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1. Introduction

Let f(z) be a normalized analytic function of the form

f(z) = z +
∞X

n=2

anz
n, z ∈ U,U = {z : z ∈ C, |z| < 1}(1.1)

and let A be the class of all such functions. Let S = {f(z) ∈ A 3
f(z) is univalent in U}.

For f1(z) and f2(z) ∈ A, we say that f1(z) is subordinate to f2(z), if
there exists a function namely, Schwarz function w(z) with w(0) = 0 and
|w(z)| < 1 in U such that f1(z) = f2(w(z)) and we write f1(z) ≺ f2(z).

Obtaining sharp bounds for |a3−ηa22| of any compact family of functions
is called the Fekete-Szegö problem. In particular when η = 1, the functional
represents Schwarzian derivative and the role of Schwarzian derivative in
the theory of Geometric functions is remarkable.

Let σ denote the class of all bi-univalent functions in U. We say that a
function f(z) in S belongs to σ, if both f(z) and its inverse has an analytic
continuation to |w| < 1.

Lewin [8] introduced the class of bi-univalent functions in 1967 and gave
an estimate for the second coefficient for functions belonging to this class
as |a2| < 1.51. His result was improved by Brannan and Clunie [3] to
|a2| ≤

√
2. There is an extensive literature on the estimates of the initial

coefficients of bi-univalent functions (see [10, 12, 13, 14]).

Horadam polynomials are generalized Horadam numbers and second
order polynomial sequence. Recently, Horzum and Kocer [4], studied the
Horadam polynomials hn(x), which is given by the following recurrence
relation [5]

hn(x) = (xhn−1(x) + (hn−2(x),N− {1, 2}.

One can refer to [1 , 5, 6, 7, 9], for more details. These
polynomials and their generalizations play a vital role in Mathematics,
Statistics and Physics. The first few Horadam polynomials are listed
below:

h1(x) = b,h2(x) = ax,h3(x) = a(x
2 + bp,(1.2)
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for some real constants, b,a, ( and p.

Following figure illustrates the special cases of Horadam polynomials

Theorem 1.1. Let G(x, z) be the generating function of the Horadam
polynomials hn. Then,

G(x, z) =
∞X

n=1

hn(x)z
n−1 =

b+ (a− b()xz
1− (xz − pz2

Remark 1.1. [11] Choosing b = 1,a = ( = 2, p = −1 and x −→ η, in
Theorem 1.1, the generating function G(x, z) generates the Chebyshev
polynomials Uk(η) of the second kind, which is given by

Uk(η) = (k + 1)2F1

µ
−k, k + 2; 3

2
;
1− η

2

¶
=

sin(k + 1)ϕ

sinϕ
, (η = sinϕ)

in terms of the celebrated Gaussian hypergeometric function 2F1.

pc
figur-1
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Definition 1.1. A function f ∈ σ is said to be in the class

Aσ(γ, δ;x) (γ ≥ 0; 0 ≤ δ ≤ 1; z,w ∈ U)

if

(1− γ)(1− δ)
f(z)

z
+ (δ + γ(1 + δ))f 0(z) + γδ(zf 00(z)− 2) ≺ 1− b+G(x, z)

and

(1−γ)(1−δ)g(w)
w

+(δ+γ(1+δ))g0(w)+γδ(wg00(w)−2) ≺ 1−b+G(x,w)

where g = f−1.
By choosing the parameters γ and δ appropriately, the class reduces to
known subclasses of bi-univalent functions.

Example 1.1. For δ = 0 and γ ≥ 1, f ∈ σ is in the class

Aσ(γ, 0;x) = Dσ(γ;x) (z, w ∈ U)

if

(1− γ)
f(z)

z
+ γf 0(z) ≺ 1− b+G(x, z)

and

(1− γ)
g(w)

w
+ γg0(w) ≺ 1− b+G(x,w)

where g = f−1.

Example 1.2. For δ = 0 and γ = 1, f ∈ σ is in the class

Aσ(1, 0;x) = Dσ(1;x) = Hσ(x) (z, w ∈ U)

if

f 0(z) ≺ 1− b+G(x, z)

and

g0(w) ≺ 1− b+G(x,w)

where g = f−1. The class Hσ(x) was investigated and studied by Alamous
[2]
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2. Coefficient Bounds

Theorem 2.1. Let f represented by 1.1 belong to the class Aσ(γ, t;x).
Then,

|a2| ≤ |ax|
√
|ax|√

|(1+2(γ+δ)+10γδ)(ax)2−(1+(γ+δ)+5γδ)2(aρx2+bp)|

and

|a3| ≤
|ax|

(1 + 2(γ + δ) + 10γδ)
+

a2x2

(1 + (γ + δ) + 5γδ)2

Proof. Consider f ∈ Aσ(γ, δ;x). According to Definition 1.1, there
exists two analytic functions Θ and Υ with Θ(0) = Υ(0) = 0, |Θ(z)| <
1, |Υ(w)| < 1 for all z, w ∈ U such that

