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Abstract In the current exploration, a similarity solution is bestowed for hydromagnetic motion of
a nanofluid over a slendering stretching sheet with the existence of thermophoresis and Brownian
moment. We first altered the time dependent governing mathematical equations into coupled
dimensionless differential equations by making use of apposite transmutations. Numerical solution
for these equations is procured deploying R.K.-Fehlberg numerical methodology. Further, the
impacts of sundry non-dimensional parameters on the flow field along with shear stress, reduced
heat and mass transfer have been tackled with the succor of plots and tabular forms. It is worth
to divulge that an upturn in the magnitude of thermophoretic and Brownian motion parameters
amplifies the fluid temperature, whereas the concentration profiles get depreciated with a hike in
thermophoretic parameter.
Ó 2017 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
The suspension of metallic or non-metallic nanoparticles into
pedestal liquids such as water and kerosene is termed as nanofluid. There are many uses with nanotechnology in manufacturing related industries. This new technology is widely using
in vehicles engine, drug delivery, making nano chips, currency
making, cooling of electronics, etc. The main idea behind the
invention of nanofluids is to intensify the heat transfer
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propensity of the fluids, which have less thermal conductivity.
Boundary layer theory of fluids with nanoparticles has tremendous applications in polymer engineering, metallurgy and
petro chemical industries. In addition to this, the thermophoresis effect has a wide range of applications in electrostatic precipitators and in biology for calculating single biological macro molecules, such as genomic-length DNA and HIV
virus in the micro channels. Furthermore, it is very useful in
the production of optical fibers.
The research articles [1–3] deal with the flow of nanofluid
through distinct geometries in the presence of Lorentz forces.
All of these problems have been solved numerically by deploying control volume based finite element technique. Sheikholeslami and Rokni [4] investigated the problem of heat
transport effects on nanofluid with induced magnetic field.
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Nomenclature
A
a1 ; a2
BðxÞ
B0
d
C
Cp
Cw
C1
m
Cf
DB
E
F0
f0
f1
g1
g2 ; g3
g1
g2 ; g3
k
M
Nb
Nt
Nux
Shx

unsteadiness parameter
constants
strength of the uniform magnetic field
magnetic field strength
parameter associated with sheet
concentration of the fluid
specific heat
concentration along the stretching sheet
ambient concentration
constant, which measures the unsteadiness
friction factor
Brownian diffusion coefficient
coefficient related to stretching sheet
dimensionless fluid velocity with respect to the
interval ½0; 1Þ
dimensionless fluid velocity with respect to the
interval ½k; 1Þ
Maxwell’s reflection coefficient
dimensionless velocity slip parameter
dimensionless temperature and concentration
jump parameters, respectively
dimensional velocity slip parameter
dimensional temperature and concentration jump
parameters, respectively
thermal conductivity
magnetic field parameter
thermophoresis parameter
Brownian motion parameter
Nusselt number
Sherwood number

Khan et al. [5] solved the problem of stagnation point flow of
nanofluids with variable viscosity by utilizing the shooting
method. The bio-convective flow of nanofluids with quartic
autocatalysis chemical reaction was discussed by Makinde
and Animasaun [6].
The influence of convective heat transport on the boundary
layer flow past a surface was discussed by Salleh et al. [7]. Sandeep and Sugunamma [8] analyzed the influence of heat transport on time dependent magnetohydrodynamic motion of a
fluid across a vertical surface. By this study, they found that
radiation parameter declines the momentum boundary layer
in the flow across an isothermal plate but increases in the flow
across a ramped temperature plate. Chiam [9] had given a
mathematical model to look into the problem of MHD heat
transfer in the flow past a non-isothermal flat surface. The
impact of frictional heat on the flow induced by a surface
(stretching nonlinearly) was investigated by Alinejad and
Samarbakhsh [10]. The impact of radiative heat on nanofluid
flows caused by a radially stretched surface with variable viscosity was discussed by Makinde et al. [11] and stated that friction factor increases with convective parameter. The influence
of variable magnetic field on nanofluid flows in a cavity was
reviewed by Sheikholeslami and Vajravelu [12]. Raju et al.
[13] characterized the effects of heat and mass transport on
MHD flow over a stretching sheet. Through this study, they
found that exponential parameter has propensity to raise the

