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1. Introduction

In [1], Matthews introduced the notion of a partial metric space as a part of the study of denotational semantics of
dataflow networks, and obtained, among other results, a nice relationship between partial metric spaces and the so-called
weightable quasi-metric spaces. He obtained the following Banach fixed point theorem in complete partial metric spaces.

Theorem 1.1 ([1]). Let T be a mapping of a complete partial metric space (X, p) into itself such that there is a real number c
with 0 < ¢ < 1, satisfying forallx,y € X,

p(Tx,Ty) < cpx,y).
Then 7 has a unique fixed point.

In partial metric spaces, the self-distance for any point need not be equal to zero. O'Neill [2] defined the concept of
the dualistic partial metric, which is more general than the partial metric. In [3], Oltra and Valero gave a Banach fixed
point theorem on complete dualistic partial metric spaces. Later, Valero [4] generalized the main theorem of [3] using a
nonlinear contractive condition instead of a Banach contractive condition. Altun and Simsek [5], Ili¢ et al. [6], Oltra [7] and
Romaguera [8] also studied fixed point theorems in partial metric spaces. Recently, Altun et al. [9] generalized Theorem 1.1
and obtained the following result (see also a correction in [10]):
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Theorem 1.2 (]9, Theorem 1], [10, Theorem 1]). Let (X, p) be a complete partial metric space and T : X, — X be a mapping
such that

Py, TX) + p(x, Ty) }) an

p(TX,Ty) < ¢ (maX{p(x, V), p&x, TX), p(y, TY), 5
forallx,y € X, where ¢ : [0, +00) — [0, +00) is a non-decreasing function and ) _,_, ¢"(t) is convergent for each t > 0.
Then 7 has a unique fixed point. -

On the other hand, many results have appeared recently related to fixed point theorems in complete metric spaces
endowed with a partial ordering <. Most of them are a hybrid of two fundamental principles: order iterative technique and
various contractive conditions. Indeed, they deal with a monotone (either order-preserving or order-reversing) mapping 7
satisfying, with some restriction, a classical contractive condition, and are such that for some xy € X, either xg < 7o or
T Xo = Xg holds. The first result in this direction was given by Ran and Reurings [11, Theorem 2.1]. They proved an analogue
of Banach'’s fixed point theorem in a metric space endowed with a partial order, and gave applications to matrix equations. In
this way, they weakened the usual contraction condition but at the expense that the operator was monotone. Subsequently,
Nieto and Rodriguez-Lépez [12] extended the result of Ran and Reurings for nondecreasing mappings and applied to obtain
a unique solution for a first order ordinary differential equation with periodic boundary conditions. Thereafter, many fixed
point problems have been considered in partially ordered sets (see [13-17] and references therein).

Ciri¢ [18] generalized Theorems 2.2 and 2.3 of Agarwal et al. [19] by introducing the concept of §-monotone mapping
and proved some common fixed point theorems for a pair of commuting mappings satisfying §-nondecreasing generalized
nonlinear contractions and some more conditions in partially ordered complete metric spaces. In [20], Nashine et al.
extended Ciri¢’s result by using 7 -weakly isotone increasing mappings and relaxing other conditions without taking into
account any commutativity condition.

Altun and Erduran [21] used the idea of partial order and established fixed point theorems as a generalization of
Theorem 1.2 to the frame of ordered partial metric spaces. One of their results is the following

Theorem 1.3 ([21, Theorem 2.2]). Let (X, p, <) be a complete partially ordered partial metric space. Suppose T : X — X
is a continuous and nondecreasing mapping (with respect to <) such that (1.1) holds for all x,y € X with x > y, where
¢ : [0,+00) — [0, 400) satisfies all the conditions in Theorem 1.2. If there exists an X, € X with xo < T Xo, then there
exists x € X such that Tx = x. Moreover, p(x, x) = 0.