(1−γ)(1−δ) f(z)
z
+(δ+γ(1+δ))f 0(z)+γδ(zf 00(z)−2) ≺ 1−b+G(x,Θ(z))

and

(1−γ)(1−δ)g(w)
w

+(δ+γ(1+δ))g0(w)+γδ(wg00(w)−2) ≺ 1−b+G(x,Υ(w)),

or equivalently

(1− γ)(1− δ) f(z)z + (δ + γ(1 + δ))f 0(z) + γδ(zf 00(z)− 2)
= 1 + h1(x)− b+ h2(x)Θ(z) + h3Θ2(z) + · · ·

(2.1)

(1− γ)(1− δ)g(w)w + (δ + γ(1 + δ))g0(w) + γδ(wg00(w)− 2)
= 1 + h1(x)− b+ h2(x)Υ(w) + h3Υ2(w) + · · ·

(2.2)

2.1 and 2.2 yield

(1− γ)(1− δ) f(z)z + (δ + γ(1 + δ))f 0(z) + γδ(zf 00(z)− 2)
= 1 + h2(x)u1z +

£
h2(x)u2 + h3(x)u

2
1

¤
z2 + · · ·

(2.3)

(1− γ)(1− δ)g(w)w + (δ + γ(1 + δ))g0(w) + γδ(wg00(w)− 2)
= 1 + h2(x)v1w +

£
h2(x)v2 + h3(x)v

2
1

¤
w2 + · · ·

(2.4)

It is to be noted that if

|Θ(z)| = |u1z + u2z
2 + u3z

3 + · · · | < 1 (z ∈ U)
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and
|Υ(w)| = |v1w + v2w

2 + v3w
3 + · · · | < 1 (w ∈ U),

then

|uk| ≤ 1,

|vk| ≤ 1 (k ∈N).

Comparing the corresponding coefficients in 2.3 and 2.4, we have

(1 + (γ + δ) + 5γδ) a2 = h2(x)u1(2.5)

(1 + 2(γ + δ) + 10γδ) a3 = h2(x)u2 + h3(x)u
2
1(2.6)

− (1 + (γ + δ) + 5γδ) a2 = h2(x)v1(2.7)

and

(1 + 2(γ + δ) + 10γδ) (2a22 − a3) = h2(x)v2 + h3(x)v
2
1(2.8)

From Eqs. 2.5 and 2.7, we can easily see that

u1 = −v1(2.9)

2 (1 + (γ + δ) + 5γδ)2 a22 = h
2
2[u

2
1 + v21](2.10)

If we add 2.6 to 2.8, we get

2 (1 + 2(γ + δ) + 10γδ) a22 = h2(x)(u2 + v2) + h3(x)(u
2
1 + v21)(2.11)

By using 2.10 in the equality 2.11, we have

2
³
(1 + 2(γ + δ) + 10γδ)h22(x)− (1 + (γ + δ) + 5γδ)2 h3(x)

´
a22 = h

3
2(u2+v2)

(2.12)
which implies

|a2| ≤ |ax|
√
|ax|√

|(1+2(γ+δ)+10γδ)(ax)2−(1+(γ+δ)+5γδ)2(aρx2+bp)|
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Moreover, if we subtract 2.8 from 2.6 and use 2.9,

a3 − a22 =
h2(x)(u2 − v2)

2 (1 + 2(γ + δ) + 10γδ)
(2.13)

Then, in view of 2.10 and 2.13, we have

a3 =
h2(x)(u2 − v2)

2(1 + 2(γ + δ) + 10γδ)
+

h22(x)(u
2
1 + v21)

2(1 + (γ + δ) + 5γδ)2
(2.14)

Applying h2(x) and taking modulus, we deduce that

|a3| ≤
|ax|

(1 + 2(γ + δ) + 10γδ)
+

a2x2

(1 + (γ + δ) + 5γδ)2

2

Corollary 2.1. Let f ∈ Dσ(γ;x). Then

|a2| ≤ |ax|
√
|ax|√

|(1+2γ)(ax)2−(1+γ)2(aρx2+bp)|

|a3| ≤
|ax|

(1 + 2γ)
+

a2x2

(1 + γ)2

Corollary 2.2. Let f ∈ Hσ(x). Then

|a2| ≤ |ax|
√
|ax|√

|3(ax)2−4(aρx2+bp)|

|a3| ≤
|ax|

3
+
a2x2

4

The class was investigated and studied by Alamous [2].