velocity power index parameter
Prandtl number
Schmidt number
Reynolds number
time
fluid temperature
temperature along the sheet
ambient temperature
thermophoretic diffusion parameter
constant
stretching sheet velocity
velocity components along x,y-axis directions
respectively
n; g
similarity variables
f1 ; f2 ; f3 mean free path constants
k
wall thickness parameter
r
electrical conductivity
c1
ratio of specific heats
H
dimensionless fluid temperature with respect to the
interval ½0; 1Þ
h
dimensionless fluid temperature with respect to the
interval ½k; 1Þ
W
dimensionless fluid concentration with respect to
the interval ½0; 1Þ
w
dimensionless fluid concentration with respect to
the interval ½k; 1Þ
s
heat capacity ratio
q
density of the fluid
t
kinematic viscosity
n
Pr
Sc
Rex
t
T
Tw
T1
DT
U0
Uw
u; v

fluid velocity. The impact of Lorentz force and radiation on
the flow caused by an exponentially stretched surface was
deliberated by Mabood et al. [14]. Ramana Reddy et al. [15]
determined the effects of suction/injection on nanofluid flow
under the influence of irregular heat. Bachok et al. [16] investigated the heat transport phenomenon on micropolar fluid
flow past a stretched sheet. An analytical investigation on
unsteady dusty viscous flow with soret effect was done by
Ramana Reddy et al. [17] and found that Soret number intensifies the velocity of fluid and dust phases. The effect of thermophoresis and Brownian motion on unsteady flow past a
stretched sheet was investigated by Sandeep et al. [18]. Further,
similar type of study by considering Oldroyd-B nanofluid was
carried out by Awad et al. [19]. Aziz [20] presented the problem
of unsteady mixed convective fluid motion past a stretching
sheet considering varying viscosity. Sheikholeslami [21]
adopted Darcy model to report the impact of magnetic field
on the flows in a porous cylinder. The problem of heat transport effects on third grade fluid flow due to convective sheet
with slip was considered by Khan et al. [22] and deduced that
third grade parameter has propensity to reduce the fluid
temperature.
The unsteady boundary layer flow of a viscous fluid along a
flat sheet was investigated by Vajravelu et al. [23] and observed
that an upturn in unsteadiness parameter lessens the flow
speed. A numerical investigation is performed by Pavithra
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and Gireesha [24] to analyze the heat transport impact on
unsteady dusty fluid flow past an exponentially stretching
sheet. Swati Mukhopadhyay [25] discussed the slip effects on
MHD flow with suction/blowing and clinched that a growth
in velocity slip enhances the velocity field but thermal slip
parameter shows reverse result. Haq et al. [26] addressed the
thermal and velocity slip effects on the flow with the inclusion
of nanoparticles. Anjalidevi and Vasantha Kumari [27] studied
the unstable motion of the fluid subjected to slip boundary.
MHD 3D flow considering velocity slip was investigated by
Hayat et al. [28]. The impact of Lorentz force on the flow
caused by a slender surface was studied by Anjalidevi and Prakash [29]. Through this study, they found that a growth in
velocity power index swells the fluid temperature. The effects
of thermophoresis and Brownian motion on the flow along a
shrinking surface were explained by Zaimi et al. [30]. Similar
type of study by assuming the flow through an impulsively
stretching sheet was analyzed by Mustafa et al. [31]. Sheikholeslami and Shehzad [32] explored the problem of MHD
flow of nanofluids with heat flux boundary conditions. The
study of Lewis number impact on the flows was carried out
by Anbuchezhian et al. [33] deploying Lie group transformations. From this study they recognized that thermal stratification dispenses the heat in the flow. Mukhopadhyay and
Bhattacharya [34] considered the problem of chemically reacting unsteady Maxwell fluid flow via stretched sheet. Very
recently, some researchers [35–37] have made a comparative
investigation on non-Newtonian fluids across sundry surfaces.
The impact of both Kelvin and Lorentz forces on nanofluids
was characterized by Sheikholeslami et al. [38]. Babu and Sandeep [39] presented a model to scrutinize the three dimensional
flow nanofluid across a thin surface. Reddy et al. [40] explored
the impact of irregular heat on nanofluid flows caused by a
slendering domain. The flow of water based ferrofluid in a
curved cavity with magnetic field was scrutinized by Sheikholeslami and Ganji [41].
So far no effort is made in the earlier research articles to
analyze the characteristics of thermophoresis and Brownian
moment on unsteady flow via slender surface. So, with the help
of above cited articles, we developed the work of Anjalidevi
and Prakesh [29] to go through such effects. An effectual R.
K. and shooting algorithm is followed to gain the problem’s
solution.