Aydi [22] and Samet et al. [23] also studied fixed point results on partially ordered partial metric spaces.

The aim of this paper is to give an extension of Theorem 1.3 for two mappings, using also weaker condition for the control
function ¢, that is, ¢(t) < t forall t > 0 in the place of condition Z;";l ¢"(t) < 1. We will do this by using the concept
of 7 -weakly isotone increasing mappings. In particular, we do not need any compatibility assumptions. Our results are the
analogue of those of Nashine et al. [20] for ordered metric spaces; in particular, the continuity of 7 and 4§ are both necessary.
Examples are given to support the usability of our results and to show that they are proper extensions of the existing ones.

2. Preliminaries
The following definitions and details on partial metric spaces can be seen in [1,3-5,21,24].

Definition 2.1. A partial metric on a nonempty set X is a functionp : X x X — R such that forallx, y, z € X:

(p1) x =y < px,x) = px,y) = p(,y),
(p2) p(x, %) < p(x,y),

(p3) p(x,y) = p(y, %),

(p4) P(x,y) < p(x,2) +p(z,y) — p(z, 2).

A partial metric space is a pair (3, p) such that X is a nonempty set and p is a partial metric on X.

It is clear that, if p(x, y) = 0, then from (p;) and (p,), x = y. Butifx = y, p(x, y) may not be 0. A basic example of a partial
metric space is the pair (R™, p), where p(x, y) = max{x, y} for all x, y € R™. Other examples of partial metric spaces which
are interesting from a computational point of view may be found in [1,25].

Each partial metric p on X generates a Ty topology 7, on X which has as a base the family of open p-balls {B,(x, €) : x €
X, e > 0}, where B,(x, &) ={y € X : p(x,y) < p(x,x) + ¢} forallx € X and ¢ > 0. A sequence {x,} in (X, p) converges
toapointx € X (in 7,) if p(x, X) = limu_, o0 P(X, Xy).

Remark 2.2. Clearly, a limit of a sequence in a partial metric space need not be unique. Moreover, the function p(-, -) need
not be continuous in the sense that x, — x and y, — y implies p(x,, y») — p(x,y). For example, if X = [0, +00) and
p(x,y) = max{x, y} forx,y € X, then for {x,} = {1}, p(x,, X) = x = p(x, X) for eachx > 1 and so, e.g., x, — 2 and x, — 3
when n — oo.
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Definition 2.3. Let (X, p) be a partial metric space. Then:

(1) A sequence {x,} in (X, p) is called a Cauchy sequence if lim,, n_, oo P(Xn, Xn) exists (and is finite).

(2) The space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges, with respect to 7,, to a pointx € X
such that p(x, x) = limp m— 0o P(Xn, Xm)-

(3) Amapping 7 : X — X is said to be continuous at xo € X if for every ¢ > 0, there exists § > 0 such that
T(i))p(XO, 8)) C $p(TXO, e).

It is easy to see that every 7,-closed subset of a complete partial metric space is complete.
Lemma 2.4. Let (X, p) be a partial metric space, T : X, — X be a given mapping. Suppose that T is continuous at xo € X.
Then, for each sequence {x,} in X,
Xp —> X0 Nt = Txp = TXxeint,
holds.
If p is a partial metric on X, then the function p* : X x X — R* given by
p’(x,y) = 2p(x,y) — p(x,X) — p(¥, y)
is a metric on X.
Lemma 2.5. Let (X, p) be a partial metric space.

(a) {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, p°).
(b) The space (X, p) is complete if and only if the metric space (X, p*) is complete. Furthermore, lim,_, o p*(x,, X) = 0 if and
only if

p(x,x) = lim p(x,,x) = lim_p(Xn, Xpm).
n— oo n,m— oo

Definition 2.6. Let (X, <) be a partially ordered set. Then:

(a) elements x, y € X are called comparable if x < y ory < x holds;
(b) a subset X of X is said to be well ordered if every two elements of X are comparable;
(c) amapping 7 : X — X is called nondecreasing w.r.t. < if x < y implies 7x < 7y.

