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Abstract: In the present investigation, we obtain initial coefficients of A—
pseudo starlike functions related to sigmoid functions and the Fekete-Szego
coefficient functional |a3 — pa3| for certain normalized analytic functions defined
on the open unit disk. As an application of the main result,we pointed out
the initial coefficients and Fekete-Szego inequality for a subclasses of starlike
functions related to sigmoid functions.
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1. Introduction and Preliminaries

The theory of a special function does not have a specific definition but it is of
incredibly important to scientist and engineers who are concerned with Math-
ematical calculations and have a wide application in physics, Computer, engi-
neering etc. Recently, the theory of special function has been outshining by
other fields like real analysis, functional analysis, algebra, topology, differential
equations.The generalized hypergeometric functions plays a major role in geo-
metric function theory after the proof of Bieberbach conjecture by de-Branges.
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Activation function is an information process that is inspired by the way
biological nervous system such as brain, process information. It composed of
large number of highly interconnected processing element (neurons) working
together to solve a specific task. This function works in similar way the brain
does, it learns by examples and can not be programmed to solve a specific
task.The most popular activation function is the sigmoid function because of
its gradient descendent learning algorithm. Sigmoid function can be evaluated
in different ways, it can be done by truncated series expansion (for details
see[4] ).

The logistic sigmoid function h(z) =
following properties

H% is differentiable and has the

It outputs real numbers between 0 and 1.

It maps a very large input domain to a small range of outputs.

It never loses information because it is a one-to- one function.

It increases monotonically.

with all the properties mentioned in[4] sigmoid function is perfectly useful in
geometric function theory.
Denote by A the class of functions of the form

f(z)=z+ Zanz” (z € U) (1)
n=2

which are analytic in the open unit disk U := {z : z € C and |z| < 1} and
normalized f(0) = f(0) —1 = 0. Further, denote by S the class of ana-
lytic,normalized and univalent functions in U.

Let the functions f and g be analytic in the open unit disk U. We say that
f is subordinate to g (cf.[6]), written as f < ¢ in U or f(z) < g(2) (¢ € U), if
there exists a Schwarz function w(z), which (by definition) is analytic in U with
w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) (z € U). It follows from
the Schwarz lemma that f(z) < g(2) (2 € U) = f(0) = ¢(0) and f(U) C ¢(U).
Furthermore, if the function g is univalent in U, then (see, e.g., [6])

f(z) < g(2) (2 €U) <= f(0) =g(0) and f(U) C g(U).
Lemma 1.1. (see [9]). If a function p € P is given by

p(z):1+p1z+pgz2—|—--- (z € ),
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then |pi| £ 2 (k € N), where P is the family of all functions p, analytic in U,
for which
p(0) =1 and  R(p(z)) >0 (z €U).

Several authors have discussed various subfamilies of the well-known Bazilevic
functions B(«) satisfy the geometric condition:

%(ﬂﬁiﬁlﬁ>>0

20— 1

where « is greater than 1 (o € R).(see, for details, [3]; see also [5, 10]) from
various viewpoints such as the perspective of convexity, inclusion theorems,
radii of starlikeness and convexity, boundary rotational problems, subordination
relationships, and so on.The class includes the starlike and bounded turning
functions as the cases a = 0 and a = 1 respectively. Further the study has
been extended by defining a subclass Bazilevic functions of type « order § if

and only if R (%M) > 8 dented by B(a, §).
More Recently Babalola [1]defined a new subclass A—pseudo starlike func-
tion of order 5(0 < /8 < 1) satisfying the analytic condition

%(ﬁ%gﬁ)>ﬁ (z€eU,A>1€R) (2)
and denoted by L£(/3). Further note that

Remark 1.2. 1. Throughout this work, all powers shall mean principal
determinations only.

2. If A = 1, we have the class of starlike functions of order (3, which in
this context, are 1—pseudo starlike functions of order 3 satisfying the

condition
m(zf (z)) >B (z€D) (3)

f(2)
denoted by S *(5).