Fig. 1
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Physical layout of the flow.

Thermophoresis and Brownian motion have been contemplated in this problem.
Under the above made assumptions, the equations regulating the flow are,
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with the boundary restrictions
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2. Mathematical formulation
We supposed an unsteady, laminar hydro magnetic 2D motion
of viscous fluid (made up of nano molecules) past a slender
surface. Cartesian coordinates (x; y) are used in which the
x axis is selected the way of the sheet and y axis is orthogonal to it as divulged in Fig. 1. u; v correspondingly symbolizes
velocity components in x; y directions. Less magnetic Reynolds number is presumed. So, induced magnetic field is negligible. The sheet is supposed to stretch with velocity
Uw ¼ U0 ðx þ dÞn ð1  mtÞ1 . Also, the flow geometry is not flat
described as y ¼ Eðx þ dÞ0:5ð1nÞ , E is presumed to be minimum
for the surface to be of variable thickness and to evade the
pressure gradient on the flow.
Present exploration is apposite only when n–1, as n ¼ 1
corresponds to the research of flow across a flat surface.

ð3Þ

u ! 0; T ! 0; C ! 0;

as y ! 1;

ð6Þ

In the above Eq. (5),
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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f
ðx þ bÞ1n
1
g1 ¼
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f1
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1  ct
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2  a1
ðx þ bÞ1n

;
g2 ¼ f2
a1
1  ct
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2  a2
ðx þ bÞ1n
;
g3 ¼ f3
a2
1  ct




2c1
f1
;
c1 þ 1 Pr


2c1
f2
f3 ¼
;
c1 þ 1 Pr
f2 ¼

ð7Þ

For an unsteady flow, the special forms of magnetic field,
wall temperature and wall concentration are given by,
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx þ dÞn1
;
Bðx; tÞ ¼ B0
1  mt
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx þ dÞ1n
;
Tw ðx; tÞ ¼ T1 þ T0
1  mt
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx þ dÞ1n
Cw ðx; tÞ ¼ C1 þ C0
;
1  mt

Eqs. (10-12) along with the boundary restrictions (13) are
nonlinear and coupled having the domain ½k; 1Þ. In order to
make the computations easier, it should be transfigured as
½0; 1Þ. So, we establish a new function FðgÞ ¼ Fðn  kÞ ¼ fðnÞ.
So, Eqs. (10-13) become,
ð8Þ

The momentum, energy and diffusion equations plus
corresponding boundary conditions can be converted into
nonlinear coupled ODE using the following similarity
transmutations.
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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0 n1
þf
0:5ðn þ 1ÞtU0
u¼
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1  mt
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n1
U0 ðx þ dÞ
n ¼ y 0:5ðn þ 1Þ
;T ¼ T1 þ hðTw  T1 Þ;
t 1  mt
C ¼ C1 þ wðCw  C1 Þ;

ð9Þ

In Eq. (9), f 0 ; h; w (functions of n) correspondingly signify
the nondimensional velocity, temperature and concentration
of the fluid. Exploiting Eqs. (7-9) in Eqs. (2-6), we can generate
the system of ODE as stated below.
f000 ¼ 2ðn þ 1Þ1 ½0:5Adðf 0 þ nf00 Þ þ nf02  0:5ðn þ 1Þff 00 þ Mf 0 
ð10Þ
h00 ¼ Pr½Adðn þ 1Þ1 ðh þ nh0 Þ þ ð1  nÞð1 þ nÞ1 f 0 h
 fh0  Nb h0 w0  Nth02 

