is, local shear stress at the sphere surface is presented
in Figures 11(a) and 11(b) for negative and positive,
respectively. Positive N values clearly accentuate − f ′′ values,
whereas negative N values cause a depression in skin friction.
As elucidated earlier, aiding buoyancy forces (N > 0) serve
to accelerate the flow and this will increase skin friction at the
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sphere wall; opposing thermal and species buoyancy forces
will exert the opposite effect and cause a flow deceleration
leading to a decay in skin friction magnitudes.
Figure 12(a) shows the variation of local Nusselt number,
−θ ′ (ξ, 0) with the combined effects of Soret and Dufour
number. Increasing Soret number (Sr) and simultaneously
reducing Dufour (Du) number greatly boosts the local heat
transfer rate at the sphere surface. With increasing distance
from the leading edge (ξ = 0), however, the profiles all
decrease.
Figure 12(b) presents the local Sherwood number distribution with streamwise coordinate, ξ, for various Soret and
Dufour numbers. Increasing Dufour number and decreasing
Soret number strongly enhance the mass transfer rate at the
wall, that is, boosts −φ′ (ξ, 0) values. Generally with greater
distance along the sphere surface, that is, with increasing ξ
values, the local Sherwood number decreases. However, for
very low Dufour numbers (Du = 0.05, 0.01) and very high
Soret numbers (Sr =1.0 and 5.0, resp.) there is a slight upturn
in −φ′ (ξ, 0) at large distances from the leading edge. The
species cross-diffusion term, Du φ′′ , in the energy equation
(14) and the temperature cross-diffusion term, Sr θ ′′ , in the
species equation (15) clearly exert a significant influence on
both heat transfer and mass transfer rates at the sphere surface in the porous media regime and should not be ignored
in advanced studies of importance in materials processing.

5. Conclusions
A detailed mathematical study of the steady, laminar,
incompressible hydromagnetic buoyancy-driven convective
boundary layer heat and mass transfer from a spherical body
immersed in a saturated non-Darcy porous medium with
Soret/Dufour effects has been conducted. Numerical solutions have been obtained for the normalized conservations
equations. It has been shown that increasing magnetic field
generally decelerates the flow but increases temperatures
and concentration values in the regime. Increasing porosity serves to accelerate the flow but reduce temperatures
and concentration values. Increasing Forchheimer (second
order) porous form drag tends to strongly retard the flow
but enhance temperatures and concentration values. The
present numerical code based on the robust, implicit Kellerbox finite difference method has been shown to produce
excellent results. Very good correlation between the present
computations and the trends of other previous studies has
been identified. Further investigations will consider transient
effects and also employ the Keller-box method to consider
more complex chemical engineering phenomena including
electrophoretic deposition, nanofluids, and thermophoresis.
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