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Coefficient Estimate Of p—valent Bazilevi¢ Functions with a Bounded
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ABSTRACT: By considering a p—valent Bazilevi¢ function in the open unit disk A
which maps A onto the strip domain w with pa < Rw < pS, we estimate bounds
of coefficients and solve Fekete-Szegd problem for functions in this class.
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1. Introduction

Let A, denote the class of all functions f(z) of the form

f(2>:zp+2ap+nzp+” (peN=1{1,2,3,...})

n=1

which are analytic and p—valent in the open unit disk A = {z: 2 € C: |z] <
1}. Note that A; := Athe class of analytic functions further 8 the subclass of A
consisting of all univalent functions f in A. A function f € A is said to be starlike
of order a(0 < aw < 1) in A if it satisfies

zf ’(Z))
R ( >
f(2)
This class is denoted by 8*(«) and 8*(0) = 8*. The class 8*(«) was introduced by

Robertson [4]. Tt is well-known that 8*(«) C 8* C 8. Furthermore, let M(3) be
the class of functions f € A which satisfy

() s e
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for some real number 3 with 8 > 1. The class M (/) was investigated by Uralegaddi
et. al [7].

Let P(z) and Q(z) be analytic in A. Then the function P(z) is said to subor-
dinate to Q(z) in A written by

P(x) <Q(z) (zed), (1.1)

if there exists a function w(z) which is analytic in A with w(0) = 0 and |w(z)| <
1 (# € A), and such that P(z) = Q(w(2)) (z € A). From the definition of the
subordinations, it is easy to show that the subordination (1.1) implies that

P0)=Q(0) and P(A)C QD). (1.2)
In particular, if Q(z) is univalent in A, then the subordination (1.1) is equivalent
to the condition (1.2).

Remark 1.1. Let P(z) and Q(2) be analytic in /\. Then the subordination (1.1)
implies that
[P'(0)] < |Q(0)], (1.3)
and |P'(0)] = |Q'(0)| if and only if P(z) = Q(xzz) for some real numbers x with
[ =1 (cf. [1]).
2. Bazilevi¢ Functions with bounded positive real part

Motivated by the classes 8*(«) and M(S), we define a new class for certain
p—valent functions.

Definition 2.1. Let o and 8 be real numbers such that 0 < o < 1 < S. The
function f € A, belongs to the class 85 (v, B) if f satisfies the following inequality

a<m{<M)“ f'(z)}<g (€ AN > 0). 2.1)

ZP pzp—1

By taking A\ = 0 we further define a new class 8 («, 8) = 8”(a, ).

Definition 2.2. The function f € A, belongs to the class 8(w, B) if f satisfies
the following inequality

2f'(z)
a<§R<pf(Z))<ﬂ (ze A,peN) (2.2)

for some real number a(a < 1) and some real number B(8 > 1).

Remark 2.3. f € 8%(a,B) if and only if f satisfies each of the following two
subordination relations:

A—1 /
(f(2>> flz) [ 1+0=202 A x>0

zP pzp~1 11—z

and

(@)“ f'z)  1-(1-28)

A, N> 0).
2P pzP~1 1+2 (z€2,220)
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Remark 2.4. When A\ =0, p=1, 8(a, ) reduces to 8(«, ), studied by Kuroki
and Owa [3]and further p =1, 8 (a, B) reduces to 8x(a, ), the class of Bazilevic
functions with bounded positive real part.

Now, we define an analytic function 8, g(z) : A — C by

it(l—a)
-« . l—e B-a z
Soz,B(z) =1+ 2 tlog ( —in(l—a) ) (2'3)

m 1l—e F-a 2z

due to Kuroki and Owa [3]| and they proved 8, 5(z) maps A onto a convex domain
w with a < R(w) < B, conformaly.
We give some example for f(z) € 8% (a, 3) as follows:

Example 2.5. Let us consider the function f(z) given by

[ZPAJrMijtmlp <&) dtr A>0
" & _im(l-a) )
0 B

l1—e -«
f(z) = _ ' (2.4)
z in(l—a)
2P exp {@i[%@;(% — ;>dt], A=0
0 l—e ~ B—o ¢

with o <1 and B > 1. Then we have

(@)”1 f'(2) B;a

=1
zb pzP +

ir(l—a)
1—¢ 7
ilog (%) =8a8(2) (z€4).

l—e B-a z

-1

Hence, the function f(z) given by (2.4) satisfies the inequality (2.1) which implies
that f(z) € 8§ (o, B).