ð11Þ

The modified boundary conditions are,
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where
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2a
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g2 ¼
f2 ;
a
2t
In Eqs. (10-12), A; M; Nb and Nt respectively stand for
unsteadiness parameter, magnetic parameter, Brownian and
Thermophoretic parameters. Sc and Pr are Schmidt and
Prandtl numbers respectively. These are given by the following
expressions.
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rB20
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under the boundary conditions,
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The study of shear stress (Cf ), Nusselt and Sherwood numbers (Nux ; Shx ) is essential in engineering point of view.
These are given by,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
Cf ðRex Þ2 ¼ 2ðn þ 1ÞF00 ð0Þ;
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
nþ1 0
2
Nux ðRex Þ ¼ 
H ð0Þ;
2
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
nþ1 0
ð18Þ
W ð0Þ;
Shx ðRex Þ 2 ¼ 
2
w ðxÞ
is the Reynolds number.
where Rex ¼ ðxþbÞU
t

w00 ¼ ðNt=NbÞh00  Sc½Acðn þ 1Þ1 ðw þ nw0 Þ
þ ð1  nÞð1 þ nÞ1 f 0 w  fw0 

F000 ¼ 2ðn þ 1Þ1 ½0:5 mAF0 þ nF02 þ F00 ðgmAð0:5Þ

3. Analysis of the results
We first solved Eqs. (14)-(16) in view of the boundary conditions represented by Eqn. (17) exploiting Runge–Kutta and
shooting numerical methods. For studying the impacts of various flow modulating quantities on f 0 ; h and w, we considered
the
values
of
nondimensional
parameters
as
m ¼ A ¼ g ¼ n ¼ 0:5,
M ¼ 2,
Pr ¼ 0:7,
Sc ¼ 0:6,
Nb ¼ k ¼ 0:4, Nt ¼ 0:3 and g1 ¼ g2 ¼ g3 ¼ 0:4. These values
have been not altered throughout the study apart from the values displayed in figures and table.
The influence of thermophoresis parameter Nt on temperature and concentration distributions is sketched in Figs. 2 and
3 respectively. We eye that an upturn in thermophoresis
parameter (Nt) enhances the fluid temperature. This arises
on account of gradual enhancement in nanoparticles percentage with Nt. Meanwhile, we discern an opposite result in concentration profiles.
Figs. 4 and 5 are devoted to study the impact of Brownian
motion parameter (Nb) on temperature and concentration profiles. These figures permit us to clinch that temperature and
concentration profiles enhance with Nb. Brownian parameter
shows significant variation on concentration profiles while
compared with the temperature profiles. The behavior of Schmidt number (Sc) on concentration profiles is recounted
through Fig. 6. It is found that increasing values of Schmidt
number decreases the concentration profiles. The reason
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Fig. 2

Plot of temperature H for thermophoresis parameter Nt.

Fig. 3
Nt.

Plot of concentration W for thermophoresis parameter

Fig. 4
Nb.

Fig. 5
Nb.

Plot of concentration W for Brownian motion parameter

Fig. 6

Plot of temperature H for Brownian motion parameter
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Plot of concentration W for Schmidt number Sc.

behind this is higher values of Sc result in poor molecular
diffusivity.
Through Fig. 7, we elucidated the domination of unsteadiness parameter (A) on temperature field. It is perceptible that
an enrichment in A depreciates the temperature profiles. Akin
result has been detected for concentration profiles, which is
shown in Fig. 8. The reason behind this is, a growth in A
causes the thinner thicknesses of thermal and concentration
boundary layers.
Figs. 9–11 are sketched to sift the impact of Lorentz force
on F 0 ; H and W. It is plain from Fig. 9 that ascending values
of M dwindle the velocity as Lorentz force works in the reverse
way of the fluid motion. The same force has proclivity to lift
temperature and concentration profiles, which we can observe
from Figs. 10 and 11.
Fig. 12 elucidates the nature of velocity profiles for ascending values of n. Here, we detect a rise in velocity with n. The
reason behind this is increment in n leads to more slenderness
of the sheet, which helps the fluid to move faster over the sheet.
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Fig. 7

Fig. 8

Fig. 9

Plot of temperature H for unsteadiness parameter A.