Definition 2.7. Let X be a nonempty set. Then (X, p, <) is called an ordered (partial) metric space if:
(1) (X, p) is a (partial) metric space, and (ii) (X, <) is a partially ordered set.

Definition 2.8. Let (X, p, <) be an ordered partial metric space. We say that X is regular if the following hypothesis holds:
if {z,} is a non-decreasing sequence in X with respect to < such thatz, — z € X asn — oo, thenz, < zforalln € N.

3. Results

Definition 3.1. Let (X, <) be a partially ordered set. A pair of mappings §, 7 : X — X is said to be weakly increasing if
8x < T48xand Tx < 8T xforallx € X.

Note that two weakly increasing mappings need not be nondecreasing. There exist some examples to illustrate this fact
in [26].

In this section, we give a common fixed point theorem for a pair of maps satisfying 7 -weakly isotone increasing property.
For this we need the following definition, which is given in [20].

Definition 3.2. Let (X, <) be a partially ordered set and let 8, 7 : XX — X be two mappings. The mapping 4 is said to be
T -weakly isotone increasing if for all x € X we have §x < T 8x < 87 $x.

Remark 3.3. If 8, 7 : XX — X are weakly increasing, then § is 7 -weakly isotone increasing.

3.1. Auxiliary results

Assertions similar to the following lemma (see, e.g., [27]) were used (and proved) in the course of proofs of several fixed
point results in various papers.
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Lemma 3.4. Let (X, d) be a metric space and let {x,} be a sequence in X such that

lim d(xp+1,x,) = 0.
n—oo

If {xa,} is not a Cauchy sequence, then there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive integers such that
n(k) > m(k) > k and the following four sequences tend to ¢ when k — oo:

d(Xam@iy> Xan(k)) s d(Xomky> X2n(+1) d(Xam(ky—1> X2n(k))» dXam(ky—1> X2n(k)+1) -
As a corollary we obtain

Lemma 3.5. Let (X, p) be a partial metric space and let {x,} be a sequence in X such that
lim p(Xn41, X,) = 0. (3.1)
n—-oo

If {x2n,} is not a Cauchy sequence in (X, p), then there exist ¢ > 0 and two sequences {m;} and {n(k)} of positive integers such
that n(k) > m(k) > k and the following four sequences tend to € when k — oo:

PXam@y > X2n(k))» P(Xom()» X2n(k)+1) P(Xomo—15 Xan(k)) P(Xam(o—15 X2nk)+1)- (3.2)

Proof. Suppose that {x,} is a sequence in (X, p) satisfying (3.1) such that {x,,} is not Cauchy. According to Lemma 2.5, it is
not a Cauchy sequence in the metric space (X, p®), either. Applying Lemma 3.4 we get the sequences

P° (Xamky» Xon(k)) P° (Xam(ky» Xon(y+1) P° (Xam@iy—1, Xan(k))» P* (Xom@—1, Xando+1)

tending to some 2¢ > 0 when k — o0. Using the definition of the associated metric

P, y) =2p(x,y) —p(x,x) — p(y, y),

and (3.1) (which implies that also lim,,_, o, p(X2n, X2n) = 0), we get that the sequences (3.2) tend to e when k — co. O

3.2. Main results
The first result of the paper is the following:

Theorem 3.6. Let (X, p, <) be a complete partially ordered partial metric space. Let 7, 8 : X — X be two mappings such that
p(Tx, 8y) = M(x,y) (33)

for all comparable x, y € X, where

(3.4)

P, TX) + p(x, 5y)>}
2

M(x, y) = maxy ¢(p(x, ), o(p(x, TX)), p(p(¥, 8Y)), ¢ (
and ¢ : [0, +00) — [0, +00) is a continuous function with ¢(t) < t foreacht > 0, ¢(0) = 0. We suppose the following:

(i) 8 is T -weakly isotone increasing,
(ii) 8 and T are continuous.