Example 2.6. Let us consider the function f(z) given by

z i”(l:;)
£(2) = P exp @i/l log <1€7‘1f> dt (zen) (25
t

) t 1—e " 5=

with o <1 and B > 1. Then we have

r(l—a)
z2f'(2) B—a. 1—e"6-2o 2z

=1+ ilo — = 84,8(2 zeN
pf(Z) T g 1_671.7‘-;}7&)2 ﬂ( ) ( )

It is clear that the function f(z) given by (2.5) satisfies the inequality (2.2), which
implies that f(z) € 8P(a, B).

Applying the function 8, 5(z) defined by (2.3), we give a necessary and sufficient
condition for f(z) € A, to belong to the class 8 (c, 3).
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Lemma 2.7. Let f(z) € A, and 0 < a <1 < 3. Then f(z) € 8 (c, B) if and only

if
A=1 4 iﬂgjj)
(M) I g B0 ( 1-c R ) (2.6)

-1 _
zP pzP T 1 e P hma 4

mn A\,
By taking A = 0 we state the following Lemma.

Lemma 2.8. Let f € A,. Then f(z) € 8P(«, 8) if and only if

m(l—a)

2f1) <1+ b ; az'log ( Lol e = ) (z e ) (2.7)

pf(2) 1_ e iTat,

where o < 1 and B > 1.

We note that

m(l—a) 00

— 17 g B—a

o)

1—e ""Fa z n=1

where

B, = sin (n=1,2,3,...). (2.8)

i
§a<1<ﬁ<§anda<§ﬁ{zf(z
2 pf

~—

Theorem 2.9. Let f € Ay,
Then

L f@)Y 1
m<§ﬁ{(7) }<m (z€ A,peN,A>0).

Proof. The proof is similar to that of Theorem 4 by Sim and Kwon |[6]. O

DN | =

Remark 2.10. When XA = 1, Theorem 2.9 yields the following for f € 8P(a, f3)

Let f € Ay, %§a<1<ﬂ<ganda<§R{;J;l((j))}<ﬁinA. Then
1 /() 1
2p(1—0<)+1<§ﬁ{ zp}<2p(1—ﬁ)+1 (€ A.pEN).

When A = 1,p =1, Theorem 2.9 reduces to Theorem j of [6].
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3. Some coefficient problems

Using the subordination (2.6), we find sharp bounds on the second and third
coefficients for f(z) € 8% («, ), by applying the following lemma due to Rogosinki

[5].
Lemma 3.1. Let P(z) = ioj Apz" and Q(z) =
P(z) < Q(z) (z € A), then " !

18

B, z" be analytic in A. If
1

m

STIAP <D B (m=1,2,...).
k=1 k

=1

Applying Lemma 3.1 with

A=1
rey - (F2)7 LG ey

2P pzP~1 B p i
24 pA 1—-A
+7( P ){aerg( 5 )ai_‘_l}zQJr...
and -
Q(2) =8ap(2) =1+ Y  Bnz", (3.1)
n=1

where B, is as in (2.8) and using Remark 1.1, we obtain the following theorem.

Theorem 3.2. If the function f(z) = 2P + E_:l apn 2Pt € 88 (o, B), then

(6 —0) . 7(1—0)
(14 pA) 8-«

lap 1| =

and

2 — 1-— 1 1-—
lap+2| = p(ﬂﬂ @) sin W(ﬁ_(j) <(2+p)\) cos W(ﬁ—s)
1-Alp(B—a) . 7(1—0a)
- (1 4 pA)? i 8-« >

Moreover, the equality holds in either inequality if and only if

zp)‘+p)\f %ﬁf)fldt, for A >0
0

f(z) = ; .
zP exp pf Mdt , forA=0
0

for some real number 6 (0 < 6 < 2w), where 84.5(%) is defined by (2.3).