Fig. 10

Plot of temperature H for magnetic field parameter M.

Plot of concentration W for unsteadiness parameter A.

Fig. 11

Plot of concentration W for magnetic field parameter M.

Plot of velocity F0 for magnetic field parameter M.

Fig. 12

Plot of velocity F0 for velocity power index parameter n.
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Table 2 Validation of numerical values of F00 ð0Þ with the
existing literature.

Fig. 13 Plot of temperature H for velocity power index
parameter n.

g1

k

Anjalidevi and Prakash [29]

Present work

0.0
0.2
0.2

0.2
0.25
0.5

0.9248281
0.7333949
0.7595701

0.9248282
0.7333947
0.7595700

Further, Figs. 13 and 14 respectively show that a magnification
in the magnitude of velocity power index parameter (n)
increases the thermal and concentration boundary layer thicknesses. In general thinner surface exhibits more heat than
thicker surface. So, finally increase in the value of n enlarges
the thermal as well as solutal boundary layers.
The nature a few flow modulating quantities on shear
stress, heat and mass transfer rates are recounted through is
shown in Table 1. It is evident that a gain in the magnitude
of thermophoretic, Brownian parameters, Lorentz force, Schmidt number and velocity power index parameter deteriorates
the heat transfer capability but unsteadiness parameter exhibits an opposite outcome. Also, an enhancement in Schmidt
number enhances the Sherwood number. There is a small
increment in friction factor with velocity power index. Our
results have been compared with the existing results to test
the reliability of the present work. The numerical values of
F00 ð0Þ are seemed to be in better agreement with the existed
results of Anjalidevi and Prakash [29] (see Table 2).
4. Conclusions

Fig. 14 Plot of concentration W for velocity power index
parameter n.

Table 1

Current article is devoted to inquire the influence of thermophoresis and Brownian motion on the flow past a slendering stretching sheet. Variable magnetic field is assumed. In
this process, we plotted some graphs and numerical values to
scrutinize the impact of a few governing parameters on the
flow field. The following conclusions have been made through
this study.

Influence of a few flow modulating quantities on shear stress, heat and mass transfer rates.

Nt

Nb

Sc

A

M

n

F00 ð0Þ

H0 ð0Þ

W0 ð0Þ

0.5
1.2
3.0
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3

0.2
0.2
0.2
0.2
0.5
0.8
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2

0.6
0.6
0.6
0.6
0.6
0.6
0.2
0.6
1.0
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6

0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.2
0.5
0.8
0.3
0.3
0.3
0.3
0.3
0.3

2
2
2
2
2
2
2
2
2
2
2
2
1
3
5
2
2
2

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.2
0.5
0.8

1.0428
1.0428
1.0428
1.0428
1.0428
1.0428
1.0428
1.0428
1.0428
1.0425
1.0434
1.0443
0.8923
1.1470
1.2896
1.0950
1.0428
1.0037

0.3127
0.2774
0.2175
0.3251
0.3197
0.3047
0.3265
0.3251
0.3241
0.3023
0.3612
0.4022
0.3589
0.3049
0.2814
0.3739
0.3251
0.2858

0.3356
0.3786
0.3954
0.2852
0.1178
0.0599
0.2247
0.2852
0.3281
0.2694
0.3115
0.3428
0.3280
0.2602
0.2320
0.3271
0.2852
0.2522
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 Thermophoresis and Brownian parameters are able to
inflate the fluid temperature.
 Schmidt number (Sc), and unsteadiness parameter (A) have
proclivity to decline the concentration profiles.
 Higher values of velocity power index parameter (n)
enhance the fluid velocity, but strength of magnetic field
results in depreciation of velocity profiles.
 Unsteadiness parameter (A) enhances the heat and mass
transfer coefficients, whereas the thermophoresis (Nt) and
Brownian motion parameters (Nb) decay Nusselt number.
 There is a significant enhancement in heat and mass transfer
coefficients with rising values of velocity power index
parameter (n).
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