Then the set F(7, 8) of common fixed points of T and 4 is nonempty, and p(z,z) = p(Tz,Tz) = p(8z, 8z) = p(z, 8z) =
p(z, 7z) = 0for z € F(7, 8). Moreover, the set F(7, ) is well ordered if and only if 7 and 8 have one and only one common
fixed point.

Proof. Let xy be an arbitrary point in X. If xo = 8x or xo = 7 X the proof can be easily finished using contractive condition
(3.3), so we assume that xy # $x¢ and Xy # 7 Xo. We can define a sequence {x,} in X as follows:

Xont1 = 8Xan  and  Xopio = TXopyy forne {0, 1,...} (3.5)

Without loss of generality we can suppose that the successive terms of {x,} are different. Otherwise we have again finished.
Note that, since § is 7 -weakly isotone increasing, we have

X1 =48xg X T48xg=Tx1 =%x3 X 8T 8xg = 8T x1 = 8x3 = X3,
X3 =48X) X T8Xy) =T X3 =X4 X 8T 8Xy = 8T X3 = 8X4 = X5,
and continuing this process we get

X1 <X < S Xy S X1 <o (3.6)
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Now we claim that for all n € N, we have
PXnt1, Xnt2) < P(Xn, Xny1)- (3.7)

From (3.6) we have that x, < x,1 for alln € N. Then from (3.3) with x = x,,,1 and y = x,,,, we get

P(Xon41, Xong2) = P(T Xong1, $X2n) < M(Xong1, Xon). (3.8)

By (3.4) and (3.5), we have

M(X2n41, Xo2n) = maX!ﬂP(XZn, Xan1)), @(P(X2n, TX2n)), @(P(X2ns1, $X2041)),

0 (p(XZnJrlv T Xan) + p(Xan, /Sx2n+1)> }
2

P(X2n+1, Xant1) + P(Xan, X2n42) ) }

= maX:‘ﬂ(P(XZn, Xan41)), @(P(Xont1, Xang2)), @ ( >

o If M(X2n41, X2n) = @(P(X2n+1, Xan+2)), by (3.8) and using the fact that ¢(t) < ¢t forall t > 0, we have

P(Xont1, Xang2) < @(PXant1, X2nt2)) < PXant1, Xany2),

a contradiction.
o IfM(x2041, X2n) = @(P(Xon, X2n41)), We get

PXon41, Xant2) < @(P(Xan, Xant1)) < P(Xan, Xant1)-

o If M(Xon41, Xon) = @ (P(X2n+1~x2n+1)+P(x2nsx2n+2))‘ we get

2

P(Xan+1, Xant1) + P(Xan, Xont2)
2
- P(X2nt1, Xang1) + P(Xans X2ny2)
5 .

P(Xon41, Xong2) < §0<

By (p4), we have
P(X2n, Xang2) + PXant1, Xant1) < P(Xans Xant1) + D(Xant1, X2nt2)-
Therefore we have

P(Xan, Xont1)  P(Xant1, X2n42)
2 2

p(Xont1, Xany2) <
which implies that

P(X2n+1, Xant2) < P(Xan, X2nt1)-

Thus, in all possible cases, we have p(Xant1, Xant+2) < P(X2n, Xont1) for all n € N. Similarly, we can prove that p(x,,, Xon+1) <
p(Xan—1, X2p) for all n € N. Therefore, we conclude that (3.7) holds.