When A\ = 0 we state the following corollary:
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Corollary 3.3. If the function f(z) = 2P + Y appn2?™™ € 8P(a, B), then
n=1

2p(B—a) . 7(l—a)

laps1] = - sin o
and
pea) £ O i U (o =)y 2P 0], 7O =)

Moreover, the equality holds in either inequality if and only if
[ 8us(eft) — 1
f(z)=2Pexp<p ’fdt
0
for some real number 6 (0 < 0 < 2w), where 8,,5(2) is defined by (2.3).

When p = 1, from Theorem 3.2, we state the following corollary:

Corollary 3.4. If the function f(z) = z+ Y. anz™ € Sx(a, B), then

n=2

las| < 2(8 —a) sin (1 - a)

m(L+A) 8-«

and

<
lag| < ——sin 5o 2_’_)\)cos o T+ )2 sin 5 o

26— «) . 7r(1—a)< 1 7r(1—a)+|1—)\|(ﬁ—a) . 7r(1—a)>
( .

Moreover, the equality holds in either inequality if and only if

z’\—l—)\f%it)_ldt, for X >0
f(z) = 2

Z exp [f Mdt} , forA=0
0
for some real number 0 (0 < 0 < 2m), where 8,,5(2) is defined by (2.3).

Making use of the following lemma we shall solve the Fekete-Szeg6 problem for

f(2) € 83(a, B).

Lemma 3.5. (Keogh and Merkers [2]) Let h(z) = 1+hyz+haz?+- -+ be a function
with positive real part in /N. Then for any complexr number v,

|hy — vh3| £ 2max{1, |1 — 2v|}.
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Theorem 3.6. Let 0 < a < 1 < 8 and let the function f given by f(z) =

o0
2P+ 3 apn 2Pt be in the class 8K (v, B). Then for any complex number y,
n=1

pB-a) -0

(24 pA) 8-«

ml-a)  pR+PNA-A-2u)(F-a) o 7(1-a)
f—a m(1+ pA)? f—a

|ap+2 — pag | <

X max {1, cos

b

A1,
Proof. Let P(z) = (M) L) Then, since f € 8% (v, B), we have P(z) <

zP pzP—

Q(z), where Q(z) is given by (3.1).

Let
_14Q7Y(P(2)
1-Q71(P(2))

Then h is analytic and has positive real part in the open disk /A. We also have

h(z)—1
P(z) = — Y AN). 3.2
©=o(335) e (3.2
We find from the equation (3.2) that
u _ _pBilm
i 2(1+pA)
a _ p th% - Blh% Bth (1 - )\) pQB%h%
2 2+p\) | 4 4 2 2 4(1+4p))2
which imply that
pBi

pio — pan,, = m(’w — vhy),

where

oL, B (L=N@+pNpBi  (2+pNppBi
2 B 2(1 + pA)? (14 pA)?

Applying Lemma 3.5, we obtain

2 p 2
_ = — | Billho — Vh
lap+a — pas, 4| 2(2+p)\)| 1]|h2 — vhi]
p
P B max{1,[1 - 20} 3.3
TS {11 I} (3.3)

Substituting B; = 28=2) gip ﬂ(l:a) and By = (B=2) sinw in (3.3), we can
e B—a ™ B—a
obtain the results as asserted. O

By taking A = 0 we state the following:
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Corollary 3.7. Let 0 < o < 1 < S8 and let the function [ given by f(z) =

2P+ 3 appnzPt™ be in the class 8P (., B). Then for any complex number p,
n=1

lapro — pag | < p(ﬁﬂ— @) sin ﬂ-(ﬂl_aa) max {1, oS %
+%O—2?w—a%mﬂg—j)}

Putting p = 1 in Theorem 3.6, we get the following corollary.

Corollary 3.8. Let 0 < o < 1 < f and let the function f given by f(z) =

z4 Y anz™ be in the class 8x(a, §). Then for any complex number i,

n=2

oz)sinﬁ(l—oe)
T2+A) B-a

m(l1—a) | @+N(1-A=21)(B-0a) _ m(1—a)
xmax{l, o + 01 0)? sin o

A
=
sy

\

|ag — pa3|

b

In this section by making use of the following lemma we deduced some coefficient
estimates for f(z) € 8P(a, ).