3. If B =0, we simply write £ instead of £(0).

Babalola [1]remarked that though for A > 1, these classes of A\ — pseudo-
starlike functions clone the analytic representation of starlike functions, it is not
yet known the possibility of any inclusion relations between them. We recall
the following Lemmas which are relevant for our study

Lemma 1.3. If z is a complex number having positive real part, then for
any real number t such that ¢ € [0,1], we have Rz' > (Rz)".
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For A = 2 we note that functions in Lo(5) = G(f) are defined by

2f (2)
f(z)

which is a product combination of geometric expressions for bounded turning
and starlike functions.

In this paper we denote the class of A— Pseudo starlike functions satisfying
the condition (2) and related with sigmoid functions by by Ef(fb) and investi-
gate how the sigmoid function is related to analytic univalent A— Pseudo star-
like functions in terms of coefficients bounds and also discuss its Fekete-Szego
problem. Further we pointed out the results forf € S*(5,®) and f € G(5,P)
the subclasses related with sigmoid functions satisfying the condition given by
(3) and (4)respectively.

R(101E) 5 e ()

2. Initial Coefficients

First we recall the following Lemmas due to Joseph et al [4](also see [8])in order
to prove our main result

Lemma 2.1. [4]Let h be a sigmoid function and

®(z) =2h(z) =1+ » (;}n)m (Z (—n1!)" z”> : (5)
n=1

then ®(z) € P, |z| < 1 where ®(z) is a modified sigmoid function.
Lemma 2.2. [4] Let

@mmu>_1+§j(;2m<ij“jwﬂﬁ (6)

then |®), ,,,(2)] < 2.

Lemma 2.3. [4] If &(z) € P and it is starlike, then f is a normalized
univalent function of the form(1).

Taking m = 1, Joseph et al [4] remarked the following:

Remark 2.4. Let ®(z) =14 )", C,2" where C,, = - 12(_n1!)n then

ICpl <2,n=1,2,3, ...

this result is sharp for each n.
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Theorem 2.5. If f € A and of the form (1) is belonging to Ef(fb) (N>
1 €R, ) then

1-p
< - =
(1 —B)2(4N —2X2 - 1)
< 8
sl = eI =1 ®)
1-4 24\% — 80A3 + 84A\% — 28\ + 3
las] < —————+(01-5) 3
24(4) — 1) 242X — 123X — 1)(4X — 1)
(9)
or
(_1-8 (1- B)°
s — see e X (F1+ e+ Fa), A>1
1- 8 (1-p5)°
|aa| < -1~ se- e nit 1 SA<2
1- 3 (1-p)°
ST~ see e 1 F), 1<A<2
where

AN-92)2-1 A= 1)(4A-2X2-1) _AA-1)(M-2)
B =250 = e neeny - and By = =50y

Proof. Let f(z) € Lf(@). By Definition there exists ®(z) € P such that

(%)_Bﬂl_ﬁ)@(z) (€ UA>1€R). (10)

where the function ®(z) is a modified sigmoid function given by

1 1 79 .

O (z) :1+%z—iz3+%z5—6—426+mz — (11)
Thus
2(f (D) = fR)B+ (1= B (2)] (12)

In view of (10), (11) and (12), expanding in series forms we have
242X agz® + [Bhag + 2A(\ — 1)a3]2?

4
+ [42as + 6A(N — Dazas + 2AA = 1)(A - 2)as |2 + ...
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1- 1-—
:z+(TB+a2>22+<a3+ 26a2)23

1—,8 1—,8 4 1_/8 1_6 4
+[a4—7+ 5 GB]Z ‘1‘[@5_ Y1 az + B ag|2".. . (13)