Corollary 2.3. For η ∈
³
1
2 , 1

´
, let the function f ∈ Aσ(γ, δ; η) be of the

form 1.1. Then

|a2| ≤ |2η|
√
|2η|√

|4η2(1+2(γ+δ)+10γδ)−(4η2−1)(1+(γ+δ)+5γδ)2|

|a3| ≤
|2η|

(1 + 2(γ + δ) + 10γδ)
+

4η2

(1 + (γ + δ) + 5γδ)2
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3. Fekete-Szegö Inequality

In this section, for functions belonging to the class Aσ(γ, t;x), we have
estimated the bounds for the linear functional.

Theorem 3.1. Let f ∈ Aσ(γ, t;x) and ζ ∈ R. Then,

¯̄
¯a3 − ζa22

¯̄
¯ ≤

⎧
⎪⎪⎨
⎪⎪⎩

|ax|
s1

, |ζ − 1| ≤
¯̄
¯̄1− s2

2(aρx2+bp)
s1 a2x2

¯̄
¯̄

|ζ−1||ax|3
[s1a−s22ρ]ax2−s22bp

, |ζ − 1| ≥
¯̄
¯̄1− s2

2(aρx2+bp)
s1a2x2

¯̄
¯̄

where,

s1 = 1 + 2 (γ + δ) + 10γδ
s2 = 1 + (γ + δ) + 5γδ

Proof. From 2.13, for ζ ∈ R, we have

a3 − ζa22 = h2(x)(u2−v2)
2(1+2(γ+δ)+10γδ) + (1− ζ)a22(3.1)

By using 2.12 in 3.1, we have

a3 − ζa22 =
h2(x)(u2−v2)

2(1+2(γ+δ)+10γδ) + (1− ζ)
³

h3
2
(x)(u2+v2)

2[(1+2(γ+δ)+10γδ]h2
2
(x)−(1+γ+δ+5γδ)2h3(x)

´

= h2(x)

∙µ
1

2[1 + 2(γ + δ) + 10γδ]
+ χ(γ, δ)

¶
u2 +

µ −1
2[1 + 2(γ + δ) + 10γδ]

+ χ(γ, δ)

¶
v2

¸

where χ(γ, δ) =
(1−ζ)h2

2
(x)

2[(1+2(γ+δ)+10γδ)h2
2
(x)−(1+(γ+δ)+5γδ)2h3(x)

Then, in view of (1.2), we conclude that

¯̄
¯a3 − ζa22

¯̄
¯ ≤

⎧
⎪⎨
⎪⎩

|h2(x)|
1+2(γ+δ)+10γδ , 0 ≤ |χ (γ, δ)| ≤ 1

2[1+2(γ+δ)+10γδ]

2 |h2 (x)| |χ (γ, δ)| , |χ (γ, δ)| ≥ 1
2[1+2(γ+δ)+10γδ]

2
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Corollary 3.1. Let f ∈ Dσ(γ;x) and ζ ∈ R. Then

¯̄
¯a3 − ζa22

¯̄
¯ ≤

⎧
⎪⎪⎨
⎪⎪⎩

|ax|
1+2γ , |ζ − 1| ≤ |1− (1+γ)2(a(x2+bp)

(1+2γ)a2x2 |.

|1−ζ||ax|3
|[(1+2γ)a−(1+γ)2(]ax2−[1+γ]2bp|, |ζ − 1| ≥ |1− (1+γ)2(a(x2+bp)

(1+2γ)a2x2 |.

Corollary 3.2. Let f ∈ Hσ(γ;x) and ζ ∈ R. Then

|a3 − ζa22| ≤

⎧
⎪⎪⎨
⎪⎪⎩

|ax|
3 , |ζ − 1| ≤ |1− 4(a(x2)

3a2x2 |.

|ax|3|ζ−1|
|[3a−4(]ax2−4bp|, |ζ − 1| ≥ |1− 4(a(x2)

3a2x2 |.

Corollary 3.3. For η ∈
³
1
2 , 1

´
, let the function Aσ(γ, δ; η) be of the form

1.1. Then

¯̄
¯a3 − ζa22

¯̄
¯ ≤

⎧
⎪⎪⎨
⎪⎪⎩

|2η|
s1

, |ζ − 1| ≤
¯̄
¯̄1

s2
2(4η2−0)
4s1η2

¯̄
¯̄

|ζ−1||2η|3
|4[s1−s22]η2+s22|,

|ζ − 1| ≥
¯̄
¯̄1− s2

2(4η2−1)
4s1η2

¯̄
¯̄

where,

s1 = 1 + 2 (γ + δ) + 10γδ
s2 = 1 + (γ + δ) + 5γδ
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