4. coefficient estimates for f € 8?(a, )

o0
Lemma 4.1. [5] Let Q(z) = . Bpz™ be analytic and univalent in /\ and suppose
n=1

(o]

that Q(z) maps A\ onto a convex domain. If P(z) = > Anz™ is analytic in A and
n=1

satisfies the following subordination

P(z) <Q(z)  (z€4),
then
|An| £ | B (n=1,2,...).

Theorem 4.2. If the function f(z) =2 + > aptn2?™" € 8 (e, B), then

n=1

n+p—1 k—(p+1)]+ 2p(B=2) ) T(1=a)
< T B—a o
|ap+n| :kl +| ) (n_1)| (n*2537)
=p

Proof. According to the assertion of Lemma 4.1, the function f(z) satisfies the
subordination (2.7). Let us define P(z) and Q(z) by

zf'(2)
pf(2)

P(z) = (zeN) (4.1)
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and

i”(l::)
Q(z) =1+ s ilog ( 1-c ,f(lfj ) (z € D) (4.2)

1—e "V F=a 2

Then, the subordination (2.7) satisfies (1.1).
Note that the function Q(z) defined by (4.2) is convex in A and has the form

Qiz)=1+ Z B,z",
n=1

where

(n=1,2,...). (4.3)
If we let

P(z)=1+ Z A",
n=1

then by Lemma 4.1 we see that the subordination (2.7) implies that

|An| £ | B (n=1,2,...). (4.4)
where ) )
|Bi| = (Bﬂ_ %) gin ”(ﬂ :O‘j‘) (4.5)

Now, the equality (4.1) implies that

2f'(z) =pP(2)f(2).

that is,

o0
P+ (P+n)apn 2t =p

n=1

1+ i A, 2"
n=1

Then, the coefficient of 2"~ ! in both sides lead to

o0
zp+g Appn 2P .

n=1

(An—l + An—2ap+1 + -+ Ala/p-‘,-n—Q)-

a 1 _—p
p+n— n—1

A simple calculation combined with the inequality (4.4) yields that

|a/p+n—1| = %'An—l + An—2ap+1 + -+ Ala/p+n—2|
p

n—1

+p—1
RS

1 Do daral (lapl = 1),

n
k=p+1

A

(J[An—1] + [An-2llap+1] + - -+ + [A1l|aprn—2])

A
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where By is given in (4.5). To prove the assertion of the theorem, we need to show

that ) )
n+p— n+p—

plB| [k = (p+ D]+ p[Bi

lap+n—1] = doodaal = ] T - (4.6)

k=p+1 k=p+1 :

We now use the mathematical induction for the proof of the theorem.
Since
lap+1| < p|Ballap| = p|Bil,

it is clear that the assertion is holds true for n = 2.
We assume that the proposition is true for n = m. Then, some calculation gives
us that

—1
_ pB B [
|ap+m| = (7 Z |ak—1| = 7 Z |ak_1| + |ap+m_1|

mt 1) -1 k=p+1 k=p+1
m+p—1 m+p—1
plBil plBi| m — 1+ p|B1| p|Bi|
< 1 _1| = -
- m <+m—1 Z k1] m m — Z k1]
k=p+1 k=p+1
m+p—1 m+p
~m—1+p|Bi 11 k= (+ 1] +p[Bi| _ 11 [k —(p+ 1)] + p| B
- m (m —1)! (m+1)—1)!
k=p+1 k=p+1

which implies that the inequality (4.6) is true for n = m + 1. By mathematical
induction, we proved that

n+p—1

[k —(p+1)] +plBi| _
|a’P+"—1| g H (n71)| (n_253a-")a
k=p+1
where By is given in (4.5). This completes the proof of the theorem. O

Remark 4.3. By specializing the parameters A = 0,p = 1, the results proved in
this paper , leads the results obtained in [3]. Further by taking A = 0 one can
deduce the results for functions f € 8P(a, \), hence we omit the details
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