Comparing the coefficients of z, 22 and 23 and 2* in(13), we obtain

1-p

a2 = m (14)
and (1—B)2(4X —2X2 — 1)
BT T - 02BA-1) (15)
(A — 1)ay = % -5 5 s+ 6A(A — Dasas + gm ~ D) - 2)ad
1= (1=p8)P(AN-232 1)
T 24 8(2A—12(3A—1)
(1—B)3(4X —2X2 — 1)
+6MA-1) 8(2A —1)3(3x —1)
4 (1-p)°
AN 1A - Q)W
S ey B €y )
YT2U(UN 1) 8(2A—1)2(4A—1)
AN=2X2 -1  6AA—1)(AX—2X2—1) 4 A —1)(A—2)
< =1 82 -1B 1) 32h— 1) )
By simple computation we get
. 1-B 240" — 80X? + 84X — 28\ + 3
“= - - By’ 24(2) — 1)3(3x — 1)(4X — 1) (16)
O

Corollary 2.6. If f(z) € A given by (1) belongs to E’f(@) =SB, ®),
then

d <
and - ag| < ==+ g

(1-p)? 1-8  (1-p)*
- .

1-p
las| < 5 laz| <
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Corollary 2.7. If f(z) € A given by (1) belongs to Eg(fb) = G(B, ), then

1-p5 (1—p)? 1-p5 27(1 — B)?
<~ <=2 < .
o) < —5=5 as| < g andaa| < g+ oo

By taking g = 0 in Corollary 2.6 and 2.7we get
Corollary 2.8. If f(z) € A given by (1) belongs to L)(®) = S *(®), then

| |<1 | |<1 d Jag| <
=; - a —.
@2l =5 @l =g and =y

Corollary 2.9. If f(z) € A given by (1) belongs to L(®(z)) = G(®),
then

Q N a .
21 > > 3 = 140

1
@ and |CL4| <

| =

3. The Fekete-Szego6 Inequality

Recently there has been interest to obtain the Fekete-Szego inequality for the
subclasses of S see the works of Ma and Minda [7] and Deniz and Orhan [2](and
also see the references cited therein). In this section making use of the values
of ag and ag,we prove the following Fekete-Szego result for the function class

L5 (®).
Theorem 3.1. If f(z) € A given by (1) be in the class Ef(@) and p € R.
Then ( e
1-5
2
— <
a3 — paz| < 420 — 1)
Proof. From (14) and (15) we get

(1—B)2(4x —2X2 — 1) 1-8 \?
42X —1)23x—-1) (2@A—U> (18)

4A—2V—1_
3A—1

u\ | (17)

2
asz — pag =

By simple calculation we get

_ )2 92 _
0o il — (1—B)2 [4xr—2x L]
422 —12 | 3x-1

Hence, we have

1-p)?
las — pa| < 422A—i)2

which completes the proof. ]

M—QV—l_
3—1

i (19)
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For taking u =1 we get
Remark 3.2. If f(z) € A given by (1) be in the class Ef(@) then

o (1—pB)2 4N — N2
a3 — a3 < A — 12| 3n—1| (20)
Theorem 3.3. If f(z) € A given by (1) be in the class Ef(@), then
lagay — a§|
(1—B)? LA B)2[24A% — 6073 + 4472 — 12X + 1] (21)
= 48(2\ — 1)(4X — 1) (2X —1)3(3\ — 1)2 '
Proof. From (14),(15)and (16) we get
docn (1-p)?
T RN 1) (4N — 1)
(1= 5)%[240" — 80A° +84)% — 28) + 3]
8 [1 2 —133x—1) (22)
tas—ad = (1—pB)? - (1 — B)%[24\* — 80A3 + 84)\2 — 28\ + 3]
48(2) — 1)(4X — 1) 2A—1)33X1—1)
31 =B DN - 20 - 1)
(2A —1)3(3N —1)3
B (1—B)? LA B)2[24A% — 6073 + 4472 — 12X + 1]
CA8(2A —1)(4A — 1) (2A — 1)3(3X — 1)2
which gives the desired inequality (21). O

4. Concluding Remarks

In fact, by appropriately selecting the values of A and 3 we state the interesting
Fekete-Szegd inequality results for the subclasses S *(3, ®) and G(53, ®).
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