Now, from (3.7) it follows that the sequence {p(x,, x,11)} is monotone decreasing. Therefore, there is some § > 0 such
that

lim p(xn, Xp41) = 6. (3.9)
n—oo
We are able to prove that § = 0. By (p4), we have
p(xn» Xn+2) = P(Xn, Xn+l) + p(xn—Hs Xn+2) - p(xn—Ha Xn+l)-
Therefore
1 1 1 1
EP(Xn, Xni2) + Ep(er—l» Xni1) < EP(Xn, Xny1) + EP(Xn+1, Xni2)-

By (3.7), we have

1 1
Ep(X"’ Xny2) + Ep(XnJrh Xnt1) < p(Xn, Xny1). (3.10)
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From (3.10), taking the upper limit as n — oo, we get

n—oo

. 1 1 .
lim sup |:2P(X2n, Xong2) + EP(inﬂ, X2n+1)] =< nILHQO P(X2n, X2n41)-

If we set

n—oo

. 1 1
lim sup I:zp(XZm Xony2) + EP(inH, X2n+l)] = b, (3.11)

then clearly 0 < b < 4. As ¢ is continuous and taking the upper limit on both sides of (3.8), we get

lim sup p(Xant1, Xan42) < max=<p(lim Sup p(Xan+1, X2n42)), @lim sup(p(X2n4-1, X2n)),

n—oo n—oQo n—oo

. 1 1
@ limsup | =p(Xan, X2n42) + =P X2n+1, X2nt1) .
n—oo 2 2

Hence by (3.9) and (3.11), we deduce
§ = max{g(), p(b)}.
If we suppose that § > 0, then we have
d < max{p(3), (b)} < max{s, b} =4,
a contradiction. Thus § = 0 and consequently
lim p(x,, xpr1) = 0. (3.12)
n—oo
Next, we claim that {x,} is a Cauchy sequence in the metric space (X, p°) (and so also in the space (X, p) by Lemma 2.5).
For this it is sufficient to show that {x,,} is a Cauchy sequence. Suppose that this is not the case. Then, using Lemma 3.5
we get that there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive integers such that n(k) > m(k) > k and

sequences (3.2) tend to € when k — oo. Applying condition (3.3) to (comparable) elements x = Xypm)—1 and y = Xn) We
get that

PXanw» X2m) = PXan@» X2no+1) + PXano+1, Xam)) — PX2ny+15 X2n(+1)
=< PKanwy> Xan(y+1) + P(EXanwy, T Xamy—1)
=< PKanwy» X2n(+1) + MXamy—1, Xank)) (3.13)

where

M(X2m()—1, X2n(ky) = Mmax : ©(PXama—15 Xan@))) > @@ Xamy—1, X2m@)))»

©(PXang)» X2n(+1))> © (

P(X2n(k) > X2meky) + PKXamq—15 in(k)+1)> }
2

— max{e(e), 0,0, p(e)}
= ¢(e) ask — oo.

Letting k — o0 in (3.13), we obtain
e <p(e) <e,

a contradiction. Thus {x,,} is a Cauchy sequence and so {x,} is a Cauchy sequence both in (X, p) and in (X, p°).
Since (X, p) is complete then from Lemma 2.5, the sequence {x,} converges in the metric space (X, p°), say
limy,_, o P*(xn, z) = 0. Again from Lemma 2.5, we have

p(z,2z) = lim p(xy,z) = lim p(x;, Xp). (3.14)
n—oo n,m—oo

Moreover, since {x,} is a Cauchy sequence in the metric space (X, p*), we have limy ;. o p*(xn, Xn) = 0 and so, by the
definition of p®, we have limy m—o0 P(Xn, Xn) = 0. Then (3.14) implies that p(z, z) = 0 and

lim p(x,,z) = p(z,z) = 0. (3.15)
n—oo
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By (p4), we have
Pz, T2) = pz, Xani+2) + P(Xont2, T2) — PXans2, Xan+2)
< p(z, Xan42) + P(X2n12, T2).
Suppose that 7 is continuous. Letting n — oo in (3.16) and applying (3.15) we get
Pz, T2) = M p(z, Xon42) + lim p(Txon+1, 72)
=p(Tz,T2).
But from (p, ), we have p(7z, Tz) < p(z, 7z). Hence
p(z,Tz) =p(Tz,T2).
Similarly, if § is continuous, we have
p(z, 82) = p(8z, 82).
By (p4) and using (3.18), we have

p(z, Tz) < p(z, 8z) + p(8z, Tz) — p(8z, 82)
= p(z, 82) + p(8z, Tz) — p(z, 82)
= p(4z,T2),

that is,
p(z,Tz) <p(8z,T2).

Similarly, by (p4) and using (3.17), we can obtain
p(z, 82) < p(8z,Tz).

Suppose that p(7z, §z) > 0. Then, since z < z, by inequality (3.3), we have
p(Tz,48z) < M(z,2)

p(z, 72) + p(z, 52))}
2

< max|¢(p(z,2)), p(p(z, T2)), ¢(p(z, 82)), ¢ (

< p(8z,Tz), by(3.19),(3.20)

2361

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

which is a contradiction (assumption ¢(t) < t was used). Thus, we get that p($z, 7z) = 0. By (p;), we conclude that

8z = Tz, thatis, z is a coincidence point of 7 and 4.
Moreover, p($z, 7z) = 0, together with (3.19) and (3.20), implies that

p(z,8z) =0=p(z, T2).

By (p1), we conclude that §z = z and 7z = z, that is, z is a common fixed point of 7 and §. Also, by (p,), we can obtain

p(8z,82z) =0 =p(8z, Tz).
Thus, we have

p(Tz,72) =p(8z,8z) =p(z,Tz) = p(z, 8z) = p(z,z) = 0.

Now suppose that the set of common fixed points of 7 and § is well ordered. We claim that common fixed point of 7
and 4 is unique. Assume on contrary that $u = Ju = uand 7v = v = v but u # v. By supposition, we can replace x by

uand y by v in (3.3) to obtain
p(u, v) = p(Tu, $v) < M(u, v)

where

T , 8
M(u,v) = max{w(p(u, V), (p(u, Tu)), o(p(v, 4v)), @ (p(v Tu) + pu v))}

2

p(v, u) + p(u, v))
2

= maX{w(p(u, V), p(p(u, u)), (p(v, v)), ¢ (

< p(u, v).
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Therefore

p(u, v) < p(u, v),

a contradiction. Hence p(u, v) = 0 that is u = v. Conversely, if 7 and $ have only one common fixed point then the set of
common fixed point of 7~ and 4 being singleton is well ordered. Thus, the proof is complete. O

Now, referring to the paper of Jachymski [ 14], we give some remarks on the contractive condition (3.3).
Remark 3.7. The following condition
p(Tx, 8y) < p(M1(x,Y)), (3.21)

where

8
M; (x, y) = max{ p(x,y), p(x, TX), p(y, 8y), Py, 7 x)jp(x y) 7

implies condition (3.3). We observe that these two conditions are equivalent if we suppose that ¢ is a nondecreasing
function. However, if ¢ is not monotone, condition (3.3) is more general. We demonstrate it by the following example.

Example 3.8. Let X = [0, 1] be endowed with the standard order and with the partial metric p(x, y) = max{x, y}. Consider
the mappings 7, 4 : X — X defined by

3,
Tx:Jx:x—Zx, xe X,
and let ¢ : [0, +00) — [0, +00) be given as

32
t—=t°, telo,1]
(t) = 1

-, t>1.
4

Function ¢ satisfies all the requirements. We will prove that mappings 7~ and 4 satisfy condition (3.3) but they do not satisfy
condition (3.21).
Let, e.g.,x > y. Then

3, 4
3 3 X—ZX, x—i—yfg\/x:y

p(Tx, 8y) = max {X—4x2,y—4y2} = 3 2
y—Zyz, X+yzgVvx=y

On the other hand,

3
M(x, y) —maX[sv(X) 9X). p). ‘P< <x+max{ T4 } )}
+y =

Ifx:y,orx+y<— then p(Tx, 8y) = ¢(x) < M(x,y).Ifx + %
possible cases condltlon (3.3) is satisfied.

Takex = 1andy = 2. Then p(7x, 8y) = p(3, 3) = 5 and

go(Ml(x,y)):go(max{n ( )}):

Hence, condition (3.21) does not hold for all x, y € X.

then p(7Tx, 8y) = ¢(y) < M(x, y). Hence, in all

.M—x
UJ\.—L

= p(Tx, 4y).

Remark 3.9. Clearly, from our Theorem 3.6 we can derive a corollary involving condition (3.21). Moreover, under the
hypothesis that ¢ is a nondecreasing function, we can state many other corollaries using the equivalences established in [ 14].
To avoid repetition, these results are omitted.

From Theorem 3.6 and Remark 3.3, we deduce the following corollary.

Corollary 3.10. The conclusion of Theorem 3.6 holds if we suppose that
7,48 : X — X are two weakly increasing mappings,
instead of

& is T -weakly isotone increasing.
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In the following theorem we prove the existence of a common fixed point of two mappings without using the continuity
of §or7.

Theorem 3.11. Let (X, p, <) be a complete partially ordered partial metric space. Assume that there is a continuous function
¢ : [0, +00) — [0, +00) with ¢(t) < t foreacht > 0, ¢(0) = 0 and that T, 8 : XX — X are two mappings such that

p(Tx, 8y) < M(x,y), (3.22)

for all comparable x,y € X, where

(3.23)

T , 8
M(x, y) = max{w(p(x, V). 90, TX). (b, 59)). ¢ (" LID Lo b ))}

We suppose the following hypotheses:

(i) 8 is T -weakly isotone increasing,
(ii) X is regular.

Then 8 and T have a common fixed point, that is, there exists z € X such that Tz = 8z = z,and p(z,z) = p(Tz,Tz) =
p(8z, 8z) = p(z, 8z) = p(z, Tz) = 0. Moreover, the set F(T, 8) of common fixed points of 7 and § is well ordered if and only
if 7 and § have one and only one common fixed point.

Proof. Using the same arguments as in the proof of Theorem 3.6, we deduce that {x,} is a Cauchy sequence, tending in
(6, p*) to some z. Since {x,} is a non-decreasing sequence, if X is regular, it follows that x,, < z for all n. Therefore, for all n,
we can use the inequality (3.23) for x,,41 and z. Since

Pz, TXans1) + Pani1, &)) ]
2

M(X2n+1a Z) = maX[QO(P(XZn—»—l» Z))7 (P(P(X2n+1’ TXZTH—]))a (p(p(za 52))7 4 (

p(z, Xany2) + P(X2ny1, 52)) }
> ,

max[ﬁo(P(sz—h Z))7 (P(P(X2n+1, X2n+2))! (p(p(zs /SZ))? @ (

we have that lim,_, o M(z, X2n+1) = max{p(p(z, 82)), ¢(p(z, 42)/2)}.
Using (p4) and (3.22), we have

p(z, 82) < p(z, Xon+2) + P(T Xont1, 82) — P(Xans2, Xont2)
< p(z, Xany2) + M(X2n41, 2).
Passing to the limit when n — oo we get that
p(z, 42) < max{p(p(z, 82)), ¢(p(z, $2)/2)}.

Hence p(z, 4z) = 0 and so 4z = z. Analogously, for x = z and y = Xxy,, one can prove that 7z = z. It follows that
z = 8z = Tz, thatis, T and § have a common fixed point. Also by (p,), we can obtain p(7z, 7z) = 0 and p($z, §z) = 0.
Following the line of proof of Theorem 3.6, we can show that the set F(7, ) of common fixed points of 7 and 4 is well
ordered if and only if 7 and 4 have one and only one common fixed point. O

Corollary 3.12. The conclusion of Theorem 3.11 holds if we suppose that
7,48 : X — X are two weakly increasing mappings,
instead of

& is 7 -weakly isotone increasing.

Putting § = 7 in Corollary 3.12, we obtain

Corollary 3.13. Let (X, p, <) be a complete partially ordered partial metric space. Assume that there is a continuous function
¢ : [0, +00) — [0, +00) with ¢(t) < t foreacht > 0, ¢(0) = 0 and that 7 : X — X is a mapping such that

py. TX) + p(x, m)}

p(Tx, Ty) < max{ o(pk,y)), p(px, TX)), p(p(y, TY)), ¢ ( >

for all comparable x, y € X. We suppose the following hypotheses:

(Q) Tx X T(Tx) forallx € X
(b) X is regular.
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Then 7 has a fixed point and p(7'z, Tz) = 0 = p(z, z). Moreover, the set F(7") of fixed points of 7 is well ordered if and only if
it is a singleton.

We demonstrate the use of Theorems 3.6 and 3.11 with the help of the following example. It will show also that these
theorems are more general than some other known fixed point results.

Example 3.14. Let XX = [0, +o00) be endowed with the usual partial metricp : X x X — [0, +o00) defined by
p(x,y) = max{x, y}. We give the partial order on X by

x<y&x=y or (x,ye€l0,1]withx <y).
The partial metric space (X, p) is complete because (X, p°) is complete. Indeed, for any x, y € X,

P’(xy) =2p(x,y) —p(x,x) —p(y,y) = 2max{x,y} — x +y) =[x —yl.
Thus, (X, p*) = ([0, +00), | - |) is the usual metric space, which is complete.
Define 7,8 : X — X as

2 2

b% X
—, ifx e [0, 1] _
2(1+x) sx = 14(1+%)
bY . X .
-, ifx > 1, -, ifx > 1.
4 8

Let us take ¢ : [0, 400) — [0, +00) such that

2

ot = 120+0°
t

-, t>1.
4

Then ¢ has the properties mentioned in Theorem 3.6.
Take arbitrary elements, say y < x from X. Then there are two possibilities. If x € [0, 1] (and so y € [0, 1]), then

xz y2 xz
20+ 40 +y)} T 2(0+%

ifx € [0, 1]

QA
x
Il

t €[0,1]

p(Tx, 8y) = max {

On the other hand,
_x
2(1+x)
( (i) 2 G 2 () +2 (300 ])
P\ aary ) ) PGP\ aary) TP 2a e

1 2
max{go(x), 0, 9. 9 (5 ["* e {y’ 2(1X+x)”>}

@(x).

2
M(x,y) = maX[so(p(x, ), e (p(x, )) ,

2
x+max({y, 2059 }
2

(It was used that the function ¢ is increasing and, since x > y and x > =%, that < x.) Hence in this case

2(1+%)°
p(Tx, 8y) = M(x,y)
is satisfied.
Ifx > 1(and soy = x), then p(7Tx, 8y) = % and M(x,y) = ¢(x) = %. Hence, in all possible cases condition (3.3)
holds. Also, it is clear that the condition of regularity of X is satisfied. Therefore, all conditions of Theorems 3.6 and 3.11 are

satisfied, and so 7~ and § have a common fixed point z = 0 such that p(z,z) = p(Tz, Tz) = p(8z, 8z) = 0.
On the other hand, consider the same problem in the standard metric d(x,y) and take x = landy = % Then

AT 8y = |1~ %] = 5 and M) = maxo (3).0 (2) o (1) .0 (2)] = (2) andso

3 9 5
M(x,y) = ¢ 1) =56 <

Hence, d(7x, 8y) < M(x, y) does not hold and the existence of a common fixed point of 7 and 4 cannot be obtained from
the known results in standard metric spaces (see, e.g., [20, Theorems 4 and 5]).
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